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Factor Model Estimation By Using the 
Alpha-EM Algorithm 

Tengjie Jia, Andrew P. Mullhaupt, Lome Applebaum, Xu Dong 
Quantitative Finance, Applied Math and Stat 
Stony Brook University, SUNY 
Stony Brook, NY, USA 
{tengjie.jia, xu.dong}@stonybrook.edu 

October 26, 2013 

ABSTRACT. In this paper, we apply the alpha-EM algorithm to factor 
model estimation. The alpha-EM includes the traditional log-EM as a special 
case. It has been shown that the convergence speed of the alpha-EM algorithm 
is much faster than log-EM algorithm. The alpha-EM also allows us to choose 
different alphas to achieve the fastest convergence speed and more accurate 
factor model estimation for different problems. In practice the update equations 
from the alpha-EM are not tractable. We can apply causal approximation and 
series expansion to those update equations to get practital update equations. 
With these update equations we can show that the alpha-EM can save us in 
total computation time. Empirical results from real financial data are given. 

Key words : log-EM, alpha-EM, factor model, convergence speed, alpha- 
logarithm 
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1 Introduction 

The expecatation-maximization (EM) algorithm is a well known iterative method 
for finding maximum likelihood estimates of parameters in statistical models, 
where the model depends on unobserved latent variables. Typically these mod- 
els involve latent variables in addition to unknown parameters and known data 
observations. That is, either there are missing values among the data, or the 
model can be formulated more simply by assuming the existence of additional 
unobserved data points. 

Factor analysis is a statistical method used to describe variability among 
observed, correlated variables in terms of a potentially lower number of unob- 
served variables called factors. Factor analysis searches for such joint variations 
in response to unobserved latent variables. The observed variables are modelled 
as linear combinations of the potential factors, plus "error" terms. This factor 
model has been widely used to construct portfolios with certain characteris- 
tics, such as risk, because it has many useful properties that sample covariance 
doesn't have. One advantage of factor model is reduction of number of variables, 
by combining two or more variables into a single factor. Another advantage is 
the identification of groups of inter-related variables, to see how they are related 
to each other. 

A. P. Dempster, N. M. Laird and D. B. Rubin presented both the general 
theory of EM algorithms and a general approach to iterative computation of 
maximum- likelihood estimates in 1977 [1]. D. B. Rubin and D. T. Thayer ap- 
plied log-EM algorithm for maximum likelihood factor model analysis in 1982 
[2]. After that, a number of methods have been proposed to accelerate the 
sometimes slow convergence of the EM algorithm, such as those utilising con- 
jugate gradient and modified Newton-Raphson techniques. Xiaoli Meng and 
D. B. Rubin introduced a class of generalized EM algorithms which they call 
the ECM algorithm in 1993 [3]. Expectation conditional maximization (ECM) 
replaces each M step with a sequence of conditional maximization (CM) steps 
in which each parameter is maximized individually, conditionally on the other 
parameters remaining fixed. Chuanhai Liu and Donald B. Rubin introduced 
a simple estension of EM and ECM with faster covergence in 1994 [4], which 
they call the ECME algorithm. They applied ECEM algorithm for maximum 
likelihood estimation of factor analysis in 1998 [5]. This idea is further extended 
in generalized expectation maximization (GEM) algorithm, in which one only 
seeks an increase in the objective function for both the E step and M step under 
the alternative description. The Q-function used in the EM algorithm is based 
on the log-likelihood. Thus in this paper we call it the log-EM algorithm. 

The alpha-EM algorithm was introduced by Yasuo Matsuyama [6], [7], [8], 
who also proved the covergence speed of the alpha-EM is faster than the log- 
EM if the incomplete data comes from an exponential family. Logarithms have 
important roles besides simplifying the likelihood maximazation. In information 
measures, logarithmic is correspond to Kullback-Leibler divergence which is a 
key for realizing the maximization transfer in the EM algorithm [1]. The alpha- 
EM derived by the maximization transfer which uses more general surrogate 

2 
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functions than the logarithmic one. The use of the log-likelihood ratio can be 
generalized to that of the alpha-log-likelihood ratio. The log-EM corresponds 
to the special case of a = —1. Yasuo Matsuyama also applied alpha-EM to 
clustering and the results showed that it is better than the log-EM algorithm 
in terms of both the number of iterations and the total computation time. In 
2010 and 2011 Yasuo Matsuyama applied alpha-EM algorithm to hidden markov 
model estimation [9], [10]. It had been expected that the alpha-EM for factor 
model estimation would exist. On one hand, the complete data of factor model 
comes from exponential family, so theoretically alpha-EM can be applied to 
factor analysis. On the other hand, the convergence speed of the log-EM for 
factor model can be slow when the problem is not well conditioned. However 
for applications such as high frequency trading, problems may be ill condition 
and require fast computation. Since the log-EM is a subclass of the alpha-EM, 
the alpha-EM can only do better than the log-EM. However, there are several 
hurdles to implement the alpha-EM for factor model in practice. In this paper, 
we presented a way to use the alpha-EM for factor model estimation. 

The orgnization of the main text is as follows. In Section II, factor model, the 
log-EM algorithm and the alpha-EM algorithm are presented. In Section III, the 
update equations for factor model parameters are presented. In Section IV, we 
applied alpha-EM algorithm for factor model estimation on real financail data 
which is the S&P 500 from 2007 to 2012. Section V gives concluding remarks. 

2 Model Description 
2.1 Factor Model 

Suppose we have a set of p observable random variables, x\, x 2j ...x p with means, 
Hi, /i 2 , ■ • • , Hp and each variable has n observations. Suppose for some unknown 
factor loading matrix A pX d and d unobserved factor-score zi, z 2 , ■ ■ ■ , Zd and each 
factor-score has n unobserved factors. We have: 

Xi - ^ = Ai,i^i + A ij2 ^2 H 1- K.dZd + Ui , 1 < i < P (1) 

where Ui are independently distributed error terms with zero mean and finite 
variance, which may not be the same for all i. Let X be the p x n observed 
data matrix with zero mean, if the mean is not zero we can always subtract it 
from X, and Z be the d x n unoberserved factor-score matrix where d < p. In 
matrix terms the generative model is given by: 

X = AZ + U (2) 
We also will impose the following assumptions on Z and U. 

1. Z and U are independent. 

2. E\Z\ — 0 and Cov[Z] = I (to make sure that the factors are uncorrelated) 



3 



12 



Tengjie Jia et al 10-29 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



3. E[U] = 0 and Cov[U] = Diagfa, cf> 2 , ...,4> n ) = $ 

Suppose Cov[X] = £ and we have Cow[X] — Cov[AZ + U], so we can get 
E = $ + AA'. So factor model estimation means that given observed data X 
we need to estimate $ and A. 

Note that for any orthogonal matrix Q if we set A* = AQ and Z* = Q'Z, 
the criteria for being factors and factor loadings still hold. Hence a set of factors 
and factor loadings is identical only up to orthogonal transformation. 



2.2 Log-EM Algorithm 

Given a statistical model consisting of observed data X, unobserved latent data 
Z and unknown parameters $, A, along with log-likclihood function, the maxi- 
mum likelihood estimate of the unknown parameters is determined by the mar- 
ginal likelihood of the observed data. Then the incomplete data log-likelihood 

n 

is L(X,$,A) = \ogY\p(xi\<fr, A). On the other hand, the complete data log- 

i 

n 

likelihood is L C (X, Z,$,A) = log J] Pc^i, A). The log-EM algorithm 

i 

seeks to maximize the marginal likelihood by iteratively applying the follow- 
ing two steps: (The subscripts of $o,A 0 mean the current estimates and the 
subscripts of <j> 1; Ai mean the next estimates) 

• Expectation step (E step): Calculate the expected value of the log like- 
lihood function, with respect to the conditional distribution of z given x 
under the current estimate of the parameters $ 0 , 

Q($i, Ai|$ 0 , Ao) = E zlx ^ oM [L C (X, Z, $, A)] 

• Maximization step (M step): Find the parameter that maximizes this 
quantity: 



$i, Ai 



arg max Q($i, Ai|$ 0 , A 0 ) 

*i,Ai 



Given $ 0; A 0 and x u i means the zth observation, the expected value of the 
factors Zi can be computed and this computation is in fact necessary for log-EM 
algorithm. For the distribution of the observed variable p{x{) we have E[xi] = 0 
and Coi>[AT] = S = $ 0 + A 0 Aq. For the distribution of the complete data 

' " X " 

z 



p(xi,Zi) , let yi 



$o + A 0 A^ A 0 
A 0 I 



Zi 



and Y 



, we have E[yi] = 0 and Ccw[Y] 



For the distribution p(zi\xi) we have p(zi\xi) — p ^' z ^ . 



Since we know the distribution of p{x{) and p(xi,Zi), we will have E[zi\Xi] = 
(3xi and Var[zi \xi\ — C where: 



4 
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f3 = A^o + AqA^)- 1 

C = I-A^So + AoA^Ao 



2.3 Alpha-EM Algorithm 

The alpha- logarithm function is defined as follows [8]: 



1 + a V / 



(3) 



where r G (0, oo). L^ a \r) is strictly concave for a < 1, a straight line r — 1 
for a = 1 and strictly convex for a > 1. Especially when a = — 1 we have 
£,(-!) = log(r). 

Let Pj(X|$,A) be a probability density for the observed(incomplete) data 
X parameterized by $ and A. Let Pc(X,Z\$,A) be a probability density for 
the complete data. Then the incomplete data alpha-log-likelihood ratio is: 



L^Si.AilSo.Ao) 



1 + a 



P 7 (X|$i,Ai) 
Pr(X|$ 0 ,A 0 ) 



On the other hand, the complete data alpha-log-likelihood ratio is : 



Ai |$o, Ao) 



1 + a 



/ P c (X,Z|$i,Ai) 
^P C (X, Z|$ 0 ,Ao) 



(4) 



(5) 



by taking the conditional expectation in terms of Pz\x,<s> 0 ,h a we can get 



Q£W*i,Ai|$ 0 ,Ao) = -E L^^x.Axl^o.Ao) 



<X,Z\X 



by computing the alpha-divergence between Pz|x,$ 0 ,Ao (Z\X, 3>o, Ao) and Pz|x,*i,Ai (Z\X, $i, Ai) 
we have the following basic equality for the alpha-EM algorithm [6], [7], [8]. 



i+q 

L<£\* u A^ 0 , Ao) = Qg z|x ($i, A!|$o, Ao)+^ { ^ } ' Ax^o, A 0 ) 

" " (6) 

Therefore, the alpha-log likelihood ratio of the observed data can be ex- 
actly expressed in terms of the Q-function of the alpha-log likelihood ratio and 
the alpha-divergence. The alpha-divergence is an information measure. When 
a = ±1, it is the Kullback-Leibler divergence. When a = 0, it is the well 
known Hcllingcr distance. Equation (6) is the core of the alpha-EM algorithm. 
The second term on right-hand side is nonnegative for a < 1, this also en- 
sures positivity of the alpha-information matrix. So the algorithm to increase 
L^($i, Ai|$ 0 > Ao) is obtained by increasing the Q^zi*^ 1 ' Ai|$o> A 0 ) func- 
tion with respect to the argument $i and Ai. 
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Obtaining this Qx z \x Ai|$0j Ao) function is a generalized E step. Its 
maximization is a generalized M step. This pair is called the alpha-EM algo- 
rithm which contains the log-EM algorithm as its subclass. Thus, the alpha-EM 
algorithm of Yasuo Matsuyama is an exact generalization of the log-EM algo- 
rithm. The alpha-EM shows faster convergence than the log-EM algorithm by 
choosing an appropriate alpha. For possible choices of alpha, we already have 
a < 1, and on the other hand the alpha-EM requires a > —1 for the exponential 
family. 



3 Estimation Using Alpha-EM 
3.1 Non-Causal Update Equations 

Here, by non-causal we mean that given the current estimations we can not 
use the update equations to get the next estimations directly. But the non- 
causal update equations are the most accurate equations you can get them after 
applying the alpha-EM for factor model estiamtion. In order to be able to use 
the alpha-EM we use a causal approximation of non-causal update equations. 
For factor model, we have 



N N 

P c (X,Z|$o,A 0 ) = nPc{xi,Zi,\$o,Ao)= UP(xi\z i ,*o,Ao)*P(z i ) 

i=l i=l 

)(<* 



so the Q x Ai|$o 5 Ao) function is: 



(<!>!, Ar | $ 0 ,Ao) 



2_ / P C (X, £1$!, Ai) 
1 + a \Pc(X,Z\$o,Ao) 



where 




II |xi,A 0 ,*o) 



/ Pc{x u ^|Ai,$i) ^ 

\Pc(x i ,Zi\kQ,<&o) i 



(7) 



2 _ 1^ 

1 + a r^l*.*o,A 0 V 



°Z|X,$ 0 ,A 0 



(a) 



£?[■] 



N 

i=i 



E 



(a) 



Pcjxj^ilAx^x) 
Pc(xi, Zl \A 0 ,^ 0 ) 

£p(z|x,A 0 ,*o)["] 



G 
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After the E-step we need to do the M-step. The update equations can be 
obtained by differentiating Ai|3>o> Ao) with respect to the update 

parameters $i and Ai and setting differentiation to zero solve for maximization. 
For Ai we have 



oAi 



OA uvy 3 tt = y> 3 ^ _ V 9Al 

5A X 9Ai iJb; * ^ dA 1 w (°) 0 h w j°) 



(8) 



(a) 



AT 



aw, 



(a) 



0-E 



S (a) _^ 0 ^ E 



3Ai 



i=l 



(a) 



N 

E 



9Ai 



J = l E 



N E 

E — 

i=i P 



l+o 



likewise for <f>! we have 



9$^ 





■ l+a " 


<9,E 


P 2 












l+a -l 


E 


p 2 



l + a 



AT 

E 

i=i P P 2 



0 (9) 



In order to solve equations (8) and (9) we need to calculate E 



E 



l + o 

dAi 



and E 



l + a 

dP^- 



. By the definition of expectation: 



E 



,' Pc(x l , Zi|Ai,$i) s , , 
= J P{z l \x l ,A 0 ,$o) 1 577^ : , A — 5-7) (10) 



E 



dP- 



9Ai 



l + a 



Pc^,^ | A 0 ,$o' 



p 1 ^ * (^r 1 ^^ - ^r'Ai^Q 



(ii) 



p 



9P- 



d^ 1 



l + a 



E 



p 1+ 2 a * 1 ($! - + ajj^Ai + A^z- - Ai^^'A'J 



After calculate the expectations, we have the update equations: 



(12) 



Ai 



E x.PM f E em 
i=i \i=i 

(\ ( N N 

diag - E ^ - E XiElz^ 
\ n \i=i i=i 



(13) 
(14) 
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However, the expectation here is w.r.t. a new distribution: 

E[ Zi ] = Y>W'x l E[z'i\ = x^WY, 
Elziz'i] = Var[zi] + E[zi]E[z^ = S + YM'x l x\WY, 

W = ^r 1 Ai-^o 1 Ao + /3'^ 1 

if we Assume the sample covariance is C xx = we S e ^ : 

Ai = C^WZiZ + ZW'C^WZy 1 (15) 
$1 = diagiC^-C^WUMj) (16) 

and we notice that we have $i and A x on both right hand side and left hand 
side of these update equations. It is hard to put either $i or Ai on one side of 
the equations and this is what we mean by non-causal. So we can not use these 
update quations directly. 

For general case — 1 < a < 1, the update equations: 

Ax = F(Ai,$i,$o,Ao) (17) 
$i - G(A l5 A 0 ) (18) 

are non-causal but they illustrate two important things. First, we can iteratively 
update Ai and $i through (17) and (18) until Ai and $i converge and we call 
it one major iteration which is the iterations we count in the log-EM. Then 
replace $o> Ao with Ai,3>i, do the same thing for the next major iteration 
A 2 , $2- In practice, the convergence speed is much faster than the log-EM for 
the same major iteration. Second, each major iteration here contains many 
minor iterations which will take a large amount of time. Using this updating 
method the alpha-EM can not save us in total computation time in practice. 
Therefore, on one hand we know that the alpha-EM is better than the log-EM 
in convergence speed, on the other hand we need effective update equations 
otherwise we can't use the alpha-EM in practice. 
Let's consider two special cases first: 

Case 1. a = —1: 

s- 1 = c- 1 

W = 0C- 1 
then we have WT, = 0 = ($ 0 + A 0 Ao) _1 A 0 . Assume that 

8 
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S 0 = (*„ + AqA^^Ao 
A 0 = Jd-A'o^o + AoA^-'Ao 

we get 

Ai = C XX 6 0 (A 0 + 5'oCxJo)- 1 = /(A 0 ,$ 0 ) (19) 
$i = diag(C xx _C xx 5oK) = s(Ai,A 0 ,$o) (20) 

these update equations are the same as Rubin and Thayer [2]. This shows that 
the log-EM algorithm is a subset of the alpha-EM algorithm. 

Case 2. a = 1: 



A 1 - C xx S 1 (A 1 + 5' 1 C xx 5 1 )- 1 = f{A 1 ,9 1 ) (21) 
$! = diag(C xx -C xx 6 1 A' 1 )=g(A 1 ,$ 1 ) (22) 

where 

5 1 = ($ 1 + A 1 A' 1 )" 1 A 1 
Ai = Jd-Ai^i + AiAiJ^Ai 

here we have two equations and two unknown parameters Ai and $i but it is 
impossible to solve for Ai and <&i directly. Because if we assume Ai and <E>i are 
the optimal solutions, we have 

C xx = *! + AiAi (23) 
If we substitute (23) back to (21) and (22), we get: 

Ai = Ai 

$1 = diag{§\) = $1 

Since we can not solve (21) and (22), we can iteratively update Ai and $1 
through (21) and (22) until Ai and $1 don't change. In practice this method 
takes exactly the same computation time as when a = — 1 because they have 
identical / and g. In order to have a practical solution we need to solve the 
non-causality. 

3.2 Causal update equations 

In order to solve the non-causality, we need to know why we have non-causality 
in the first place. The reason is the expectations, equation (10), (11) and 

9 
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(12). We need to calculate the three expectaions E 



E 



l+o 

dP^ 



aAi 



and 



E 



l + a 



in a causal way. These three expectations have integral of the form: 



fP(zi\xiA 0 ,®o) 



Pc{xi,Zi\Ai,<f>i) 



dzi 



Pc{xi,Zi\A 0 ,<f>o), 
in common and we need to calculate (24) without using Ai and $i. 

3.2.1 Causal approximation 

We have 



(24) 



P(zi\xiA 0 ,$ 0 ) 



Pcjxj, ^|Ai,$i) 
Pc(xi,Zi\A 0 ,®o) 



P(z i \x i ,A 1 ,^ 1 ) 



P(z,|x l , A 0 ,*o) 



Pc^Zj | Ar,$i) 
Pc(xi,Zi\A 0 ,& 0 ) 

Pc(xi,Zi\A 0 ,&o) 



/3 = a + 2 



(26) 



^Pc(xi,Zi\A_i,$- 

around the region of P(xi\ Ai, $1) = P(xi\Aq, $0) + °(1) an d the last term is the 
causal approximation w.r.t. the iteration index shift or shift of time [9], [10]. 
We can use the relationship: 

l + a _ 1-/3 
2 ~ 2~ 

and because we have a e (—1, 1), then we also have (3 £ (1, 3). 

Within the hrst few interations (3 — a+2 is not always a good approximation. 
For example, when a = 1, Pi/Pq ~ Pq/P-i is not a good approximation in the 
first a few iterations. This bad approximation will cause us numerical problems 
in practice. Another example is when a = 0, (Pi/Pq) 1 ^ 2 ~ (Po/P-i) 1 ^ 2 is a 
better approximation during the first a few iterations since Pi/Pq and Pq/P_\ 
are greater than 1. So for choice of a close to 1, wc can choose /3 starting at 
2 and approaching a + 2 as iteration increases. We will see this is sometimes 
necessary in practice. 

Now, we can approximately calculate (24) without knowing Ai, $1. However, 
this requires a power computation of a likelihood ratio. This is computationally 
expensive and becomes intractability as time increases. So another approxima- 
tion is necessary in view of computational complexity. 

3.2.2 Series Expansion 

A taylor expansion can simplify this without discarding merit of the alpha-log 
likelihood ratio. 



(25) 



P(zi\xi, A 0 ,$ 0 ) 



Pc(xi,Zi\A 0 ,$o) 

PcixuZilA-!,®^) 



1-3 



= P(2i|o;i,A_i,$_i) 



Pc{xi,Zi\Ao,$ 0 ) 



Pc(x ll z l \A_ 1 . 
(27) 
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Let's assume that f(x) — x^ , according to Taylor expansion we have f(x) = 

f(r) + ^p-(x — r) + o(l) For our case x — p^ Z z*a A ° ail< ^ assume r — 1; 
so we get [9], [10]: 

Pc(x t , Zi \Ao,<i>o) \ 2 1-/3,1+/? Pc( Xl , z,\A 0 ,^o) , OQ * 



Pc(x u 2i|A_i,*_i),/ 2 2 Pc(a;i,^|A_i,$_i) 

now we substitute the right hand side of equation (25) with equation (27) and 
(28) then we get: 

l + Q 

P{zi\ Xi ,Ao,$ 0 ) ( Pr hZi T^\ ) 2 «^^ki,A_ 1 ,$_ 1 )+i±^P(z i | a ; i ,Ao,*o) 
VPc(a; i ,z i |A 0 ,« > o)/ 2 2 

So, now we can calculate the expectaions in a causal way without using Ai 
and $i. We get the update equations: 



[ n n \ 
Ai = f ( 29 ) 

I n N N \ 

\ j=i j=i / 

$1 = dia 9 (c xx -C xx j^XiE-ilztt + ^ f>i**>[*i]) A'^30) 

where 



= /^a* and = C*^ 1 + f3_ 1 x l x' l f3'_ 1 

E 0 [zi] = fi 0 Xi and E^z.z^ = C^ 1 + P 0 x l x' i /3' 0 

with 

/?_! - A'.i^-i + A.iA'.!)" 1 

CLi = /-A'^^-i+A-iA'.!)-^-! 

/3 0 = A^^o + AqA^)- 1 

Co = / - A o ($ 0 + AqA^-^q 

For the first a few iterations that a = 1 is not a very accurate estimation, 
we should choose a close to 1, so that: 



Pc( Xi , *|Ao,* 0 ) V*" 1-/3 i±g 1 + 0 i±fi_! Pc(x 4 , z»|A 0 ,$o) 

-(X 2 -f~ — - — (X 2 



PC^T;, I A_ !,$_!)/ 2 2 Pcfo, ^ I A_! , $_! ) 

11 



20 



Tengjie Jia et al 10-29 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



and 

» t n f Pc(xi,Zi\Ai,$i)\ ^ 1-/3 i+i3 „. , ^ . 1 + /3 i+p 
P (zi Xi ,Ao,$ 0 ) p A ' « -^aT-P(zj Xi,A_i,$_i)+— ^ot—^^ Si.Ao. 

\ v Pc(a; l ,z 4 |Ao,$o)/ 2 2 

So the update equations are: 

(JV AT \ 

. > ■ = , f (3D 

IN N \ 

E + ^a 1 ^ e 3>M 

(( \ — ft 1+3 N \ A- ft 1+3 N \ \ 

c xx -c xx f E a:i£?_iM + E^^ok'] J Ai 1 

(32) 

Now we get two causal update equations and we are able to use to do the 
factor model estimation. At the /eth iteration to obtain A^ and we use 
Afe_i, $fe-i and A fc _ 2 , < E > fe-2 on the right-hand sides of (29) and (30). We need to 
calculate the E[z] and E[zz'] of the previuous state and the one before previous 
state. It seems that the alpha-EM needs to do more calcuation in each update 
but in practice acutully we can save E[z] and E[zz'} of the previous state for 
the next iteration, so we don't need to recalculate it. For example, for Ai and 
$i we need to calculate P„i[z-] and -EoI^L when we calculate A 2 and <f> 2 we 
can reuse Eq[z'^[ and we only need to calcualte Pi[z-]. We only compute E[z] 
and E[zz'] once for each state and this is exactly the same with the log-EM. 
Thus, the total computation time per iteration of the alpha-EM or the log-EM 
are almost the same. We will see the numerical results in the following section. 



4 Empirical Results 

4.1 Factor analysis from complete observations 

Here, we applied both the log-EM and the alpha-EM to the same data used in 
Rubin and Thayer (1982) with p = 9 and d = 4. 



Cxx — 



1.0 
0.554 
0.227 
0.189 
0.461 
0.506 
0.408 
0.280 
0.241 



0.554 

1.0 
0.296 
0.219 
0.479 
0.530 
0.425 
0.311 
0.311 



0.227 
0.296 

1.0 
0.769 
0.237 
0.243 
0.304 
0.718 
0.730 



0.189 
0.219 
0.769 
1.0 
0.212 
0.226 
0.291 
0.681 
0.661 



0.461 
0.479 
0.237 
0.212 
1.0 
0.520 
0.514 
0.313 
0.245 



0.506 
0.530 
0.243 
0.226 
0.520 
1.0 
0.473 
0.348 
0.290 



0.408 
0.425 
0.304 
0.291 
0.514 
0.473 
1.0 
0.374 
0.306 



0.280 
0.311 
0.718 
0.681 
0.313 
0.348 
0.374 

1.0 
0.672 



0.241 
0.311 
0.730 
0.661 
0.245 
0.290 
0.306 
0.672 
1.0 
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To do the 1st iteration to obtain A 2 and $2, we require previous two esti- 
mates which are Ao,<&o and Ai,$i. For A_i and we can use a random 
guess as: 

$_i = diag{C xx ) 
Vr = rand(p, d) 

V-i = Vr*y/\\C XX \\ F /\\V\\ F 

where p = 9, d = 4 and then for Ao, $0 and Ai, $1 we can do the log-EM by 
using (19) and (20) with A_i and With A 0 ,$o and Ai,$i we can apply 

the alpha-EM now. Fig. 1 illustrates the different convergence curves of the 
alpha-EM in previous section with different alpha values. Remember that when 
a = -1, it is the log-EM. 
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Fig.l Convergence speed for various a 



The log-likelihood on the y-axis is calculated by 

LL = logdet(($ + AA') _1 C ra ) - trace (($ + AA') _1 C ra ) (33) 

so for the optimal results we have C xx = $ + AA' then LL = —p where p is 
the dimentionality of the problem. Whether you can reach the optimal results 
depends on the condition of the problem. Factor analysis can be only as good 
as the data allows. 

Table I shows a speedup comparision. The second column shows that the 
alpha-EM (the case of a = 0) is 30/15=2.00 times faster than the log-EM (the 
case of a = — 1) for the same convergence. The third and fourth columns show 
a more practical comparision based upon CPU time. We use t denotes the total 
time per iteration. The alpha-EM didn't require more CPU time per iteration. 
So we can see that the alpha-EM is much faster than the log-EM by a total 
CPU-time speedup ratio of 30t/15t=2.00. 
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TABLE I Speedup Ratio For Factor Model Estimation( p=9, d=4 ) 

a Iterations Time per Iteration Total CPU- Time Speedup Ratio 
-1.00 30 It 30t 1.00 

0 15 It 15t 2.00 

Besides the log-likelihood, we can compare the Hellinger distance between 
different alpha. The definition of Hellinger distance is H 2 = 1/2 J {\fP~o — \fP~i) dx 
where Pq and P\ are probability density functions. In our case Pq ~ N(0, C xx ) 
and Pi — N(0, $ + AA') then we have: 



H 2 



1/2/ L/Pq- y/pX dx = 1 -/ x/p^x/P^dx 

1 - dct f (a'* + (* + AA') _1 ) /2) 3 det(C xx )-i det($ + AA'yi 



Fig. 2 illustrates the decreasing speed in Hellinger distance as the number of 
iteration increases for various a. 
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Fig. 2 Hellinger distance for various a 



From [11] we know that Hellinger distance is actually bounded by the Infor- 
mation distance. 



ff(e 0 ,eo < -^/(eo.ei) 

Especially for sufficiently samll 7(O o ,0i), we have: 

K 



7(0 o ,0i)< 77(00,00 
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where 0 < K < 1. This shows that the upper bound of the Hellinger distance is 
the best possible. So if we can get the the sample covariance and factor model 
close in Hellinger distance, it also implies that they are close in Information 
distance. 

4.2 Factor analysis on financial data 

Here, we download Yahoo daily close prices of each member of S&P500 from 
Jan-03-2007 to May-31-2013. Then we select members which have prices since 
Jan-03-2007 and we got 471 members left. We calculate the sample covariance 
C first, then with the sample covariance we can calcualte the factor model 
by both log-EM algorithm and alpha-EM algorithm. In order to do the 1st 
iteration to obtain Ai and $i, it requires previous two states which are Aq, $o 
and A_i, $_i. For A_i and 3>_i, we use the a random guess method but d — 20 
and then we use the log-EM for Ao and <E>o- after we got Ao, $o and A_i, $_i we 
can apply the alpha-EM. Fig. 3 also illustrates the different convergence curves 
of the alpha-EM in previous section with different alpha values. Remember that 
when a = — 1, it is the log-EM. 
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Fig. 3 Convergence speed for various a 



Table II also shows a speedup comparision. The second column shows that 
the alpha-EM (the case of a = 1) is 30/10=3.00 times faster than the log-EM 
(the case of a — —1)- The third and fourth columns show a more practical 
comparision based upon CPU time. Again, the alpha-EM takes the same CPU 
time as the log-EM per iteration. We can see that the alpha-EM is still faster 
than the log-EM by a CPU-time speedup ratio of 30t/10t=3.00. 
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TABLE II Speedup Ratio For Fact. 

a Iterations Time per Iteratii 

-1.00 30 It 

0 16 It 

+0.5 12 It 

+1.00 10 It 



Model Estimation( p=471, d=20 ) 

Total CPU-Time Speedup Ratio 

30t 1.00 

16t 1.875 

12t 2.50 

lOt 3.00 



We can see that during the first few iterations a — 1 is not the fastest, this is 
as mentioned in Section 3.2.1 that (3 = a+2 is not always a good approximation. 
We should choose a increases to 1 as iteration increases. For exmaple we can 
choose a = 0, 0.25, 0.5 for the first three interations and a = 1 from the fourth 
interation. Fig. 4 also illustrates the different convergence curves of the alpha- 
EM in previous section with different alpha values. 
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Fig. 4 Convergence speed for various a 



In addition to the improved convergence speed, as we mentioned in Section 
3.2.2, for r + 1 1 in series expansion, for fcth iteration we can choose r — 1 — 0. l~k 
which is more approperate than r = 1. So as iteration increases the value of r 
gets closer to 1 eventually. Fig. 5 illustrates the different convergence curves of 
the alpha-EM with the same a but different r in series expansion. 
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Fig. 5 Convergence speed for various r 

We can see that they are almost the same, but if you amplify the first a few 
iterations we will notice that r = 1 — O.l'/cisan improvment compared to r = 1. 
But the improvement is not large. 

Here we consider a smaller p. We just pick the first 100 members out of 471 
members of S&P500. For the number of factors we choose d = 10, all other 
parts remain the same. Fig. 6 also illustrates the different convergence curves of 
the alpha-EM in previous section with different alpha values. Remember that 
when a = — 1, it is the log- EM. 
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Fig. 6 Convergence speed for various a 



Table III also shows a speedup comparision. The second column shows that 
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the alpha-EM (the case of a = 0) is 30/16=1.875 times faster than the log- 
EM (the case of a = —1) for the same convergence. The third and fourth 
columns show a more practical comparision based upon CPU time. CPU time 
per iteration is the same for the alpha-EM and the log-EM. So we can see that 
the alpha-EM is much faster than the log-EM by a total CPU-time speedup 
ratio of 30t/16t=1.875. 

TABLE III Speedup Ratio For Factor Model Estimation( p=100, d=W ) 

a Iterations Time per Iteration Total CPU- Time Speedup Ratio 
-1.00 30 It 30t 1.00 

0 16 It 16t 1.875 

Therefore, for small dimension problems or large dimension problems the 
alpha-EM will not require more CPU time per iteration than the log-EM. So 
as long as the number iterations of the alpha-EM is smaller than the log-EM 
for the same accuracy, the alpha-EM will save us the total computation time. 
That's we should choose the alpha-EM over the log-EM. 

5 Concluding Remarks 

In this paper, we applied the alpha-EM to factor model estimation. Through 
calculation we found it is hard to get causal update equations directly. In- 
stead we get two non-causal update equations. From those non-causal update 
equations we learned that the alpha-EM has faster convergence speed than the 
log-EM but each major iteration for the alpha-EM takes large amount of time. 
We can't use the alpha-EM in practice without solving the non-causality. Then, 
we did causal approximation and series expansion in order to get the approxi- 
mate causal update equations. By choosing proper alpha, we showed that the 
alpha-EM algorithm converges much faster than the log-EM algorithm in factor 
model estimation and also gives more accurate estimations. In CPU-Time, as 
long as we save some results from the previous updates for the next updates, 
the alpha-EM doesn't require more CPU time than the log-EM. However more 
importantly, the speedup in convegence is significant, so the alpha-EM can save 
us the total computation time for the same accuracy. 

In order to make the alpha-EM work in practice, causal apporximation and 
series expansion played very important roles. In causal apporximation, there 
are actually many choices about how a increases to 1. Which choice is better 
usually related to what problem you have. In series expansion, there are actually 
many other choices of a, such as a — 1 — 0.1"(0.9 + fc/10) for fcth iteration, which 
works better than a = 1 — 0.1 "A; in the first few iterations. But the improvement 
is not significant in factor model estimation. Also, there must be other methods 
to solve the non-causality, such as moving all the future states on one side of 
the original update equations (15) and (16). That would be the most accurate 
method but it is also harder than the apporximation method. Thus, further 
exploration of practical issues pertaining to the alpha-EM family is needed. 
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For the alpha-EM we used, we focus our attention on the convex divergenvce 
(3) because of its general capacity on convex optimization. We would like to 
consider other possibility of different types of surrogate functions. 
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GENERALIZED POLYNOMIAL CHAOS EXPANSIONS WITH WEIGHTS 

JOSEF OBERMAIER 1 AND FAIDRA STAVROPOULOU 1 - 2 

Abstract: Polynomial chaos is used as an alternative to Monte Carlo methods for the propaga- 
tion of uncertainty through dynamical systems. By truncating the infinite series of the polynomial 
chaos expansion to a finite order, the positivity of the approximate solution may be lost. We show 
in general how the positivity can be preserved by introducing weights into the finite polynomial 
approximation, where the polynomial systems are assumed to have compact support. In the case 
of Legcndre polynomials examples of such weights are given explicitly. 

Key words: polynomial chaos, orthogonal polynomials, Legcndre polynomials, positive opera- 
tors, dynamical systems 

Running head: Polynomial chaos with weights 

1. Introduction 

Norbert Wiener was the first one who used the term homogenous chaos as a generalization of 
the measure induced by the increments of the Wiener process [15]. Later, Cameron and Martin 
proved that every square integrablc functional with respect to the Wiener process can be expanded 
in a scries of Hermite polynomials in Gaussian random variables [4] . The theory gained a lot of 
attention due to the work of Ghancm and Spanos who used expansions in Hermite polynomials 
of Gaussian random variables in combination with Galerkin methods for the solution of stochastic 
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2 JOSEF OBERMAIER 1 AND FAIDRA STAVROPOULOU 1 ' 2 

partial differential equations [9] . Xiu and Karniadakis generalized this idea and proposed the use of 
polynomials other than the Hermite in order to speed up the convergence rate [16]. The conditions 
under which the generalized polynomial chaos expansions actually converge was examined in [7]. 

Polynomial chaos is being used for the propagation of uncertainty through dynamical systems. 
Uncertain parameters and functions in the system dynamics are modeled as random variables and 
stochastic processes respectively. They admit a polynomial chaos expansion as does the solution 
of the system equations. The expansion of the solution is truncated to the desired approximation 
order and its coefficients are determined by stochastic Galcrkin or non-intrusive methods. Even 
when the original system preserves the positivity of solution, this property cannot be assured to be 
inherited to the finite series approximation. 

The goal of this work is to provide theoretical methods, i.e. proper summability methods, which 
are positivity preserving. This is equivalent to introducing weights in the truncated polynomial 
approximation. In section 2 we give a short introduction in polynomial chaos theory and in section 

3 we present suitable summability methods. Examples of such methods in the case of Legendrc 
polynomials are presented in section 4. In section 5 and 6 we summarize how generalized polynomial 
chaos and weighted generalized polynomial chaos can be applied to dynamical systems. We end 
our investigations with some conclusions. 



2. Generalized Polynomial Chaos 

Let (Cl,A, P) be a probability space and denote by 'B(R) the Borel cr-algebra on R. Moreover, 
assume that there exists independent random variables 

S <: (Q,A)^ (R,S(R)), i = l,...,d, (1) 

such that 

e L p (n,A,P) for alH = 1,. .. ,d, 1 < p < oo, (2) 

and the support Si of the push- forward measure fa of Ei is of infinite cardinality for any i. We note 
here that the random variables need not be identically distributed. Then for any i there exists a 
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POLYNOMIAL CHAOS WITH WEIGHTS 3 

sequence of orthogonal polynomials {Pi :n }^Lo such that Pi- n is a polynomial of degree n and 

I P i . n {x)P i . m {x)dn i {x) = -^—5 n , m , (3) 

with hi- n > 0. The quantities hi- n ensure that our concept does not depend on a special normal- 
ization of the polynomials. Nevertheless, for simplicity we assume Pi-o(x) = 1 for any i, that is 
h^o = 1. For details with respect to orthogonal polynomials we refer to [6, 8]. 
Let us now draw our attention to the random vector 

H = (Si, . . . ,Sd) : (Q,A) — > (R d ,S(R d )). (4) 

The push-forward measure of H is determined by \i = fii x • • • x \id with support S — Si x • • • x Sd 
due to independence. In the following we repeatedly take advantage of the fact that for a measurable 
function / : B(R d )) -> (R, S(R)) we have / is integrablc with respect to /x if and only if /(H) 
is integrable with respect to P, and in such cases J fdfi = J f(a)dP. 
The set of multivariate polynomials {P n : n e Nq} with 

d 

Pn(x) = ]J P ^ ( x d for a11 n = (m. • • • . n d) e Ng, x = {x u . . . , x d ) G K d , (5) 
1=1 

is an orthogonal set with respect to /i, that is 

J P n {x)P m {x)dn{x) = -^-b n , m for all n,m e Nq, (6) 

where h n = hi- ni ■ ■ ■ hd ;na - Denote by T = lin{P„ : n <E Nq} the space of multivariate polynomials. 
Let cr(E) C A be the smallest er-algebra such that H is measurable, and let 

X: (n,<7(H))^(R,S(R)) (7) 

be a random variable. According to the Doob-Dynkin lemma [14] there exists a measurable function 

fx : (R d ,S(R d )) -» (R,S( 
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4 JOSEF OBERMAIER 1 AND FAIDRA STAVROPOULOU 1 ' 2 

such that 

X = fx(S). (8) 

There is an expansion 

X = f x (S) = Tx n P n {^)h n for all X E L 2 (tl, (7(H), P), (9) 

where 

Tx n = J X(u)P n (S)(cu)dP(u) = J f x (x)P n (x)dn(x), (10) 

if and only if {P n : n e Nq} is a complete orthogonal set in L 2 (R d , r B(R d ),fi). Sufficient conditions 
for the completeness are given in [7]. In practice, one is working with an TVth order approximation 

N 

fx n P n (S)h n , N e No, (11) 

|n|=0 

of X, where \n\ = n\ + . . . + rid- 

One disadvantage of this approach is that X > 0 almost everywhere does not imply positivity of 
the Nth order approximation. Therefore, our goal is to develop more general summability methods 
which may be positivity preserving. Moreover, we are also interested in the case X € L P (Q, cr(H), P), 
p^2. 



3. Summability methods based on kernels 



From now on we assume S to be compact. Then L p (R d , 'B(IBr), /x) C L c '(R d ,'B(R d ), fi) for all 
1 < <1 < P < oo, and 

fn = J f(x)P n (x)dli(x) (12) 

exists for all / € L 1 (R d ,'B(R d ),f J ,), n e Nq. Let n : N 0 -» N 0 , i = 1, . . . , d, be sequences with 
liniTv^oo T i(N) — oo, and 

T(N) = {neN$:m<Ti(N),i = l,...,d} for all N E N 0 . (13) 
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Furthermore, choose wjv,„ £ 1 for all TV g N 0 , n g T(N). Then 

F N (f)= "N,J n P n h n (14) 

n£T(N) 

is a continuous linear operator from L p (R d , 23(R d ), /z) into L p (R d , B(R d ), /u) for all JV e N 0 , 1< 
p < oo. If we define multivariate kernels by 

K N (x,y)= Y 

(x)P n (y)h n (15) 

neT(N) 

for all x,y eR d , N e N 0 , then 

F N (f)(x)= J f(y)K N (x,y)dn(y). (16) 

We recall that an operator F : L p (R d , 23(R d ), /x) -> L p (M d , !B(M d ), /x), 1 < p < oo, is called 
positive if /(a;) > 0 /x-almost everywhere implies that F{f){x) > 0 /x-almost everywhere. Fur- 
thermore, F is called boundedness preserving if a < f(x) < b /x-almost everywhere implies that 
a < F(f)(x) < b /x-almost everywhere, where a, b g R. It is elementary to show that the operator 
Fn is positive if and only if ifjv(a;,y) > 0 for all x,y g 5. There is a simple characterization of 
positive operators Fn which are additionally boundedness preserving. 

Theorem 1. Let Fn be a positive operator defined by (16). Then Fn is boundedness preserving if 
and only if ujn.o = 1- 

Proof. Let ujn.o = 1 and a < f(x) < b /i.-almost everywhere. Then Fjv(/)(a;) — a = F^(f — 
a)(x) > 0 and b— Fjy(f)(x) = Fjy(b— f){x) > 0 /x-almost everywhere. Conversely, assume Fn is 
boundedness preserving and let f(x) = a£l \ {0} for all x g R d . Then F n (f)(x) = uon,o<i for all 
x g R d , which implies a < w^ofl < a. □ 

Denote by ||F'|| LP the operator norm of a continuous operator F from L p (R d , H(R d ), fi) into 
L p (R d ,'B(R d ),n). The following lemma provides us with upper bounds for the corresponding 
operator norms of Fn. 
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Lemma 1. Let 1 < p < oo and Fn be an operator defined by (16). Then 

\\F N \\ LP < \\F N \\ Ll = \\F N \\ La ° = sup f \K N (x,y)\dn(y). 
If F N is positive, then \\F N \\ L °° = Wjv,o- 



Proof. If p = oo, then by trivial means 

||JW)lloo < sup f \K N (x,y)\d»(y) H/IU for all / e L°°(M d , B(R d ), M ). 

Let 1 < p < oo, 1/p+l/q = 1, and / e L p (R d , 23(R d ), /i). Holder's inequality with respect to the 
measure iTT^a;, y)|efyt(y) yields 

( J \f(y)\\K N (x,y)\ | K N (x,v)\dn(y)y'« J \f(y)\ p \K N (x,y)\d^(y). 

Since K N (x,y) = K N (y,x), Fubini's theorem implies that 

\\F N (fW p < (sup J \K N (x, y)\dn{y)Y /q J J \f{yW\K N {y,x)\d^{x)d^y) 

< (sup / \K N {x,y)\d»{y)y ||/||*. 

Therefore, 

HFjvll^ < sup / |Jfjv(x,y)|d/i(y) for all 1 < p < oo. 



xes , 

Denote by S LP = {/ e L p (R d , B(R d ), /x) : ||/|| p = 1} the unit sphere in L p (R d , 3(R d ), /x). 
Ricsz's representation theorem implies that 

\K N (x,y)\dn(y) = sup | / f(y)K N (x,y)dfi(y)\ = sup |Fjv(/)(jc)| 
7 /eSi,oo J f€S L oo 

< sup || 11^= ||F^|| Z ' 00 for all a; e 5. 



Thus, 



-Fa'II 100 = sup / |A"Ar(a;,i/)|d/i(j/)- 
xes7 
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Finally, 



|Fjv|| l - sup Hi^lli 
geS Ll 



= sup sup | / f(x) / g{y)K N {x,y)dn{y)dii{x) 

ges Ll feS L oo J J 



= sup sup | / g(y) / f(x)K N (y,x)dfj,(x)dfji(y)\ 

ges Ll fes L ^ J J 

= sup sup | / g(y)F N (f)(y)dn(y)\ 

fes L ^ g es L i J 

= sup \\F N (f)\\ 00 =\\F N \\ LC °. 

If Fn is positive, then Kn(x, y) > 0 for all x,y G S. Therefore, 

\\Fn\\ LO ° = sup / K N (x,y)dfi(y) = sup uj n . 0 P 0 {x) =w w ,o- 
xes J xes 



□ 



Our aim is to construct a sequence of operators {-Fjv}iv=o m sucn a wa Y that -Fjv(/) is converging 
towards / for all / G L p (R d , "B(R d ),fi). The following theorem is basic for that purpose. 

Theorem 2. Let 1 < p < oo and {-Fjv}jv=o ^ e a sequence of operators defined by (16). 
Then lim^oo F N (f) = f for all f G L p (R d , S(R d ), /x) i/ and on/?/ i/ 

(i) limAr^oo ujn.ti = 1 /or aZZ n € Nq, and 

(ii) there exists C > 0 smc/i i/iat ||i<Ar|| iP < C for all N G N 0 . 

I/{Fn}n=o * s a sequence of positive operators, then liniAr^oo F/v(.f) = / /or aZZ / G L p (R d , /i) 
i/ and on/?/ if limN->oo ^N,n = 1 /or all n G Nq- 

Proof. Note that limjv^oo F N (P n ) = P n if and only if limjv^oo uj N-n = 1. 

Suppose that lim^oo F N (f) = f for all / G L p (R d , 23(M d ), /x). Then (i) follows immediately and 
(ii) is a consequence of the Banach-Steinhaus theorem. 

Conversely, assume that (i) and (ii) hold. Then (i) implies that rirn/v->oo F^(Q) = Q for all 
polynomials Qef. Let / G L p (R d , S(R d ), fj.) and e > 0. Since 3> is dense in L p (R d , S(R d ), /x), we 



36 



JOSEF OBERMAIER ET AL 30-45 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



8 



JOSEF OBERMAIER 1 AND FAIDRA STAVROPOULOU 1 ' 2 



are able to choose Q € 7 with || Q — f \\ p < e. Finally, (ii) implies 



/ - F N (f) 



p 



< \\f-Q\\p + \\Q-F N (Q)\\ p +C\\Q-f 



v 



< (2 + C)e 



for sufficiently large N. 

If {Fn}n' =q is a sequence of positive operators, then Lemma 1 yields ||F/v|| LP < lon,o- Hence, (i) 



Corollary 1. Let 1 < p < oo and {-Fatj-jv^o be a sequence of operators defined by (16) with 



lim^oo-M/) = / f° r al1 1 e L p (K d ,3(M d ),/x). Then sup NeNa neT(N) \w N , n \ < oo. 

Proof. Let N <= N 0 . Since F N (P n ) = u> Ntn P n for all n e T(N) we get \\F N \\ L " > sup„ eT(Af) \uj Nt 



If p = 2, then condition (ii) of Theorem 2 can be replaced by a much simpler condition. 

Corollary 2. Let p = 2 and {-Fjv}?£ = o be a sequence of operators defined by (16). 
ThenYim N ^ co F N {f) = f for all f € L 2 (R d , /x) i/ and onZ?/ i/ 

(i) limjv^oo ^N.n = 1 / or o,ll n G Nq, and 

(ii) SU PA r eNo „ £T(n) |wjv,n| < OO. 

Proof. It remains to prove that sup NeN(uneT ^ N ^ |tt;jv,n| = C < oo implies (ii) of Theorem 2. Con- 
cerning this matter Parseval's identity yields 



implies (ii). 



□ 



Hence, (ii) of Theorem 2 implies sup NeNo neT ^ N > ) |wjv, n | < 00 . 



□ 




E kiV,n| 2 |/n| 2 /in < C 2 ||/||^ 



for all N e N 0 , / e L 2 



(R d ,'B(R d ),fi). 



□ 
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The following approach for the construction of multivariate kernels is obvious. Assume that for 
i = l,...,d there are univariate kernels 

Ti(JV) 

K i;N (xi,yi) = y~] (A}i-N,mPi;nt(xi)Pi. ni (yi)hi. ni (17) 
with Xi,yi E Si. For JVeN 0 and n = (m, . . . , n d ) € T(N) define 

WiV,n = Wi ; jv, ni • • • UJd;N,n d , (18) 

and a multivariate kernel by 

K N (x,y) = K 1;N (x 1 ,y 1 )---K d . N (x d ,y d ) (19) 
= ^2 u N . n P n (x)P n (y)h n . 

neT(N) 

It is easily seen that the multivariate kernel K^(x, y) is positive if and only if the univariate kernels 
Ki:N(xi, y%) are positive for all i = 1, . . . , d. Therefore, for our purpose it is sufficient to construct 
positive univariate kernels Ki.jy(xi,yi) with limjv-^oo uJi-N,m — 1 for all rn e No, i= 1, . . . , d. Next, 
we give some examples of positive kernels in the case of Legendre polynomials. 



4. Positive kernels in the case of Legendre polynomials 

In the classical polynomial chaos theory the representation of random variables is with respect to 
normal distributed random variables and Hermite polynomials. Here we propagate a representation 
with respect to uniformly distributed random variables. Therefore let us assume that the random 
variables Sj are uniformly distributed on [—1,1], that is with push- forward measures 

dm(x) = dx/2. (20) 

For the sake ok brevity we will drop the subscript i in the following. The sequence of Legendre 
polynomials {L n }^ 0 normalized by L n {\) — 1 arc orthogonal with respect to the measure above, 
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that is 

f 1 1 

/ L n (x)L m (x)dx/2 = - — — S n . m . (21) 
J -i 2n+l 

Hence, we have h n = 2n + 1. We also make use of the so-called linearization coefficients c n ^ m ^ 
which are uniquely defined by 

n+m 

)• (22) 

k— \n— m\ 

If k £ {|m — n|, |m — n| + 2, . . . , m + n}, then 

_j_ l + fc+yn— n l + fe~ m + n ^p^ 1 — fc+m+n ^p^ 2+/c+m+n ^ 

(23) 

and c„ iTOi fe = 0 else. Based on former research we list some examples of positive univariate kernels. 



Example 1 (De la Vallee-Poussin kernel for Legendre polynomials). 
Set 



i(1) r(7V+l)r(jV + 2) 

T(N -n+l)T(N + n + 2) 



1 _ x ^ -r ^m- ^ -r ^ , , 



/or a// iV e No and n e {0, . . . , N}, see [2, 10, 12] . 

Example 2 (Fejer Kernel I for Legendre polynomials). 
Set 



(N + l) 

for all N e N 0 and n e {0, . . . , 2N}, see [11] . 



, ,(2) _ ELo EfcU c„,m,fc(2m + 1) 



Example 3 (Fejer kernel II for Legendre polynomials) 
Set 

2^fc=0 T+fe 

for all N e N 0 and n e {0, . . . , iV} ; see [13] . 



(3) _ l^k=n 1 + fc / 9R x 
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11 



Example 4 (Jackson kernel for Lcgcndrc polynomials). 



Set 



UJ 



(4) _ 




(2m + 1) 



(27) 



N,n — 



ELo(4 3) J 2 (2m+l) 



for all N £ N 0 and n £ {0, . . . , 2N}, see [13] . 



The corresponding univariate kernels are given by 



T (J)(AT) 



uj%> n L n (x)L n (y)(2n +1), j = 1, . . . ,4. 



(28) 



n=0 



Note that r< 1 )(iV) = T< 3 )(iV) = JV and r< 2 )(iV) = r( 4 )(iV) = 2N. For the proof of positivity and 
liniTv^oo = 1 f° r an n e ^o, j = 1,...,4, we refer to the cited literature. There are also 
stated reasons for the naming of the kernels above. Concerning Theorem 1 we have u)fp 0 = 1 for 
all N £ No , j = 1 , . . . , 4. Note that the examples can be generalized for a wider range of Jacobi 
polynomials, see [10, 11, 13]. 



We present here briefly how the polynomial chaos theory is being applied for the propagation 
of uncertainty through dynamical systems. For simplicity we present the general procedure on the 
example of an ordinary differential equation of a scalar quantity. Systems of differential equations 
or partial differential equations are treated similarly. We refer to [17] for a nice introduction to the 
field and to the references therein. 

Let u(t, 0) be a quantity of interest satisfying 



where © = (0i, . . . , 6<j) is a d-dimensional vector representing unknown parameters. Let Jcl, 
U C M and D C R d be open sets with (t 0 ,u 0 ) £ J x U such that the function g is smooth on 
J x U x D. Then, there is a unique smooth solution of (29), possibly defined on subsets of J, U 
and D, see [5]. 



5. Application of gPC in dynamical systems 



ii(t, ©) = g(t, u, 0), u(t 0 , ©) = u 0 



(29) 
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Choose a c?-dimensional vector of basis random variables H defined on a probability space 
(Cl,A,P) with push-forward measure fi such that the corresponding orthogonal set of multivariate 
polynomials {P n : n £ Nq} with respect to /x (as in (5)) is complete [7]. For instance, this is the 
case when the support of fi is compact. Assume that 0j £ L 2 (Jl, <r(H), P) for alH = 1, . . . ,d. Due 
to (9) for each component of 0 we have that 

9; = J~] ai- n P n (S)h n , i=l,...,d. (30) 

For our demonstration here we assume known expansions of the 0^. 

The solution u(t, 0) of (29) is a stochastic process measurable with respect to <r(H) for each 
fixed time t. If we assume u(t, 0) £ L 2 (Q, a(a),P) for all times t, then 

u(t,@)= u n {t)P n {3)h n , (31) 

nefif, 

where the coefficients, according to (10), are theoretically determined by 

u n (t) = J u(t,&)P n (3)dP (32) 

Equation (32) is of no practical use as it includes the unknown solution. In practice, one looks for 
the best approximation 

N 

u N (t,S) = u n (t)P n (S)h n (33) 

|n|=0 

of the solution in a finite dimensional subspace = lin{P n : \n\ = 0, . . . , N}, N £ No, of IP. 
These approximately summarize all the stochastic information of the solution. For example one 
can compute its moments and estimate its density by sampling [1]. 

The two main numerical approaches to compute these coefficients are intrusive stochastic Galerkin 
methods [1, 9] and non-intrusive methods like Monte Carlo integration [3]. 

The stochastic Galerkin methods depend on the fact that 

«»(*) = J u{t,®)P n {S)dP = J g(t,u, e)P n (a)dP for all n e Njf, (34) 
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and approximately 

N 

t*n(*) « / ff(*> E u k (t)P k (S)h k , ( ^ oiinflk(S)ft fc , • • • , a d ; k P k (S)h k ))P n (E,)dP (35) 

|fe|=0 fceNg fcGN^ 

for all |n| = 0, . . . , N. Since the stochastic is integrated out, (35) results in a deterministic differ- 
ential equation system for u n (t). The corresponding initial conditions are given by the coefficients 
in the polynomial chaos expansion (31) of u(to,&). In the case u(t 0 ,&) does not depend on the 
stochastic we get Uo(to) = u 0 and u n (to) = 0 for n ^ 0. If there is a dependence u(t 0 , 0) = 0^, 
then we get Un(io) = o-i-.n- A solution of the deterministic differential equation system (35) is taken 
for the unknown coefficients u n (t) in (33). A difficulty associated with this approach is that the 
derivation of the Galerkin system can be nontrivial in situations in which the original system is 
nonlinear. Furthermore, the method results in a system of higher dimension than the initial one 
and to determine the coefficients one has to solve a coupled system of equations. 

In order to calculate the coefficients u n {t) one can also apply non-intrusive methods which 
are based on a random sample {£ m }m=o °f the random vector S. The basic idea behind using so- 
called non-intrusive spectral projections (NISP) is to numerically approximate the multidimensional 
integrals in (32). For instance, by Monte Carlo integration one gets the following approximation 

1 M 

Un{t) « ( E a l;kPk(€ m )h kl ...,^2 a d;kP k (€ m )h k ))P n (l m ), (36) 

m=l fceNg keNfj 

where, due to the law of large numbers, MeH has to be taken sufficiently large. In practice, of 
course, a further step of approximation is necessary, that is 

j M N N 

^ m E u ^ ( E «i* p h{t m )h k , a*,hPk(t m )h k ))P n {t m ). (37) 

m=l |fe|=0 |fe|=0 

Note that u(t, Ejfe|=o a i:kP k {£, m )h k , . . . , X)|fe|=o a d:kPk{£, m )h k )) is a solutions of the corresponding 
deterministic system (29). 
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6. Application of positive summability methods in dynamical systems 

Recognize that in many applications, the solution of (29) describes a quantity such as a chemical 
concentration or a population density. Thus positivity is a natural property to require for the 
solution. Even when the initial system is positivity preserving, i.e. solutions starting from non- 
negative initial data remain non-negative in their existence interval, it cannot be assured that any 
finite approximation Ujv(t, 3) remains positive for all realizations of S and all times t. In the case 
the push- forward measure of S does have compact support, the problem can be solved if one applies 
a weighted PC expansion related to a positive kernel defined as in (19). Instead of (33) one can 
work with 

u N {t,3)= ^N, n u n {t)P n {B.)h n , N eN 0 , (38) 

neT(N) 

see (14). As demonstrated in section 3, the weights are pre-computed real numbers and they do 
not depend on the solution u(t, H) and the coefficients u n (t). As before, the coefficients u n (t) are 
computed by numerical methods mentioned in the previous section. Note that in the case of using 
Galcrkin methods (35) changes into 

u n {t)~fg{t, u k (t)P k (S)h k ,(J2 a 1;n P k (S)h k , . . . , a d;k P k (S)h k ))P n (S)dP (39) 

keT(N) fceNg fcGNg 

for all n G T(N). 

Applying the methods of the previous section, there may arise instabilities if for some positive 
random variable O, the truncated expansion X]|fc|=o a i;kPkC^)h k also produces negative values. 
The problem can be solved by using instead of 

^ Lu N . k ai- k P k (a)h k . (40) 

keT(N) 

7. Conclusions 

While there are benefits, there are also drawbacks in applying weighted generalized polynomial 
chaos. One disadvantage is concerning complexity. A sum indexed by \n\ = 0, . . . , N does have 
( N ^ d ) terms, whereas a sum in the weighted case indexed by n <G T(N) does have nf=i T i(^0 
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terms. For instance in the case Ti(N) — N, i = 1, . . . ,d, asymptotically there are d times more 
terms in the weighted case as compared to the procedure without weights. Do also note that 
the Galerkin system increases in dimension. Another drawback is concerning the approximation 
error. For / G Li the approximation error in the usual case is X^|=jv+i fn^m which is optimal, 
whereas the approximation error in the weighted case is J2 n <£T(N) fnhn + J2 n <ET(N)( UJN - n ~^) 2 fn^n- 
Therefore, the error in the weighted case depends on the convergence rate of limjv^oo uoN,n = 1- 
Our goal here is only to provide new theoretical tools for uncertainty quantification which extend 
general polynomial chaos. We are aware that further work is necessary to develope applicable 
algorithms for uncertainty quantification based on generalized polynomial chaos with weights. With 
this in mind, we hope our investigations can act as a kick-off. 
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A NOTE ON THE HIGH ORDER GENOCCHI 
POLYNOMIALS BY MEANS OF ORDINARY 
DIFFERENTIAL EQUATIONS 



JONGSUNG CHOI, HYUN-MEE KIM, AND YOUNG-HEE KIM* 



Abstract In this paper, we construct the Ath order nonlinear ordinary differ- 
ential equation with respect to the generating function of Genocchi numbers. From 
these relationships, we derive some identities on Genocchi polynomials of higher 
order. 



There are many methodologies to obtain identities on Genocchi numbers and 
polynomials. Our methodology depends on a differential equation which has the 
generating function of Genocchi numbers as a solution. The crucial point of our 
methodology is to solve an another differential equation to determine coefficients 
of the first differential equation. There are some researches about another numbers 
by almost same methodology (see [2-5]). 

The generating function of Eulcrian polynomial H n (x\u) is defined by 



where ueC with u ^ 1. In the special case, x = 0, H n (0\u) — H n (u) is called the 
nth Eulerian number (see [1,2,5]). Sometimes that is called the nth Frobenius-Euler 
number. 

In [5], Kim constructed a nonlinear ordinary differential equation with respect 
to t which was related to the generating function of Eulcrian polynomial. Some 
identities on Eulerian polynomials of higher order were derived from the differential 
equation. In [2], Choi considered nonlinear ordinary differential equations with 
respect to u not t to obtain different identities on Eulerian polynomial. 

As is well known, the Bernoulli polynomials B n (x) are defined by the generating 
function as follows: 



In the special 0, B n (0) = B n is the nth Bernoulli number (see [4,8]). 

In [4], Choi et al. constructed a nonlinear differential equation related to the 
generating function of Bernoulli numbers. They found that the construction had 
been more difficult than the case of Eulcr number. 
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1. Introduction 





l 
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Considering the similarity of Bcrnouli numbers and Genocchi numbers, the tar- 
get ordinary differential equations are similar with each other. By our methodology, 
we derive some interesting identities on the high order Genocchi numbers and poly- 
nomials. 

The Genocchi numbers are defined by 



2t 



00 j-n 



n=0 



The Genocchi polynomials G n (x) are defined by the generating function as follows: 

Oi °° 4-n 

n=0 

In the special = 0, G„(0) = G n is the nth Genocchi number (see [7,8]). 

From (1), we have the following recurrence relations 

(G + 1)" + G n = 25i >n and G 0 = 0, 

with the usual convention about replacing G n by G n (see [7]). Here 5\^ n is Kronecker 
symbol and n e N U {0} . 

In this paper, we consider the Nth order nonlinear differential equation associ- 
ated with the generating function of Genocchi numbers. The purpose of this paper 
is to investigate some identities on the high order Genocchi polynomials by using 
nonlinear differential equations. 



2. Differential equations related to Genocchi numbers 

In this section, we derive the iVth order nonlinear differential equation whose 
solution is the generating function of Genocchi numbers. 

Definition 2.1. For N e N, the Genocchi polynomial of order N is defined by the 
generating function as follows: 

G N (t, X )=(Jk)x--x(J^)e Xt 

(2) 



e* + 1 / V e* + 1 



N— times 



n=0 

Taking x = 0 into (2), G { n N) {0) = G ( n N) is called the nth Genocchi number of order 
N. 

Henceforth we define 

G = G(t) = -^- 1 . (3) 
By differentiating (3) with respect to t, we have 

Ig 2 = tG (1) + {t-l)G. (4) 
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By differentiating (4) with respect to t repeatedly, we have that 

l -G 3 = t 2 G {2) + (M 2 - 2t)G {1) + (2t 2 -3t + 2)G, 
,-G 4 = t 3 G^ + (6t 3 - 3t 2 )G^ + (lit 3 - 12i 2 + 6i)G« ^ 



2 
3 

¥' 

+ (6t 3 - lit 2 + 12t-6)G. 



Continuing this process, we see by mathematical induction that 



p W +! 
N"N-2 



-^G N+1 =J2^(N,t)G^- m+1 \ (6) 



2 N 

m—1 



where (?W = and ri P r " ! 



dt n n r (n-r)!' 

Now, let us investigate the derivative of (6) with respect to t to find the recurrence 
relation of the coefficient a m (N,t) in (6). 



Theorem 2.2. For N e N, one has 

N+l 



AT+l-PjV-1 



g n+2 = (jv + l)(t - 1) J] a m (N, t )G( N - m+ V 



2 N 

m=l (?) 
N N+l , v ' 

+ ta m+1 (N,t)G( N -™+V + tf t a m (N,t)G( N - m+1 l 

m— 0 m—1 



Proof. By differentiating (6) with respect to t and multiplying by t, we get 

P JV+1 / A 

t^^(N + l)G N G^ = t ]T (a m (iV,t)G^-™+ 2 ) + l am (7V,t)G^-+ 1 )). 

m=l ^ ' 



(8) 



By (4), we see that 
nPn-2 



2 ^{N+V)G N tG^ 

^ r l(N+l)G N (G 2 + :>[i - /)G) 0) 



= "^(N + 1)G N + 2 — (N + l)(t — 1) ^^G^ 1 
On the other hand, we have that the right hand side of (8) equals 

AT Af+1 

eft 



£ ta m+1 (iY,t)G( w - m+1 ) + 4a m (N,t)G^ N - m+1 \ (10) 



m— 0 m—1 
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By (6), (9) and (10), we get 

\n+1)G n+2 



2 N 



N N+l , 

m— 0 m— 1 



7V+1 

= (N + l)(i - 1) g a m (JV, i)G< JV - m+1 > 

m— 1 

AT 7V+1 , 

+ £ ia m+1 (JV,t)G( J '-™+ 1 ) + J2 tj t a m (N,t)G^ N - m+1 \ 

rn—0 m—1 

Since ^^(N + l)G N+2 = JV+1 ^ V ~ 1 G^ 2 , we have the result. □ 

Therefore, by comparing coefficients on both sides (7) in Theorem 2.2, we obtain 
the following corollary (see [4]). 

Corollary 2.3. For JVeN, one has 
{i)a l {N+l,t)=ta 1 {N,t), 

(ii) a w+2 (^V + 1, t) = (JV + l)(t - 1)ojv+i(JV, t) + tj t a N+1 {N, t), 

{Hi) a m+1 {N+l,t) = {N+l){t-l)a m {N,t)+ta m+1 {N,t)+tj t a m {N,t), l<m<N, 
and 

(iv) a m (N,t) = 0, m>N+l or m < 1. 

By (4), (5) and mathematical induction, we note that a m (N,t) is the Nth order 
polynomial of t containing m terms and its the lowest order is N — m + 1. 
Let us consider another recurrence relations as follow: 

a m {N,t) = b m (N)t N - (N -m + 2)a m _ 1 (N,t)t-\ for 1 < m < N+l. (11) 

b m+1 (N+l) = (N+l)b m (N) + b m+1 (N), for 1 < m < TV. (12) 
a m (N,t) = b m (N) = 0, for m > TV + 1 or m < 1. (13) 

By (11), we have the following proposition (see [4]). 

Proposition 2.4. For JVeN, one has 

m— 1 

a m (N,t) = Y,^ 1 ) 1 N-m+l + lPlbrn-iiN)^- 1 . 
1=0 

Proposition 2.4 means that the recurrence relations (11 )-(13) imply Corollary 
2.3. To determine coefficients a m (N,t), it is sufficient what b m (N) are. 
Now we set a function / to find b m (N) in Proposition 2.4 as follows: 

oo JV+1 N 

f(x,y)=J2J2b m (N)^y m 1 where \xy\ < 1. (14) 

jV=lm=l 
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Therefore, by (14) and Proposition 2.4, we have the following proposition (see [4] 
for details). 

From this, we set 

E i ...i = 

Proposition 2.5. For JVeN, one has 

i-l N 



1=0 3 = 1 U ; V 



t N- 



3 

where (— n)\ = 0, and = 0 for n > 0 and n < k. 

Proof. Basically, the contents of this proof are similar with those of the proof in 
[4] . Hence we give the sketch of the proof. 

From (12) and (14), / satisfies the first order linear ordinary differential equation: 

/' + ^V=^, \xy\<l, 
xy — 1 1 — xy 

/(0,y) = 0, yeR. 
By the integrating factor method, we obtain that the solution is 

f(x, y) = y (Jl - xy) y -1J. 
From the series expansion of /, we have 

M*>-£<^( m _ (J / +1)+j ). 

Combining this fact and Proposition 2.4, we have the result. □ 

Therefore, by (6) and Proposition 2.5, we have the following theorem. 

Theorem 2.6. For N G N, we consider the following nonlinear Nth order differ- 
ential equation with respect to t: 

gW+1 =EEE C i" JfZW U -m + 1 ) t N - l G^ N - m+ V , (15) 

m=l 1=0 3 = 1 \J r \ / 

where G {n) = -l^Ll and G N = G(t) x • • • x Git). Then is a solution of 

dt n s. w IS e* + 1 J 

N~ times 

(15). 

Let us define G^{t,x) = G<~ n h xt . Then we see the following corollary by (2). 
Corollary 2.7. For N E N, we consider 
G N+1 (t,x) 

m=l Z=0 j" = l VJ ' v 7 

2i 

T/ien — -e x is a solution of (16). 

e* + 1 J ( y 
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3. MAIN RESULTS 

Let us find some identities on the high order Genocchi numbers and polynomials. 
From (2), we have that 



G N+1 



It \ ( 2t 

X • • • X 



e t + lj Ve+i 

(W+l)-timos (17) 

n=0 

and 

n=0 



From (18), we see 



n=0 



Theorem 3.1. For N e N, one has the following idendities: 
If n = 0,1,..., N - 1, then 

~ 2. ,2^2^^ N (j-N + iy. \ m (n-i)\- 

m=0 l=m j = l VJ ' y / \ I 

Ifn = N,N+l,..., then 

H^+D-V^VV (-^) N - l 2 N n\ fj-N + l\ Gn-l+m 

~ 2^ 2^2^^ N (j-N + l)\ \ m J (n-iy.- 
Proof. By the case of m = 1 in (15), we get 

j>"7i (£ g ^) 

°° W 2 N f j\ G n 



?! WV/ (n- AO! 

n=N j=l / 



If m = 2 in (15), we have 



AT AT 



( _ 1) iv-/ 2 iv /i _ Ar + zV ^ ^ t 

Ts+N-1' 



.i=JV-lj = l w ' v 7 / \s=0 



f^ c ' N {f^Yi(N-\) GN - ltN ~ 1 



3=1 



■ " (-l) N ~ l 2 N fj-N + l\G n . 



\- Y^r< (,-ir -z-- / j - iv -t- 1 \ ^j+jy-i 
+ 2^ 2. Z^^y-jv + i)!^ N-l ) (n-iy. *■ 

n=Afi = AT-l j=l VJ ' v / v y 



(20) 



(21) 
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If m = N + 1 in (15), we get 



N N 



S£^(';0"i(s*s) 



(22) 



Adding the case of m = 1, 2, . . . , N+ 1 included (20), (21) and (22), we obtain that 
the right hand of (15) equals 

ff, (-l) N ~ l 2 N fj — N + A Gn-l+m .n 

2^ 2^ 2^2^ c ^ {] _ N + l y\ m (n-iy. 

n=0m=01=roi=l yJ ' v / \ I 

(j-N + l\ G n - l+m 

n=Nm=0l=mj = l yJ ' v / \ ) 

Therefore, we have the result. □ 



From (17), we have 



(°° +n\ ( 00 

n=0 / \n=0 



oo / n , . . _ 

'™\ „_ c „rw_i_l) \ ^ 

I nV 



(23) 



n=0 \s=0 

Therefore, by (2), Theorem 2.6, Theorem 3.1 and (23), we have the following corol- 
lary. 

Corollary 3.2. For N e N, one has the following identities: If n = 0,1, N — 1, 

s =0m=0/=mj = l VJ ; v ; v / \ / 

Ifn = N,N+l,..., then 

^ w . fl ^ w+ t£f£ <%ir5 ^^ 5i (i- ;+ «)( ; 

* "s- i+ro- 
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New bound on eigenvalue of the Hadamard product of 

matrices * 



In this paper, we study the new lower bound for the minimum eigenvalue of the 
Hadamard product of an M-matrix and its inverse. The new lower bound improves the 
results of Li et al.[Y. T. Li, F. B. Chen, D. F. Wang, New lower bounds on eigenvalue of the 
Hadamard product of an M-matrix and its inverse, Lin. Alg. Appl. 430(2009)1423-1431.] 
and generalizes some corresponding results. 

Keywords: M-matrix; Hadamard product; Minimum eigenvalue. 

A MS classification: 15A06; 15A18;15A48 

1 Introduction 

We first give some basic concepts for latter use. | • | stands for the modulus. For a positive 
integer n, N denotes the set {1,2,- •• ,n}. Matrix A > 0 (A > 0) means its entries > 
0 (a,j > 0). The set of all n x n complex matrices is denoted by C nxn and R nxn denotes the 
set of all n x n real matrices throughout this paper. 

A matrix A = (a i:j ) e R nxn i s called an M-matrix, if A = al - P with P > 0 and a > p(P), 
where p{P) is the spectral radius of P. 

An n x n matrix A is reducible if there exists a permutation matrix P such that 



where B is an r x r submatrix and D is an (n — r) x (n — r) submatrix, for 1 < r < n. If no 
such permutation matrix exists, then A is irreducible. 

If A is an M-matrix, then there exists a minimum eigenvalue t(A) of A, where t(A) = 
min{\ A |: A e cr(A)}, <r(A) denotes the spectrum of A(See [1]). 

For two matrices A = (a i3 ) e C nxn and B = (by) e C nxn , the Hadamard product of A and 
B is denoted by A o B = (cij) = (a^ x bij). If A and B arc M- matrices, then it was proved 
that A o B -1 is an M-matrix in [1]. 

Let A = (ciij) be an M-matrix, Fiedler and Markham [1] proved that t(A o A^ 1 ) > ^ and 
conjectured that t(Ao A^ 1 ) > -. Yong [4] has proved the conjecture. 

*This research was supported by the natural science foundation of Hcnan Province (14B110023) and by 
Doctoral Research Project of NCWU (201119). 
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Let A — (ctij) be an n x n matrix with all diagonal entries being nonzero throughout this 
paper, For any i,j,k <E N, We denote 

R i = '^2 \ a ikl, 

\ a ji\ ■ _l ■ f 1 

\ a 3j \ - E \ a jk\ 3& 
k^j-i 

\ a ji\+ E \ajk\n 
rriji = 1 : ,j ^i,rrii = max{m Jt }; 



hji = : ^-j : — ,j ^i,hi = max{^-J; 

k^j,i 

\ a ji\+ E Wjk\ruhi 

sji = j : ,j ,6 1, Si = maxjs^}. 

\ajj\ 3^1 

If A = (a,j) and B = (bij) are M-matrices, Huang [2] proved the following inequality: 

, A T3-u ^ 1 - p(Ja)p(Jb) . an 

t(AoB )>— , , T mm — , 

" 1 + (p( J B )) 2 * bu 

where p(Ja) and p(Jb) is the spectral radius of J a and Jb, respectively. When A = B, the 
above inequality gave another lower bound of t(A o A~ x ) that is 

( ] -i+( P (j A )r 

Li [3] proved the following result: 

( A /t-l\ \ a " — m iRi 

t(A o A ) > mm < 



1 + m Jt 



where A is an M-matrix and A^ 1 is doubly stochastic matrix. 

The remainder of this paper is organized as follows. In Sections 2, some Lemmas and 
notations are given. In Section 3, our main results are presented. In Section 4, an example is 
shown. 

2 Some Lemmas and notations 

In this section, we give some Lemmas that involve inequalities for the entries of A^ 1 . 

Lemma 2.1 [4] If A — (ay) G R nxn i s a strictly diagonally dominant matrix, then A -1 = 
(bij) exists, and for all j ^ i, 

< — r — j— 
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Lemma 2.2 [3] If A — (a,j) € ^«x« j s a strictly diagonally dominant M-matrix, then 
A^ 1 = (bij) exists, and for all j ^ i, 

M+ E \ a 3kVi 
h < k^j,i 

Lemma 2.3 If A = (o,j) G fl" x " is a strictly diagonally dominant M-matrix, then for 
A^ 1 = (bij) exists, and for all j ^ i, 

+ E \ajk\rkihi 

bji j j bit' 

M 

Proof. For i e N, let ra(s) — -, — J a, '^l +£ i r , hAs) = max}, — , — J g3 ll +e , — since A 

' Jlv ' \ a ji\- £ \ a jk\' n > ,j; L \a.jj\r ji (s)- \a jk \r ki (s) J ' 

is a strictly diagonally dominant, there exists e > 0 such that 0 < r^e) < 1, 0 < hi(s) < 1. 

Let X l (e) = diag(r li (e)h l (e),r 2 i(e)h i (e), ■ ■ ■ , r i - 1 ^(e)h i (s), r i+lii (e)hi(e), ■ ■ ■ ,r ni (e)hi(s)). 
For every i,j e N, j ^ i, we have 



Me) > 



'"ji 



\ a n\ r ji( e )- E |ajfe|r fei (e)' 



It means that 

\ a ji\ + \ a ]kVki{e)h t {e) < ^jAr^hiie). 

k=£j,i 

While, for j = i, we can get 

\ a ik\rki{e)hi{s) < Y \ a ik\ < \ a a\- 

k^i k^i 



Therefore, AXi(e) is strictly diagonally dominant, By Lemma 2.1, we obtain the following 
inequality: 

\ a ji\ + E \ajk\rki{e)hi{s) 

"ji . /, 

rji{e)hi{e) ^Ar^h^e) 

By simple calculation, we have 



\ a ji I + E \ajk\r k i(s)hi(e) 



Let £ — > 0, for all i, j E N, j ^ i, we obtain 



\ a ii\ + E WjkVkihi 

i < k =£j,i 

Oji i i "ii- 

\a-jj\ 

Hence, the proof of the Lemma 2.3 is completed. □ 
Remark 2.1 Since r^hi < ri, we have 

\ a ji\ + E Wjklrkih + E Wjk\n Eiffel 

, - k^ja k^j,i k^j 

bji < ; ; On < : : bu < — . — b u . 
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So Lemma 2.3 is improvement of Lemma 2.1 and Lemma 2.2. 

Lemma 2.4 [5] Let A = (ay) € (J nxn and let x\,x%, ••• ,x n be positive real numbers, then 
all the eigenvalues of A lie in the region: 

U J z: \z - a u \\z - ajj \ < \ Xi^^-\a ki \ ) U^KI 
ift { \ k^i k ) \ kft k J 

Lemma 2.5 [6] If A^ 1 is a doubly stochastic matrix, then Ae = e, A T e = e, where e = 
(1,1,-",1) T 

3 Main results 

In this section, we obtain new lower bound for t(A o A^ 1 ), which improves the result of Li [3]. 

Theorem 3.1 Let A = (ay) G R nxn he an M-matrix, and suppose A^ 1 = (fry) is doubly 
stochastic matrix, then bu > ttt' 7 i £ N. 

Proof. Since A^ 1 = (6y) is a doubly stochastic matrix, and A is an M-matrix, by Lemma 
2.5, we have 

a U = ^2 l a * fe l + 1 = X! I afei ' + 1 and bu + ^ b 3i = 1) i S iV. 

k^i k^i j^i 

Since the matrix A is strictly diagonally dominant, then, by Lemma 2.2, we obtain 

\ a ji\ + E VjkVkiK / \ 

1 = hi + ^2 h 'J* <hi + ^2 fe f^ bu = 1 + X! S J'» J 

It means that 

1 + E s j» 

The proof of the Theorem 3.1 is completed. □ 
Remark 3.1 Since Sji < rriji, we have 

1 1 
hi > — -= > 



1 + E s j» 1 + E m jt ' 

Then, Theorems. 1 is improvement of Theorem 3. 1 in [3]. 

Theorem 3.2 Let A = (ay) € R nxn he an M-matrix, and suppose A^ 1 = (6y) is doubly 
stochastic matrix, then 

t(A o A^ 1 ) > min \{auhi + a^b^ - [(a u b u - ajjbjj) 2 + \s,s h„h li'.li \. (1) 

j¥» 2 

Proof. There arc two cases which should be considered. 

Case (1): First, we assume that A is irreducible, since A^ 1 is doubly stochastic, we have 
an = ^ Kfcl + 1 = X! I afej l + 1 and au > M e iV. 

k^i k^i 
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so, we can get \a{ k \ — \ a ki\- For convenience, we denote Rj = ^ \aj k \r k ihi, j ^ i. Then 

k^i k^i k^j 

for i,j € N,j ^ i, we have 

RT j = X! WjkVkihi < \cLji\ + ^2 \ a jk\ r kihi < \aji\ + \a jk \ = Rj < ajj. 

k^j k=£j,i k^j 

Therefore, there exists a real number ceji(0 < ctji < 1) such that 

\ a a\ + \ a ik\rkihi = ajiRj + (1 - ajAR^. 

k^j,i 

So, we obtain that 

_ ajiRj + (1 - aji)R r j 

Sji = . 

a jj 

Let ctj = max{a,i}, (0 < aj < 1) (if ctj = 0, then A is reducible, which is a contraction). 
Let Sj = max{«ji} = "-"" J " J ' )/ ^ . j e iV. Since A is irreducible, then R 3 > 0,R r j > 0 

and 0 < Sj < 1. Let t(A o A -1 ' = A, we can get 0 < A < aubu,i G iV, thus by Lemma 2.4, 
there is a pair (i, j) of positive integers with i ^ j such that 

\X - aabuWX - ajjbjjl < \ s t J2 —\a kl \\b kl \\ I s 0 ,J2 — \a kj \\b kj \ I . 

V k J \ w k J 



Observe that 



Si J2 ^r\ a ki\\hi\ I ( SjJ2^-\a kj \\b k: j\ J 

v kjti k J \ k^j k j 

( n \a ki \ + E \a k i\r u hi \ 



< 



E a kk , , i^fc.t 

,,.a k R k + (1 - a k R r .) a kk 



a \a k j\ + T, \aki\rijhj 

' S afejRfc + (1 - Ofci^ 1 ° fc j 1 Ofefc 



k^i ) \ k^j 

n \ / n 

Si^2\a ik \b lt Sj^2\a jk \b n 
k^i j \ kjtj 

— SiSj Ri Rj bn bjj . 

By the above relation, we can get 

|A — ajj6jj||A — a jjbjj \ < SiSjRiRjbabjj. 

Then, we have 

X > \{",,b,, + ajjbjj - [{a u bu - djjbjj) 2 + 1 />'/ ! • 
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Hence, it is easy to see that inequality (1) is satisfied. 

Case (2): when A is reducible, without loss of generality, we can assume that A has the 
block upper triangular form 



A = 



I An A 12 ■■■ A u \ 
A 2 2 ■■■ A 2s 

V A ss J 



with irreducible diagonal block Au,i = 1, 2, • • • , s. Then A 1 is block upper triangular with ir- 
reducible diagonal block A~^ . Observing that t(AoA~ 1 ) = min r(Akk°A^), the inequality (1) 

k 

is also satisfied. From what has been discussed above, the proof of the theorem is completed. □ 
Theorem 3.3 Let A = (a^) £ R nxn fr e an M-matrix, and A~ x = (bij) be doubly stochastic 
matrix, then 



min -{a u bii + o ,h , , - [(a u bu - ajjbjj) 2 + l-V'.A A,., I{ > R j] 2 } 

j¥« 2 

> min(aii - SiR^bu 

i 

-TW (2) 

Proof. Without loss of generality, for j ^ i, we assume that aabu — SiRibu < ajjbjj — SjRjbjj. 
Thus 

SjRjbjj < a jjbjj aubii + s l R l b 
From the above inequality, we obtain 

> ^ \auhi + ajjbjj - [(aubu - ajjbjj) 2 + [s,b, ,/>',< a , ,!>, , - aubu) + (2s l b ii R i ) 2 } i j 

2 {aubu Ajjbjj (^jj^jj aubu ^SiRibu)^ 
Oiibii S-lRlbu' 

Hence, we get 

min ^ \a li b il + ajjbjj - [(aubu - ajjbjj) 2 + AsiSjbubjjRiRj}*} > min^i - SiR^bu. 

j^i Ik ) i 

By Theorem 3.1, we obtain 

• / r> \L ^ ( a U S{Ri) 

mm(au ~ SiRijbu > mm . 

Based on the above discussion and analysis, we know that (2) is satisfied. We complete the 
proof of the theorem. □ 
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Remark 3.2 Since s 3 i < rriji, let Sj = maxs 3 i ; rrii = maxm 3i , then we have 



an — SiRi > a u — rriiRi and 



> 



1 + E s ji 1 + E m n 



Then, for i G N , we obtain 



. (an - SiRi) . . (an - rriiRi) 
mm — == > mm 



i + E s a 



1 + E m ji 



Hence, TheoremS.3 shows that the result of Theorem 3.2 is better than the result t(AoA 1 ) > 
min 0 f Theorems. 2 in [31. 



4 Example 

Consider the following M-matrix 



/ 


4 -1 


-1 


-1 \ 




-2 5 


-1 


-1 




0 -2 


4 


-1 


V 


-1 -1 


-1 


4 / 



If we apply the conjecture of Fiedler and Markham [1], we have t(A o A 1 ) > ^ = 0.5; 
If we apply Theorem 9 of [2] with A = B, we have t(A o A^ 1 ) > 0.2641; 
If we apply Theorem 2 of [3], we have t(AoA- 1 )> 0.7999; 

The bound in our Theorem 3.1 is better: t(AoA^ 1 ) > 0.8233. In fact, t(AoA- 1 ) = 0.9756. 
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OSCILLATION RESULTS FOR SECOND ORDER FUNCTIONAL 
DIFFERENTIAL EQUATIONS 

ERCAN TUNg*, LUTFI QORAKLIK * AND ORHAN OZDEMIR * 

Abstract. By employing a generalized Riccati transformation and the averaging 
technique, some new oscillation criteria for second-order nonlinear differential equa- 
tion of the form 

(r(t)V(x(t)) |a/(i)| a ~V(t))' + f(t,x(t),x'(t)) = 0, t > t 0 , 

are established. Several examples are also considered to illustrate the main results. 



1. Introduction 

In this paper, we are concerned with the oscillatory behavior of solutions of the 
second-order nonlinear differential equation 

(r(t)^(x(t))|x , (t)|^ 1 x , (t))' + /(t,x(t),x / (t)) =0, t>t 0 , (1.1) 

where to > 0, a > 0 is a constant, r S C 1 ([to, oo) ; (0, oo)), tp(x) E C(R;R), and 
/ : [to, oo) xRxR^R is a continuous function. We shall consider the two cases 

oo 

/ds 
^W) = °° (L2) 

to 

and 

oo 

/ < oo. (1.3) 

J rV«( a ) 
to 

By a solution of (1.1), we mean a real-valued function x(t) 6 C 1 [T X , oo), T x > to such 
that r(t)i/j(x(t)) \x'(t)\ a ~ x'(t) G C 1 ^, oo) and satisfies equation (1.1) on [T x , oo). Our 
attention is restricted to those solutions of (1.1) which exist on the half-line [T x ,oo) 
and satisfy sup{|x(t)| :t>T} > 0 for any T > T x . A solution x(t) of (1.1) is said 
to be oscillatory if it has arbitrarily large zeros, otherwise it is called nonoscillatory. 
Equation (1.1) is said to be oscillatory if all its solutions are oscillatory 

Since Sturm [ ] introduced the concept of oscillation when he studied the problem of 
the heat transmission, oscillation theory has been an important area of research in the 
qualitative theory of ordinary differential and dynamic equations. Usually a qualitative 
approach is concerned with the behavior of solutions of a given differential equation 
and does not seek explicit solutions. Since then, oscillation behavior of solutions for 
various classes of second-order linear and nonlinear ordinary differential and dynamic 
equations has been discussed by many authors with several different methods (see, for 
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example, ([4]- [36]) and the references quoted therein). Many papers deal with a special 
case of equation (1.1) such as the second order linear differential equations 

x"{t) + q(t)x(t) = 0, 

(r(t)x'(t))' + q(t)x(t) = 0, 
the second order nonlinear differential equations 

x"(t)+q(t)\x\ a ~ 1 x = 0, 
(r(t) ^'(i)!"" 1 x'(t)\ + q(t) \x\ a ~ l x = 0 

and 

(r(t)iP(x(t))x'(t))' + q(t)f(x) =0. 

Following this trend, in this paper, we will establish several new oscillation criteria 
for Eq. (1.1) under the cases when (1.2) and (1.3) hold. To obtain our results, we 
use a Riccati-type transformation and the integral averaging technique. Finally, some 
examples are provided to illustrate the main results. 

2. Main results 

Theorem 2.1. Assume that (1.2) holds, and 

0 < L\ < t/j(x) < L 2 , where L\ and L 2 are real numbers. (2-1) 

Assume further that there exist positive functions p S C ([to, 00); R) andq E C([io, 00); R) 
such that p'(t) > 0, 

f(t, x, x') I \x\ a ~ X x > q(t) for all t G [t 0 , 00), x € R\ {0} , x' G R, (2.2) 

and 

t 

limsup / ( p(s)q(s) - ^p\s)<p a (s) J ds = 00, (2.3) 

to 

ft 

where ip(t) = I J r 1 ^ a (s)ds 
\to 

Then Eq. (1.1) is oscillatory. 

Proof. Assume (1.1) has a nonoscillatory solution x{t) on [io,oo). Then there exists a 
t\ > to such that x{t) ^ 0 for all t > t\. Without loss of generality, we may assume 
that x{t) > 0 for all t > t±, for some t\ > t$. A similar argument holds for the case 
when x(t) is eventually negative. From (1.1) and (2.2), we have, for all t > t\, 

(r(tW(x(t)) Ix'it^-'x'it))' = -f(t,x(t),x'(t)) < -q(t)x a (t) < 0. (2.4) 

Then r(t)ip(x(t)) ^'(i)!"^ x'{t) is strictly decreasing on [ti, 00) and is eventually of one 
sign. We claim that 

x'(t) > 0 for t > t x . (2.5) 
If this is not the case, then there exists t% £ [ii,oo) such that x'iti) < 0. Thus, we 
have r(t 2 )ip(x(t 2 )) \x' (h)^ 1 x' (t 2 ) < 0. Since r(t)ip(x(t)) {x'it)^' 1 x'(t) is strictly 
decreasing on [t\, 00), there is a ^3 > t 2 such that 

r{t)i>{x{t))\x'{t)\ a ~ l x'{t) <r(i 3 )V^(i3))K(i3)r~V(i 3 ) := c < 0 for t G [t 3 , 00), 
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which gives 

x'(t) < 1/aM * < -(-c) 1/a 17^— - M 

Integrating (2.6) from £3 to t, and using (1.2), we obtain 

t 

x(t) < x(t 3 ) - {~^) 1,a j ^r^y - -oo as f - oo, 

which contradicts the fact that x{t) > 0 for all t > ti. Hence, (2.5) holds. Now, in view 
of (2.4) and (2.5), we conclude that for all t >t\, 

(r(tW(s(t)) (x'(t)) a )' < -q(t)x a (t) < 0. (2.7) 
We now define the function 

r(^(x(t))(*'Wr f ... , 9R , 

w{t) = p{t) fort>t x . (2.8) 

From (2.5), we see that w(t) > 0. Differentiating (2.8) and using (2.7), we obtain, for 
all t > ti 



w'{t) = P M w {t)+p(t) 



{r{t)^(x{t)) (x'(t)) a )' x a (t) - ar(t)jj(x(t)) (x'(t)) a x^j^x'jt) 

x 2a (t) 



p'(t) /jt , , . . . , Mt)^{x{t)){x'{t)) a+1 



p(t) s(t) 
P(*) 



< - p (t)q(t) + ^w(t) (2.9) 



x'(i) 

- p(t)q(t) + L 2 r(t)p '(i) (2.10) 



x'[ 

From (2.7), we have 

/ 

cc(t) = x(ti) + / x'(s)ds 



t 

x(h)+ [ r^^is^^ixis)) (r(s)i;(x(s)) (x'(s)) a ) 1/a ds 



> (r(t)^{x{t))(x'(t)) a ) 1/a j r-^ a (8)ij;-^ a (x{8))d6 
l/a 



ti 

t 



> 



(j^J r^^x'it) J r- 1 ' a {s)ds, 
ti 
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which implies 



x(t) J ~ L x r{t) 
Using (2.11) in (2.10), we get 



x'(t)\ a L 2 tp a U) „ 

' < j A for t > t x . (2.11) 



L 2 

w'{t) < -p(t)q(t) + -^p'(t)ip a (t) for t > h. (2.12) 
Li 

Integrating (2.12) from t\ to t, we obtain 

t 

L 2 \ 
P{s)q(s) - j^p'(s)(p a (s)\ ds < -w(t)+w(h) < w(h). 

Then, taking a limit superior on both sides, we obtain a contradiction to the condition 
(2.3). Therefore, equation (1.1) is oscillatory. □ 

Theorem 2.2. Assume that (1.3) and (2.1) hold. Furthermore, the functions p{t) and 
q{t) be defined as in Theorem 2.1 such that (2.2) and (2.3) hold. If 

l/a 

q(s) X a (s)ds I dz = oo, (2.13) 




where x(t) = J r^ 1 ^ a {s)ds, 
t 

then every solution of Eq. (1.1) is oscillatory. 

Proof. Suppose to the contrary that equation (1.1) possesses a nonoscillatory solution 
x on an interval [to,oo). Then there exists a t\ > to such that x(t) ^ 0 for all t > t\. 
Without loss of generality, we may assume that x(t) > 0 for all t > t\ for some t\ > to 
since the case when x(t) is eventually negative can be treated analogously. Define again 
the function w(t) by (2.8). There are two possible cases for the sign of x'(t). The proof 
if x'(t) is eventually positive is similar to that in the proof of Theorem 2.1, and hence 
is omitted. 

Now, assume that x'(t) is eventually negative. Then there exists t 2 > t\ such that 
x'{t) < 0 for t G [t 2 , oo). From this, (1.1) and (2.2), we get for t > t 2 

(r(i)V(x(t)) (-x'(t)) a )' = f(t, x(t),x'(t)) > q(t)x a (t) > 0. (2.14) 

Thus, r(t)i/j(x(t)) (—x'(t)) a is increasing on [£2,00), and so 

r(s)^(x(s)) {-x'{s)) a > r(t)i)(x(t)) {-x'{t)) a for s > t > t 2 . 

The last inequality yields, for s > t > t 2 , 

- x'(s) > -^-r-V^sy^t^ixit)) (-x'(t)) . (2.15) 

L 2 
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Integrating (2.15) from t > t 2 to u > t and letting u — > oo, we see that 



L 2 



x(t) > ^\jr-y a (s)d s y^(t)i; 1 / a (x(t))(-x'(t)) 



L 2 



> -^X(t)r^ a (t 2 )^ a (x(t 2 )) (-x'(t 2 )) := 0 X (t) (2.16) 

where (3 := -^r^ a (t 2 )ip 1/a (x(t 2 )) (-x'(t 2 )) > 0. Thus, by (2.14) and (2.16), we 
conclude that 

(r(t)if>(x(t)) {-x'(t)) a )' > q(t)x a (t) > (3 a q(t) X a (t) for t > t 2 (2.17) 
Integrating (2.17) from t 2 to t, we obtain 

r{t)i>{x{t)) {-x'(t)) a > r(t 2 Mx(t 2 )) {-x\t 2 )) a + /T J q(s) X a (s)ds 



<2 



or 

1/a 

— (— , 



-x'(t) > I — i" \ <i(*)\"(*yi« ) lor/ >/ 2 . 

A second integration yields 



t / 2 \ 1/° 

x(t) < z(t 2 ) -^cj [r(zjj 9(s)x a (s)dsj dz for t > t 2 . 

Letting t — > oo and using (2.13), we have lim^ 00 x(t) = — oo, which contradicts the 
fact that x(t) > 0 for all t>t\. This completes the proof of the theorem. □ 

Theorem 2.3. Assume (1.2), (2.1) and (2.2) hold, and let H : D = {(t,s) : t > s > t 0 } - 
R be a continuous function such that 

H{t,t)>0 fort>t 0 , H(t,s)>0 fort> s> t 0 

and H has a continuous partial derivative on D with respect to the second variable. 
Suppose also that there exists a positive function p G C l {\t$, oo); R) such that 

M#( M) + ^M<0 fort>s>t 0 (2.18) 

and for any t\ € [to, oo) 

limsup / p(s)q(s)H(t, s)ds = oo, (2.19) 

t^oo M(t,ti) J 
h 

then every solution of equation (1.1) is oscillatory. 



65 



ERCAN TUNC ET AL 61-70 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



E. TUNg, L. gORAKLIK AND O. OZDEMIR 



Proof. As in Theorem 2.1, without loss of generality we may assume that there exists 
a solution x(t) of equation (1.1) such that x(t) > 0 on [ti, oo), for some t\ > to- Using 
the function w(t) defined in (2.8) and proceeding similarly as in the proof of Theorem 
2.1, we arrive at the inequality (2.9) . Multiplying (2.9) by H{t, s) and integrating the 
resulting inequality from t\ to t, we have, 

t t t 



j p{s)q{s)H{t,s)ds < -J H(t,s)w'(s)ds + J 



w(s)H(t, s)ds 



z 

< H(t,t 1 )w(t 1 ) + J 



dH(t,s) | p'(s) 
ds p(s) 



H(t,s) 



w(s)ds 

(2.20) 



Using (2.18) in (2.20), we obtain 

t 

1 



p(s)q(s)H(t, s)ds < w(ti) < oo, 



H(t,h) 

which contradicts condition (2.19). This completes the proof of the theorem. 



ti 



(2.21) 



□ 



Theorem 2.4. Suppose that (1.3), (2.1) and (2.2) hold. Let the functions p and H be 
defined as in Theorem 2.3 such that (2.18) and (2.19) hold. Suppose also that (2.13) 
holds. Then equation (1.1) is oscillatory. 

Proof. The proof of this theorem is similar to that of Theorem 2.2 and hence is omitted. 

□ 

In the remaining part of this section, we present another set of oscillation results 
which differ from Theorems 2.1 and 2.2. To obtain the results, beside the basic as- 
sumptions on r and ^ that appeared in equation (1.1), we shall also assume that 
r'{t) > 0, and ip is a differentiable function such that ip'(x) > 0 for all x. 

Lemma 2.1. Assume that (1.2), (2.1) and (2.2) hold. Furthermore, assume that 
r'(t) > 0, ip'(x) > 0 for all x, and x{t) is an eventually positive solution of (1.1). 
Then, there exists a T x > to such that 

x'{t) > 0, x"{t) < 0, and (r(t)ip(x(t)) \x\t) j^ 1 x'(t)) < 0 (2.22) 

for t>T x . 

Proof. Since x(t) is an eventually positive solution of (1.1), then there exists t\ > to 
such that x(t) > 0 for all t > t\. Proceeding as in the proof of Theorem 2.1 , we see 
that (2.4) and (2.5) hold for t > t\, and so r(t)ip(x(t)) (x'(t)) a is decreasing on [t\,oo). 
Let us show now that 

x"(t) < 0 for t > h. (2.23) 

From (2.7), we obtain 

0 > (r(t)tl>(x(t)) (x\t)) a )' = r'{t)^{x{t)) (x'{t)) a + r{t)^'{x{t)) {x'{t)) a+l 

+ar{t)^{x{t)){x'{t)) a - 1 x"{t), 
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which implies that (2.23) holds. Hence, (2.22) holds and the proof is complete. 

Theorem 2.5. Assume that (1.2) and (2.1) hold, r'(t) > 0, and tp'(x) > 0 for all x. 
Suppose also that there exist positive functions p S C 1 ([to, do); R) and q £ C([to, oo); R) 
such that p'{t) > 0, (2.2) holds and 



lim sup 

t^oo 

to 



t 

p(s)q(s) - L 2 r(s)p'(s) ( - 



ds = oo. (2.24) 



Then every solution of equation (1.1) is oscillatory. 



Proof. Let x(t) be a nonoscillatory solution of Eq.(l.l). Then there exists a t\ > to 
such that x{t) ^ 0 for all t > t%. Without loss of generality, we may assume that 
x(t) > 0 on [ti,oo), for some t\ > to- Define w{t) as of Theorem 2.1. As in the proofs 
of Theorem 2.1, we arrive at the inequality (2.10). On the other hand, by Lemma 2.1, 
we know that x'{t) is positive and decreasing on [t±, oo). Using this, and fixing t 2 > 2ti, 
we have for t S fa, oo) that 

t t 

x(t) = x(ti) + J x'(s)ds > J x'(s)ds > (t - ti)x'(t) > ^x'(t), 

which yields 

^$ < - for t > t 2 . (2.25) 
x(t) ~ t ~ y ' 

Substituting (2.25) into (2.10), we obtain 

w'(t)<-p(t)q(t)+L 2 r(t)p'(t) (fj . (2.26) 
Integrating (2.26) from t 2 to t, we obtain 



t 

f p{s)q{s) - L 2 r(s)p'{s) 0 



ds < —w(t) + w{t 2 ) < w(t 2 ) < oo, 



which contradicts (2.24). This completes the proof of Theorem 2.5. □ 

Theorem 2.6. Suppose that (1.3) and (2.1) hold, r'(t) > 0, and tp'(x) > 0 for all 
x. Let p and q be defined as in Theorem 2.5 such that (2.2) and (2.24) are satisfied. 
Suppose further that (2.13) is satisfied. Then equation (1.1) is oscillatory. 

Proof. The proof is similar to that of Theorem 2.2, so we omit the details. □ 

3. Examples 

In this section, we give some examples to illustrate our main results. 



Example 3.1. Consider the nonlinear differential equation 

(t a (2 + Kwr 1 At)) + (t 2 + kwr 1 x{t) (1 + (*'(t)) 2 ) = 0, 

V V (3-1) 
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for t G [l,oo), where r(t) = t a , ip(x(t)) =2 + \~ e e Z% , ?(*) = t 2 + \ and a > 0 is 
a constant. It is easy to see that for all x G (— oo,oo) one has 1 < ip(x) < 4 and 
ifi'(x) > 0. Since 



ds 



ds 



to 



1 



r 1 / a (s) 

the condition (1.2) holds. Taking p(t) = t, we have 

t 

'2 



OO, 



lim sup 

t— >oo 



P(s)q(s) - L 2 r(s)p(s) 



ds = lim sup / [s 3 + 1 - 2 Q+2 ] 

t— >oo J 



OO , 



to 



so (2.24) holds. Hence, every solution of (3.1) is oscillatory by Theorem 2.5. 
Example 3.2. For t > 1, consider the differential equation 

(^fr5§ K^r 1 *'(*))' + ?w kwr 1 *w (i + + (*'(*)) 2 ) = °' (3-2) 

where a = 2, and q be any continuous function satisfying q(t) > 1. It is clear that for 
all a; G (— oo, oo) one has 1 < ?/>(x) < 2. Then, 



to 



-V«( a ) 



sds = oo 



and 



99(t) 



,-1/a 



(s)ds 



sds 



t 2 -l 



For p(t) = y - i 2 + 1, we have 



limsup / ( p{s)q(s) — -y 2 -p'(s)(p a (s) \ ds 



to 



t 

= limsup / (( s 2 + s)q(s) 

1 

t 

> limsup / ( (- s 2 + s)q(s) — 4) J ds = oo. 

t^oo i \ 3 / 



Consequently, all conditions of Theorem 2.1 are satisfied. Hence, Eq. (3.2) is oscillatory 
by Theorem 2.1. 



Example 3.3. For t > 1, consider the differential equation 



i 5 4 + 



3*(t) _ 3-«(*) 
3a;(t) _|_ 3-x(t) 



^(tjr'Vct) ] +t i9/2 ix(t)r~ i x(t) (i + 



1 



i + (x'(t)y 



= 0, 
(3.3) 

It is easy to see that L\ = 3, L 2 = 5 and ^'(x) > 0 for all x G (— oo, oo) . Let a = 1/2. 
Then, 



ds 
A / a (s) 



< oo, 
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so (1.3) holds. To apply Theorem 2.6, it remains to show that conditions (2.13) and 
(2.24) hold. To see this, note that if p(t) = \ft, 



lim sup 



p{s)q{s) - L 2 r(s)p'{s) 



ds = lim sup 

t^oo 



to 



,10 



5\/2 



ds = oo, 



which implies that (2.24) holds. Since 

l/a 

q(s)x a (s)ds I dz = 



1 




ds I dz 



z b - 1 
18z 5 



r(z) 
to \ to 

condition (2.13) is satisfied. Hence, equation (3.3) is oscillatory by Theorem 2.6. 



dz = oo, 
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The purpose of this paper is to investigate the characteristic function of mero- 
morphic function and its q-difference. We also obtain some results on its character- 
istic function, which may be regarded as q-difference analogues of Valiron-Mohon'ko 
theorem. 

Key words: q-difference; characteristic function; meromorphic function. 
Mathematical Subject Classification (2010): 39A 70, 30D 35. 

1 Introduction and Main Results 

In what follows, the term "meromorphic" will always mean meromorphic in the complex 
plane C. Considering meromorphic function f(z), we shall assume that reader is familiar 
with basic notions such as m(r, /), N(r, /), T(r, /), etc. of Nevalinna theory, (see Hayman 
[11], Yang [19] and Yi and Yang [20]). For a meromorphic function /, we will use S(r, /) to 
denote any quantity satisfying S(r, /) = o(T(r, /)) for all r outside a possible exceptional 
set E of finite logarithmic measure lim r _ i . 00 r ^ nE y < oo, a meromorphic function a(z) 
is called a small function with respect to f(z) if T(r,a(z)) = S(r,f). In addition, the 
logarithmic density of a set F is defined by 



Throughout this paper, the set F of logarithmic density will be not necessarily the same 
at each occurrence. 

*This work was supported by the NNSF of China (11301233, 61202313), the Natural Science Foun- 
dation of Jiang-Xi Province in China(Grant No. 20132BAB211001). 
t Corresponding author. 
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The following theorem is an important result in studying the value distribution of 
meromorphic function and its polynomial, which is usual regarded as Valiron-Mohon'ko 
theorem. 

Theorem 1.1 (Valiron-Mohon'ko) ([12, Page 29]). Let f(z) be a meromorphic function. 
Then for all irreducible rational functions in f , 

*(«./(«)) = ff*#ffi£ . 

with meromorphic coefficients ai(z),bj(z), the characteristic function of R(z, f(z)) sat- 
isfies that 

T(r,R(z,f(z)))=dT(r,f)+0(H>(r)), 
where d = maxjm, n} and^(r) = maxj ) j{T(r, a,), T(r, bj)}. 

Recently, a number of papers (including [3, 4, 5, 9, 10, 13]) have focused on complex 
difference equations and difference analogues of Nevanlinna's theory. Correspondingly, 
there aremany papers focused on the value distribution of (/-difference (or (/-shift differ- 
ence) polynomials and equations, such as [6, 8, 14, 15, 16, 17, 18, 23]. 

A g-difference polynomial of f(z) is an expression of the form 

X\ 

p q (zj) = j2^(z)]lf(<i x ' j zr^, a) 

\ei i=i 

where q £ C \ {0, 1} is complex constant, I is an index set, A, j are positive integers 
and fi\j are nonnegative integers. In what follows, we assume that the coefficients of 
(/-difference polynomials are small functions. The maximal total degree of P(z, f) in f(z) 
and the (/-difference of f(z) is defined by 

X\ 

de S/^9 = max V^ A)i . (2) 

Our first result of this paper is about the estimate of characteristic function of the 
following rational function in f(z) and (/-difference f(qz) of the form 

Rl{zJ) = d^f^zf+d^zY (3) 

where s is an arbitrary integer, and d 0 (z) and di(z) are small functions of f(z) with 
do(z) ^ 0 or d\(z) ^ 0. The first theorem is listed as follows. 

Theorem 1.2 Let f(z) be a transcendental meromorphic function of zero order such 
that N(r, f) = S(r,f). Suppose that P q (z, f) ^ 0 is a q-difference polynomial in f(z) 
and that R\{z, f) is stated as in (3). Then 

T(r, R,) < (de g/ P q )T(r, f) + S(r, /), (4) 

on a set of logarithmic density 1. 
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The second result is about the estimate of characteristic function of the following 
rational functions in / and g-difference f(qz) of the form 

ife (*,/)= 77 /f^i] ~ ~y (5) 

f{q Sl z)---f{q^z) 
where s 1; s 2 , . . . , s n are distinct integers. 

Theorem 1.3 Let f(z) be a transcendental meromorphic function of zero order such 
that N(r,f) = S(r,f). Suppose that P q (z, f) ^ 0 is a q-difference polynomial in f(z) 
and that R 2 {z, f) is stated as in (5). Then 

T(r, R 2 ) < max{de g/ P q , n}T(r, f) + S(r, /), (6) 

on a set of logarithmic density 1. 

As for the general rational function in f(z) and g-difference f(qz) of the form 

*<*■« = ^ (7) 

we obtain the following result 

Theorem 1.4 Let f(z) be a transcendental meromorphic function of zero order such 
that N(r, f) = S(r,f). Suppose that P q (z,f) ^ 0 is a q-difference polynomial in f(z) 
and q-difference f(qz), and that R%(z, f) is stated as in (7). 

(i) 7/degj P q > degj Q q and P q (z, f) contain just one term of maximal total degree, 
then 

T(r,R 3 ) > (deg f P q -deg f Q q )T(r,f) + S(r,f), (8) 

on a set of logarithmic density 1. 

(ii) 7/degj P q < degj Q q and Q q (z, f) contain just one term of maximal total degree, 
then 

T(r,R 3 ) > (deg f Q q -deg f P q )T(r,f) + S(r,f), (9) 
on a set of logarithmic density 1. 

Theorem 1.5 Let f(z) be a transcendental meromorphic function of zero order such 
that N(r,f) + N(r, j) = S(r,f). Suppose that P q (z, f) ^ 0 and Q q (z,f) ^ 0 are two 
q-difference polynomials in f(z) and q-difference f(qz), and that R 3 (z, f) is stated as in 
(7). Then 

T(r,R 3 ) <max{de g/ P 9 ,de g/ Q 9 }T(r,/) + 5(r,/), (10) 
on a set of logarithmic density 1. 

2 Some Lemmas 

The following theorem [1, Theorem 1.1] is an important result in studying the value 
distribution of (/-difference of meromorphic function. 
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Lemma 2.1 ([1, Theorem 1.1]). Let f(z) be a non-constant zero-order meromorphic 
function, and q £ C \ {0}. Then 

m { r >jw) =s{rJ) ' 

on a set of logarithmic density 1. 

Lemma 2.2 ([7, Page 36] and [21, Theorem 1.1 and Theorem 1.3]) Let f(z) be a tran- 
scendental meromorphic function of zero order and q be a nonzero complex constant. 
Then 

T(r, f(qz)) = T(r, f(z)) + S(r, /), N(r, f(qz)) = N(r, f) + S(r, /), 
on a set of logarithmic density 1. 

Lemma 2.3 ([2]) 

M(r, f(q(z))) = M(\q\r, /), N(r, f(qz)) = N(\q\r, f) + 0(1), 

and 

T(r,f(qz))=T(\q\r,f) + 0(l) 
hold for any meromorphic function f and any non-zero constant q. 

Similarly, we also get the following result 

Lemma 2.4 Let f(z) be a transcendental meromorphic function of zero order and q be 
a nonzero complex constant. Then 

"('•7(b)) 7) +«'•»• 

on a set of logarithmic density 1. 

By using the same method as in [22], we can get the following lemma. 

Lemma 2.5 Let f(z) be a transcendental meromorphic function of zero order such 
that N(r,f) = S(r,f). Suppose that P q (z,f) is a difference polynomial in f(z) and 
q-difference f(qz), and P q (z, f) contains just one term of maximal total degree. Then 

T(r,P q ) = (deg f P q )T(r,f) + S(r,f), 

on a set of logarithmic density 1. 

3 Proofs of Theorems 
3.1 The proof of Theorem 1.2 

Let P q (z, f) be stated as in (1). Set deg^ P q = t. We can rewrite P q (z, f) as the following 
form 

t 

P q (z,f) = J2hi(z)f(zy, (11) 
i=o 

4 
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where for i = 0, . . . , t, 

M^)=£aAWn(^^r'\ = {AG /!][>,,•}. (12) 
xeu j=i V HZ) J j=l 

Since the coefficients a\(z) of P q (z,f) are small functions of f(z), then it follows by 
Lemma 2.1 that 

m(r,hi) < J2 m (r,ax(z))+S(rJ) = S(rJ), (13) 
\eh 

on a set of logarithmic density 1. 

W.l.o.g, we may assume that s = 0 in (3). Otherwise, substituting q~ s z for z, we get 

= A { -s P f^+ f J< s y ( 14 ) 
di(q s z)f(z) + d 0 (q s z) 

Since f(z) is a transcendental meromorphic function of zero order and q ^ 0, then it 
follows from Lemmas 2.2-2.3 and (14) that 

T(r,R 1 (q- s z,f)) = T(r,R 1 (z,f)) + S(r,f), 

on a set of logarithmic density 1. 

Thus, we only discuss the following form 

*<■■« = WW' (15) 

We will consider two cases as follows. 

Case 1. Assume that d 1 (z) ^ 0. W.o.l.g., we may assume that di(z) = 1. Thus, 
from (11), we can rewrite (15) as the following form 

p , « h t (z)f(z) t + --- + h 1 (z)f(z)+h 0 (z) 
f(z) +d 0 (z) 



Then it follows from (16) that 

f(z) + d 0 (z 



pr n h ( Wf ^-i . K_ 1 {z)f{z) t - 1 + --- + hi{z)f{z)+h 0 {z) 
R 1 {z,f) = h t {z)f{zy H — — (17) 



wwr^-i^fc* ( \ t< m-2 , K_ 2 {z)f{z)^ + ... + h 1 {z)f{z) + h 0 { z ) 

f(z) +d 0 (z) 



where h*(z) = h L (z) — h L+ i(z)d(,(z) for t = 0, 1, . . . , t — 1. Prom (12) and the definitions 
of h*(z), it follows by Lemma 2.1 that 

m(r,h:(z)) = S(r,f), t = 0, 1, . . . , t - 1, (18) 
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on a set of logarithmic density 1. 

If t = 1, then R^z, f) = h^fiz) + f( ^2(z) ■ U follows from ( 13 ) and ( 18 ) that 

m(r,R 1 )<m(r,f)+S(r,f), (19) 

on a set of logarithmic density 1. 

If t > 2, then we can rewrite Ri(z, /) as the form 



R,(z, /) = f(z)(h t (z)f(zr 2 + h* t _Mf + ■■■ + K(z)) + K(z) + f{ Jj+ Z l {z y 

Thus, it follows from above equation that 

m(r, R,) < m(r, f) + m (r, h t {z)f{z) 1 - 2 + h* t _,{z) f {z)^ + ■■■ + h*(z)) 

+ m ^ h ^ +m ^JW^ o{ z), 
By using the inductive argument, from (13) and (18), we have 

m(r, R,) <(t- l)m(r, f) + m (r, , * , , A + S(r, /), (20) 

V f(z) + d 0 (z)J 

on a set of logarithmic density 1. 
Since 

1( Z ' n ~ f(z)+d 0 (z)- f(z)+d 0 (z) ■ 

Since N(r, /) = S(r, /) and by Lemma 2.2, we have 

1 

f(z)+d 0 (z) 

on a set of logarithmic density 1. 

Hence, from (20), (22) and do(z) is a small function of f(z), we have 

T(r, R,) < (t - l)m(r, /) + T (V, i ) + S(r, /) < tT(r, /) + S(r, /), (23) 

on a set of logarithmic density 1. 

Case 2. Assume that d\(z) = 0. Since do(z) and the coefficients of P q (z,f) are all 
small functions of f(z), we may assume that do(z) = 1. Thus, it follows by (11) that 

R 1 (z, /) = P q (z, /) = h t (z)f(zY + ht^Wfiz)*- 1 + ■■■ + hi (*)/(*) + M*)- (24) 

If i = 1, then R x (z, f) = h 1 {z)f{z) + h 0 (z). Then it follows from (13) that 

m{r,R,) <m(r,f)+S(r,f), (25) 

on a set of logarithmic density 1. 

6 



N(r,R 1 ) = N(r, - . - - . . ) +S(r,/), (22) 
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If t > 2, then we have 

R,(z, /) = f(z)(h t (z)f(z) t - 1 + ht-iWKz)*- 2 + ■■■ + h^z)) + h 0 (z). (26) 

Thus it follows from (13) that 

m(r, R,) < m(r, f) + m(r, h t {z)f{z) t - 1 + h t _ x (z)f(z) t - 2 + ■ ■ ■ + h, (z)) 
+ rn(r, h 0 (z)) + O(l). 

By using the inductive argument, we have 

m{r,R,) <tm(r,f) + S(r,f), (27) 

on a set of logarithmic density 1. 

On the other hand, since a\(z) are small functions of f(z), then we have by N(r, /) = 
S(r, /) and Lemma 2.2 that 

JV(r,i?i)<X) \N(r,a x (z))+Y^» X jN(rJ( q ^-z))) + 0(1) < S(r, /), (28) 

AG/ V i=l / 

on a set of logarithmic density 1. 

Thus, it follows from (25) and (28) that 

<tT(r,f)+S(r,f), 

on a set of logarithmic density 1. 

Therefore, from Cases 1 and 2, we complete the proof of Theorem 1.2. 

3.2 The proof of Theorem 1.3 

Let P q (z,f) be stated as in (1) and deg^P g = t. Then we can rewrite R%{z,f) as the 
form 

ifr (*,/)= P A Z :/L (29) 

g{z)f{z) n 

where g(z) = /( z ) / i"'" z) ■ Thus it follows by Lemma 2.1 that 



m(r,-) = S(rJ), (30) 
9 

on a set of logarithmic density 1. 

If t < n, then from (11) and (29) we have 

From (13) and (30), by using the same argument as in (25)-(27), we have 

m(r,R 2 ) <nm(r,j) + S(r,f), (32) 
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on a set of logarithmic density 1. 

If t > n, then from (11) and (29) we have 

9(z)f(z) n g(z) ^ <?(z) V/W/ 

Prom (13) and (30), by using the same argument as in (25)-(27), we have 



i 



on a set of logarithmic density 1. 

On the other hand, since N(r,f) = S(r,f) and a\(z) are small functions of f(z), 
from (1), (5) and by Lemma 2.2 and 2.4, we have 

7V(r ' R2) = N ( r ' + 5(r ' /} - n7V ( r ' 7) + 5(r ' /} ' (36) 

on a set of logarithmic density 1. 

Thus, it follows from (32)-(36) that 

T(r,R 2 )<tT(r,f)+S(r,f), 

on a set of logarithmic density 1. 

Therefore, we complete the proof of Theorem 1.3. 

3.3 The proof of Theorem 1.4 

(i) Supposed that degj P q > degj Q q and P q (z, /) contain just one term of maximal 
total degree. Set degj P q = t, degj Q q = I. It follows by Lemma 2.5 that 

T(r,P q )=tT(r,f) + S(r,f), (37) 
on a set of logarithmic density 1. And by Theorem 1.2 we have 

T(r,Q q )<lT(r,f) + S(r,f), (38) 
on a set of logarithmic density 1. We can rewrite (7) as the form 

P q (z,f)=R 3 (zJ)Q q (z,f). (39) 
Thus it follows from (37)- (39) that 

tT(r, /) + S(r, /) = T(r, P q (z, /)) = T(r, R 3 (z, f)Q q (z, /)) 

< T(r, R 3 (z, /)) + T(r, Q g (z, /)) < T(r, R 3 (z, /)) + lT(r, /) + S(r, /), 
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that is, 

T(r,R 3 )>(t-l)T(r,f)+S(r,f), (40) 

on a set of logarithmic density 1. 

(ii) Suppose that degf P q < degj Q q and Q q (z,f) contain just one term of maximal 
total degree. We can discuss R ^ z ^ . By using the same argument as in (i), we can 
obtain 

T(r, R 3 ) = T(r, i-) > (i - t)T(r, f) + S(r, /), (41) 

on a set of logarithmic density 1. 

Thus, from (40) and (41), the proof of Theorem 1.4 is completed. 

3.4 The proof of Theorem 1.5 

Let P q (z, /) be stated as in (1) and deg^ P q = t. Similarly, let 

Q q (zJ) = J2bAz)I[f(q"' j zr' i , 
veJ j=i 

and deg^ Q q = I. Similar to (11), we also get that 

/ 

Q q (z,f) = Y / 9k(z)f(z) k , (42) 

k=0 

where for k = 0, . . . , I, 



v&Jk 3 = 1 V I(Z > J 3 = 1 ' 



Thus, it follows from (7), (11) and (42) that 

( )= ELoM^)/Wi (44) 

Similar to (13), we get 

m(r,g k ) = S(r,f), (45) 

on a set of logarithmic density 1. 

On the other hand, since N(r, /) + N(r, j) = S(r, /) and a\(z) are small functions 
of f(z), it follows by Lemma 2.4 that 

N(r, hi(z)) < £ N(r, a x (z)) + (V, ^f^) + (46) 

< £ N ( r > + N(r, f(q X ' j z)) + N(r, -L) + S(r, /) 

AG/; *^ Z ' 

<S(rJ), for i = 0,1,...,*, 
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on a set of logarithmic density 1. 
Similarly, we have 

N(r,g k (z))=S(r,f), for k = 0,l,...,l, (47) 

on a set of logarithmic density 1. 

Hence, it follows from (13), (45)-(47) that for i = 0, 1, . . . , t; k = 0, 1, . . . , /, 

T(r,hi(z)) = S(r,f), T(r, g k (z)) = S(r, /), (48) 

on a set of logarithmic density 1. From (44), we are not affirm that R^(z,f) is an 
irreducible rational function in f(z). Thus, by Theorem 1.1, we obtain 

T(r, R 3 ) < max{i, l}T(r, f) + S(r, /), 

on a set of logarithmic density 1. 

Therefore, the proof of Theorem 1.5 is completed. 
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ISOMETRIC EQUIVALENCE OF WEIGHTED 
COMPOSITION OPERATORS ON THE BLOCH SPACE 

LI-GANG CENG * 

Abstract. This paper characterized the isometric equivalence of weighted 
composition operators on the Bloch space B in the disk D, and also stud- 
ied isometric equivalence of differentiation composition operators on B 
and the space H°° of the bounded holomorphic functions in D. 



1. Introduction 

Let D be the unit disk in the complex plane, and 5(D) be the set of 
holomorphic self- maps of D. The algebra of all holomorphic functions with 
domain D will be denoted by H(W). 

Let H°° (D) denote the space of bounded holomorphic functions / on the 
unit disk with the supremum norm ||/||oo = sup^gjj |/(^)|. 

We recall that the Bloch space B consists of all / G H (D) such that 

||/|| B = sup(l-|z| 2 )|/ / (z)| <oo, 

then ||-||g is a complete semi-norm on £>, which is Mobius invariant. 
It is well known that B is a Banach space under the norm 

11/11 = 1/ (0)| + ||/|| B . 
Let Bq denote the subspace of B consisting of those / G B for which 

lim(l-H 2 )|/'(z)|=0. 

|z|->-l 

This space is called the little Bloch space. 

For if G 5(D) and u G H(H>), the multiplication operator M u is defined 

by 

(M u f)(z)=u(z)f(z) 
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2 L.G.GENG 

and the weighted composition operator W u v induced by ip and u is defined 
by 

(W UtV f)(z)=u(z)f(<p(z)) 

for z G D and / G H(B). If let u = 1, then W Ut<p = C^, which is called 
a composition operator. If we let ip equal to the identity function, then 
W Uj(p = M u . Thus, the weighted composition operator can be regarded as a 
generalization of a multiplication operator and a composition operator. 

Let X and Y be two Banach spaces and T\ and Ti are bounded linear 
operators on X and Y respectively. We say that T\ and T2 are isometrically 
equivalent if there exists surjective isometries Ux and Uy on X and Y 
respectively such that UxT\ = T-^Jy. For Y = X, two operators Ti and T2 
are said to be similar if there is a bounded invertible operator S on X such 
that ST2 = TiS. If S could be chosen to be an isometry as well, then T\ 
and T2 are said to be isometrically isomorphic. If X is a Hilbert space, then 
an isometric isomorphism on X is referred to as a unitary equivalence. 

In [7], R. C. Wright investigated the isometric equivalence of composition 
operator for X = Y = H P (H>) for 1 < p < 00 and p 7^ 2, and W. Hornor 
and J. E. Jamison studied the isometric equivalence composition operators 
on several important Banach spaces of analytic function spaces on the unit 
disk D in [4, 5]. In [6], J.E.Jamison studied isometric equivalence of compo- 
sition operators on the X = Y = B, where B is a Bloch space. He obtained 
that if two composition operators C lfil and C^ 2 are isometrically equivalent 
on B, then there is an automorphism <p such that (pi((p(z)) = <p(<P2{z))l 
he also investigated the isometric equivalence problem of certain operators 
on some specific types of Banach spaces. In [3], Nadia J. Gal studied iso- 
metric equivalence of differentiation composition operator on some analytic 
function spaces. 

Building on these foundations, we characterize isometric equivalence of 
weighted composition operators on the Bloch space B in D, and also studied 
isometric equivalence of differentiation composition operators on B and the 
space H°° of the bounded holomorphic functions in D. 

2. Isometric equivalence of weighted composition operator on 

the Bloch space B 

We state a result on isometry of B, which was obtained by Cima and 
Wogen in [9]. 

Lemma 1. If S: B — ^ B is a surjective isometry, then there is a conformal 
automorphism r of D and a A G T such that 

Sf = A(/(r) - /(r(0))). 

Theorem 2. Suppose W uijlfil and W U2jifi2 are isometrically equivalent on 
B if and only if there exists a conformal automorphism r of D such that 
r(<pi) = <P2{t) and u\ = U2 = c, where c is a constant. 



83 



LI-GANG GENG 82-86 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



ISOMETRIC EQUIVALENCE 3 

Proof. Suppose first that W UltVl and W U2}ip2 are isometrically equivalent on 
B. Then there exists an invertible isometry S on B such that 

W uim Sf = SW U2m f 

for any function / G B. It follows from Lemma 1 that 

(1) A«i{/(r(^i)) - /(r(0))} = A{u 2 (r)/(^ 2 (r)) - u 2 (t(0))/(^(t(0)))}, 

for any function f £ B. 

Let us now set special functions in the last displayed equation (1). Choos- 
ing / = 1 in (1), one has 

0 = u 2 (r)-u 2 (r(0)) 

because r is a conformal automorphism of the D so u 2 (z) is a constant 
function c. 

Choosing / = z in (1), we have 

(2) uiM^i) - r(0)} = c{^ 2 (r) - ^ 2 (r(0))}. 
Setting / = z 2 in (1), one also has 

m{r(^) 2 - r(0) 2 } = C {^ 2 (t) 2 - ^ 2 (r(0)) 2 }, 

that is, 
(3) 

ui{t(¥>i) + r(0)}{r(^) - r(0)} = c{^ 2 (r) + ^ 2 (r(0))}{<^ 2 (r) - p 2 (r(0))}. 
From (2) and (3), we get 

(4) r(^i)+r(0) = ^ 2 (r) + ^ 2 (r(0)), 

except the case ip\ and </? 2 are constant functions. 
Letting f = z 3 in (1), then 

Ul {r{ m f - r(0) 3 } = c{Mrf ~ ^(r(0)) 3 } 

that is, 

ui{r(¥>i) - r(0)}{r(<^i) 2 + t(^i)t(0) + r(0) 2 } 

(5) = c{^ 2 (t) - <^ 2 (r(0))}{^ 2 (r) 2 + ^(r)^(r(O)) + 9? 2 (r(0)) 2 }. 
It follows from (2) and (5) that 

(6) r(v?i) 2 + t( Vi )t{0) + r(0) 2 = Mr) 2 + ^ 2 (r)y> 2 (r(0)) + </? 2 (r(0)) 2 , 
From (2), (4) and (6), we get 

(7) r(^)r(0) = <^ 2 (r)^ 2 (r(0)) 

If r(0) = </> 2 (t(0)) = 0, then r(z) = ±z. The equation (4) implies that 
t(<Pi) = <P2(t). 

If r (0) = 0,(^ 2 (r(0)) / 0, then from (7), we can get <p 2 (t)(z) = 0 for all 
z G D, it is a contraction. 

If r (0) / 0,<p 2 (r(0)) = 0, then from (7), we can get T(ip 1 )(z) = 0 for all 
z G D, it is a contraction. 
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If t(<£>i(0))</? 2 (t(0)) ^ 0, from (7) and (4), we can get r(<^i) = <^ 2 (t) also. 
From (2), we can get u\ = c. 

The converse is immediate. □ 

The surjective isometry of Bo has the same form as the surjective isometry 
of B, so we have the following corollary. 

Corollary 1. Two weighted composition operators W Ul)ipi and W U2)ip2 are 
isometrically equivalent on Bo if and only if there exists a conformal auto- 
morphism t of D such that r(<^i) = v?2(t) and u\ = U2 = c, where c is a 
constant. 

3. Isometric equivalence of differentiation composition 
operator operators on b and h°° . 

Let D be the differentiation operator and ip G 5(D), the product DC^ is 
defined by 

Dc v (f) = {fo<py = f'(<p)<ff. 

The following Lemma about the surjective isometry on the space H°°(D) 
was presented by Forelli in [10]. 

Lemma 3. An operator T is a linear isometry of H°°(B) onto iJ°°(D) if 
and only if there is an unimodular complex number a and a conformal map 
t of the disk such that 

Tf = af(r) 

for every f G H°° (D) . 

Theorem 4. Suppose (f\ and (p% are two holomorphic self-maps of the unit 
disk D. Then DC^S = TDC 92 , where S and T are surjective isometries 
on B and on H°° respectively, if and only if there exists a conformal auto- 
morphism t of the the unit disk D such that 

Proof. Suppose first that DC ipi S = TDC^, so 

DC^Sf = TDC^ 2 f 

for every / G B. 

From Lemma 1 and Lemma 3, it follows that 

(8) A/'(ti^i)K(^iM = a/'(^ 2 (T 2 )y 2 (T 2 ) 

where r^i = 1, 2 are conformal automorphisms of D, A and a are unimodular 
complex numbers. 

Setting f(z) = z in (8), then 

(9) XAMfi = V2fa) 
Choosing f(z) = z 2 in (8), we have 

(10) At^i)^ ■T 1 o(p 1 = a<p' 2 (T 2 ) ■ if 2 o r 2 
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From (9) and (10), we can get 

(11) Tl O lf l = if 2 O T 2 

except for the case ip\ and ip 2 are constant functions. 
It follows from (11) that 

(12) t[{vi)v\ = v'<i(Ji)t'2 

From (10) and (12), we can get t' 2 = ^, so that t 2 {z) = e~ %e z for some 
flel. Then using (10) again, we can get (p 2 (z) = T(ipi(e l& z)) . 

The converse is immediate. □ 
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STABILITY PROBLEMS DERIVING FROM MIXED 
ADDITIVE AND QUADRATIC FUNCTIONAL EQUATIONS 

DONGSEUNG KANG 1 AND HEEJEONG KOH 1 AND IN GOO CHO 2 * 

Abstract. Lot n > 2 be an integer. We obtain the solution of the 
following mixed additive and quadratic functional equation 

(4 - n)r*/(E y) + E r7(E(-l)'" /(*«) - 

j — 1 i — 1 J — 1 i—l 

where i £ {1, 2} , r € R (r ^ f ,2 and r 2 / n) and the function 5 is 
a Kronecker delta, and we prove the stability in normed group by us- 
ing shadowing property and the Hyers-Ulam-Rassias stability in Banach 
spaces. 



1. Introduction 

A major objective of the study of dynamical systems is to describe the 
eventual behavior of the orbits of a map or flow. Especially the investigation 
of the pseudo orbit is very important connection with the calculation of the 
orbits by a computer, because a computer can calculate only pseudo orbits. 
In general, if a dynamical system has the shadowing property (usually ab- 
breviated POTP, pseudo orbit tracing property), then numerically obtained 
orbits reflect the real behaviour of trajectories of the system. In the case of 
dynamical systems, the POTP is fundamental property and also plays a role 
in the field with the useful properties arising from the various applications. 
Recently, Tabor obtained the some basic results concerning the shadowing 
property to the case of the stability problem; see [5, 6, 7]. 

The stability theory of functional equations started with the talk of S.M 
Ulam held at the Wisconsin University in 1940 as follows: Under what con- 
dition does there exist an additive mapping near an approximately additive 
mapping ? see [8]. 

In [2], D.H. Hyers gave the first affirmative answer to the question of 
Ulam's question. Let X and Y be Banach spaces with norms || • || and 
|| • || , respectively. Hyers showed that if a function / : X — > Y satisfies the 
following inequality 

|| f(x + y)-f{x)-f(y) \\<e 

2000 Mathematics Subject Classification. 39B55. 
Keywords : Shadowing property, Cauchy additive mapping, Quadratic mapping, 
Normed group, Hyers-Ulam-Rassias Stability 
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2 DONGSEUNG KANG, HEEJEONG KOH AND IN GOO CHO 

for all e > 0 and for all x, y G X , then the limit 

a(x) = lim 2- n f(2 n x) 

exists for each x £ X and a : X — > Y is the unique additive function such 
that 

|| f(x) - a(x) \\< e 

for any x G X . Moreover, if f(tx) is continuous in t for each fixed x G X , 
then a is linear. 

His result was extended and generalized in several directions. In partic- 
ular, Th. M. Rassias [4] considered a generalized version of the theorem of 
Hyers which permitted the Cauchy difference to become unbounded. 

Recently, Tabor proved the general stability result for functional equa- 
tions in the case when the target space is a metric group (with some local 
divisibility condition); see [6]. 

A function / satisfying the functional equation 

(1-1) f(x + y) = f(x) + f(y) 

is called a Cauchy additive functional equation, and every solution of the 
Cauchy additive equation (1.1) is called a Cauchy additive function. Simi- 
larly, a function / satisfying the functional equation 

(1.2) f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called the quadratic functional equation, and every solution of the qua- 
dratic equation (1.2) is called a quadratic function. 

In this paper, we develop the Tabor's theorems and interpret the concrete 
equations. Also, we consider the stability problem concerning functional 
equations; as follows; a mapping / : X — > Y satisfies the following equation 

n n n n 

(4 - n)r*/(E y ) + E ^(£(-1)^) = 2« £ > 

j=l i=l j=l i=l 

where t G {1,2} , and the function 5 is a Kronecker delta, then the odd 
mapping / : X — > Y is additive when t = 1 , and the even mapping / : X — > 
Y is quadratic when t = 2 , and we prove the stability in normed group(when 
r = 1 is fixed) by using the shadowing property and the Hyers-Ulam- Rassias 
stability of the functional equation above in Banach spaces. 

Throughout this paper, we assume that n > 2 is an integer number and 
r(r / f , 2 and r 2 / n) is a real number. 

2. General Functional Equations 

Theorem 2.1. Let t = 1 be fixed and let X,Y be vector spaces. The given 
odd mapping f : X — > Y defined by 

n n n n 

(4 - n)rf(J2 ^) + E ^(E^ 1 )^ y ) = 2 E /(**) ' 
j=i i=i j=i i=i 
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for all xi, ■ ■ ■ , x n G X . Then f is a Cauchy additive mapping. 
Proof. By letting x^ = 0 (k = 1, ■ ■ ■ , n) , we have 

4r/(0) = 2n/(0) . 

Since r ^ § , /(0) = 0 . 

Letting xi = x, X2 = y , and x& = 0 (k = 3, ■ • • , n) , we have 

(4 - n)r/( ) + rf( ) + rf( ) + (n - 2)r/( ) 

= 2/(x) + 2/(y). 
Since / is odd, we may write 

for all x, y G X . Now, by setting y = 0 , we get 



rf(*) = f(x), 



for all x G X . Thus 



/(x + y) = r/(^) = /(x) + /(y), 
for all x, y G X , that is, / is Cauchy additive. □ 

The mapping / : X — > Y as in the Theorem 2.1 is called a generalized 
additive mapping of r— type. 

Theorem 2.2. Let t = 2 be fixed and let X,Y be vector spaces. The given 
even mapping f : X — >■ Y defined by 

n n n n 

(4 - n)r 2 /(£ X -l) + £ r 2 /(£(-r)^ ^) = 4 £ /(x.) , 
j=i i=i j=i i=i 

/or all x±, - ■ ■ ,x n £ X . Then f is a quadratic mapping. 
Proof. By letting x& = 0 (k = 1, • • • , n) , we have 

4r 2 /(0) = 4n/(0) . 

Since r 2 / n , /(0) = 0. 

Letting x\ = x, X2 = y , and x^ = 0 (k = 3, ■ • • , n) , we have 

(4 - nyf{ X -±y) + r 2 /(^± 2/ ) + r 2 /(^) + (n - 2)r 2 /(^) 

iy ry* ry iy 

= 4/(x)+4/(y). 
Since / is even, we may write that 

4r 2 /(^) = 4/(x)+4/(y), 
for all x, y G X . Now, by setting y = 0 , we get 

r 2 /0 = /(x), 
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for all x G X . Thus 

f(x + y) + f{x -y) = r 2 /(^) + r 2 fC~^) = 2f{x) + 2f(y) , 

for all x, y G X , that is, / is quadratic. □ 

The mapping / : X — > Y as in the Theorem 2.2 is called a generalized 
quadratic mapping of r— type. 

3. Main Results 

In this section, we will investigate the stability of the given functional 
equation based on the ideas from the dynamical systems and Hyers-Ulam- 
Rassias stability. Before we proceed, we would like to introduce some basic 
definitions concerning shadowing and key concepts to establish the stability; 
see [6]. After then we will investigate the stability of the given functional 
equation based on the ideas from the dynamical systems. 

Let us fix some notations which will be used throughout this section. We 
will fix r = 1 , that is, we will investigate the generalized mappings of type 
one. Also, we denote N the set of all nonnegative integers, X a complete 
normed space, B(x, s) the closed ball centered at x with radius s , and let (ft 
be given. 

Definition 3.1. Let 5 > 0 . We say that a sequence (x^k^N is a 
5—pseudoorbit (for (ft) if 

d(x k+1 ,(ft(x k )) < 5 fork ^n. 

A 0—pseudoorbit is called an orbit. 

Definition 3.2. Let s, R > 0 be given. We say that (ft : X — > X is locally 
(s, R) — invertible at xq £ X if 

Vy G B((fi(xo), R), 3\x G B(x 0 ,s) : </>(x) = y . 

If 4> is locally (s, R) — invertible at each x G X , then we say that (ft is locally 
(s, R) — invertible. 

For a locally (s, R)— invertible function (ft, we define a function (ft~^ : 
B((ft(xo), R) — > B(xq, s) in such a way that (ftx^iv) denote the unique x from 
the above definition which satisfies (ft(x) = y . Moreover, we put 

lip^ 1 : = SU p lip( ( /)~ o 1 ) . 

x 0 ex 

Theorem 3.3. [7] Let I G (0, 1) , R G (0, oo) be fixed and let (ft : X ->• X 
be locally (I R, R) — invertible. We assume additionally that lip R ((ft~ ) < I. 
Let S < (1 — l)R and let (xk)keN be an arbitrary 5—pseudoorbit. Then there 
exists a unique y G X such that 

d{x k ,cp k (y)) <IR for keN. 
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Moreover, 

d(x k ,4> k (y))< ^ for ken. 

Let X be a semigroup. Then the mapping || • || : X — > M is called a 
(semigroup) norm if it satisfies the following properties: 

(1) for all x G X,\\x\ \ > 0. 

(2) for all x G X , k G N , | \kx\ \ = k\\x\\ . 

(3) for all x,y G X , ||x|| + \ \y\\ > \\x * y\\ and also the equality holds 
when x = y , where * is the binary operation on X . 

Note 1 1 • 1 1 is called a group norm if X is a group with an identity e , and 
it additionally satisfies that ||x|| = 0 if and only if x = e. 

We say that (X, *, \ \ ■ ||) is a normed (semigroup if X is a (semi)group 
with a norm 1 1 • 1 1 . Now, given an Abelian group X and n G Z , we define 
the mapping [rax] : X — > X by the formula 

[nx](x) := nx for x G X . 

Since X is a normed group, it is clear that [nx] is locally R)— invertible 
at 0, and lip^frax] -1 = 1/n. 

Also, we are going to need the following result. In recent years, Lee et 
al. [3] showed the next lemma by using Theorem 3.3. 

Lemma 3.4. [6] Let I G (0,1), R G (0,oo),J G (0, (1 - l)R), e > 0,m G 
N , n G Z . Let G be a commutative semigroup, X a complete Abelian metric 
group. We assume that the mapping [nx] is locally (IR, R) — invertible and 
that lipR{[nx]~ l ) < I ■ Let f : G — >■ X satisfy the following two inequalities 

N 



< e for x lr ■ ■ ,x n G G . 



x xi + • • • + bi n x n )\ 

i=i 

\\f(mx)-nf(x)\\ < 5 for x G G , 

where all ai are endomorphisms in X and bi i are endomorphisms in G . We 
assume additionally that there exists K G {1, ■ ■ ■ , N} such that 

K N IS 

(3.1) ^2lip(ai)S < (1 - l)R, e+ Up{ai)- — j<lR- 

i=l i=K+l ' ' 

Then there exists a unique function F : G — > X such that 

F(mx) = nF(x) for x G G , 

and 

\\f(x)-F(x)\\<^- l forxeG. 
Moreover, F satisfies 

N 

y^aiF^xi H h b in x n ) = 0 for xi, ■ ■ ■ ,x n G G. 

i=i 
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Now, we are ready to prove our functional equations as follows: we will 
consider either t = 1 or t = 2 . First, we will start with t = 1 . 

Theorem 3.5. Let R > 0 , let n > 3 be an integer, let G be an Abelian 
group, and let X be a complete normed Abelian group. Let e < 6n2 "~ 3 2 ra _ 4 i? 
be arbitrary and let f : G — >■ X be a function such that 



n n n n 

(3.2) ||(4-n)/(^x,) + ^/£(-l) 5 -x,)-2^/(x l )||<e, and 
j=i i=i j=i i=i 



In — ^ 

\\f(2x)-2f(x)\\<^— 4 e, 

for all xi,- ■ ■ ,x n ,x G G . Then there exists a unique function F : G — > X 
such that 

F(2x) = 2F(x) 

n n n n 

(4-n)F£» + ^F(^(-l)^^) = 2^F(x 4 ) 

j=l i=l j=l i=l 

9rj — ^ 

for all x € G . 

Proof. By letting x± = ■ ■ ■ = x n = 0 in the equation (3.2), we have 

||(2n-4)/(0)||<£, 

that is, 1 1/(0)| | < 2n~i • ^ ow i by putting x\ = x 2 = x, x^ = 0 {k = 3, • • • , n) 
in (3.2), 

||2/(2x)-4/(x)-(2n-6)/(0)||<e. 

Since ||/(0)|| < , we have \\f{2x) -2f(x)\\< ^=|e, for all x G G. To 
apply Lemma 3.4 for the function / , we may let 

, 1 . 2n-5 

I = - ,0 = -£ , 

2 ' 2n - 4 ' 

ai = (4 - n)idx, a 2 = ■ ■ ■ = a n+ \ = idx , a n+2 = ■■■ = a 2n +i = -2idx , 
K = l, and TV = 2n + 1 . 



92 



DONGSEUNG KANG ET AL 87-98 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



STABILITY PROBLEMS 

Then we have 

5= 2 ^e< 2 ;~ 5 • "~ 2 R< l R=(l-l)R, 
2n - 4 ~ 2(n - 2) 6n 2 - 13n - 4 ~ 2 1 ; ' 

lip(ai)<5 < (1 — 0-^ > where n = 3,4, 

2n — 5 

if n > 5, lip(ai)<5 = (n — 4) 



2(n - 2) 



(n-4)(2n-5) n-2 (n-4)(2n-5) l ff<n n p 

2(n-2) '6n 2 -13n-4 6n 2 - 13n - 4 '2 " l j ' 



2n+l 



and e + lip ^ ( a i)7~~7 = e + 0- " n + 2 " n )& - f 1 + 3n ^~ — ^\) e 
i=2 1 — t ^ 2(n — 2) J 

6n 2_ 13n _ 4 n-2 1 

" 2(n-2) '6n 2 -13n-4 2 

Hence all conditions of Lemma 3.4 are satisfied, and thus we conclude that 
there exists a unique function F : G — > X such that 

(3.3) F(2x) = 2F(x) , 

n n n n 

(4 - n)F(£ Xj ) + Y, F(J2(-l) 5 ^ Xj ) = 2 £ F(xi) , 

j=l i=l j=l i=l 

and also we have 

IS 2n — 5 

||/(s) - F(x)\\ < ^—j = 2(n-2) £, f ° r &U Xl ' ' ' ' ' Xni % G G ' 

□ 

Corollary 3.6. Lei R > 0 , let n > 3 be an integer, let G be an Abelian 
group, let X be a complete normed Abelian group, and let f : G — >■ X be a 
function. Suppose that [(2n — 4)x] is locally ( 21^-4 » ffi ~ Avertible and [2x] 
is locally (^,R) — invertible. Then f satisfies the following equation 

n n n n 

(3.4) (4 - n)f(£ *i) + E /(Et" 1 )^) = 2 E /(**) ■ 

j=l i=l j=l i=l 

/or all x\, • • • , x n £ G if and only if f is a Cauchy additive odd function. 

The following Corollary follows from Theorem 3.5 and Corollary 3.6. 

Corollary 3.7. Let R > 0 , let n > 3 be an integer, let G be an Abelian 
group, and let X be a complete normed Abelian group. Let e < 6n2 "~ 2 ra _ 4 i? 
be arbitrary and let f : G — > X be a function satisfying equation (3.2). 
Suppose that [(2n — 4)x] is locally {^^,R) — invertible and [2x] is locally 
(7^ , R) — invertible. Then there exists a Cauchy additive odd function F : 
G — > X such that 

In — 5 
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8 DONGSEUNG KANG, HEEJEONG KOH AND IN GOO CHO 

Now, we will investigate the stability of the case, where t = 2 . 

Theorem 3.8. Let R > 0 , let n > 2 be an integer, let G be an Abelian group, 
and let X be a complete normed Abelian group. Let e < 2 0ra^^-23n-i2 ^ ^ e 
arbitrary and let f : G — >■ X be a function such that 

n n n n 

(3.5) ||(4-n)/(^x J ) + ^/(^(-l)^x J )-4^/(x i )||< £ , 

j=i i=i j=i i=i 

11/(2.) 

for all x\, ■ ■ ■ ,x n ,x G G . Then there exists a unique function F : G — > X 
such that 

(3.6) F(2x) = AF(x) , 

nun n 

(4 - n )F(£ xj) + nt^- 1 ) 6 "*') = 4 E . 

j=l i=l j=l i=l 

for all x±, ■ ■ ■ , x n , x G G . 

Proof. By letting x\ = ■ ■ ■ = x n = 0 in the equation (3.5), we have 

11(^-4)7(0)11 <e, 

that is, ||/(0)|| < . Now, by putting x\ = x 2 = x, x k = 0 (k = 3, • • • ,n) 
in (3.5), 

||2/(2x) + (10-4ra)/(0)-8/(x)|| <e. 
Since ||/(0)|| < 4^4 , we have \\f(2x) - Af(x)\\ < , for all x G G. To 

apply Lemma 3.4 for the function / , we may let 
, 1 . An -7 

I = - ,0 = -£, 

4 An — A 

a l = (A- n)idx, a 2 = ■ ■ ■ = a n+ i = id x , a n+2 = ■■■ = a 2n +i = -Aid x , 
K = 1, and N = 2n + 1 . 

Then we have 

K N 

(3.7) S< (l-l)R, ^]ip(ai)6<(l-l)R, e+ ^ lip(ai) — - < IR . 

i=l i=_ftT+l 

Hence all conditions of Lemma 3.4 are satisfied, and thus we conclude that 
there exists a unique function F : G — >■ X such that 

(3.8) F{2x) = AF(x) , 

n n n n 

(4 - n)F(£ xj) + £ F(J2(-l)^ Xj ) = A £ F(*») , 

j=l i=l j=l i=l 
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STABILITY PROBLEMS 

and also we have 

IS An -7 

\\f(x) - F(x)\ \ < = 12 ( re _ i) g ' for a11 x i' " ' ,x n ,x e G . 



□ 



Corollary 3.9. Let R > 0 , let n > 2 be an integer, let G be an Abelian 
group, let X be a complete normed Abelian group, and let f : G — > X be a 
function. Suppose that [(4n — 4)x] is locally ( , R) — invertible and [2x] 
is locally , R)— invertible. If f satisfies the following equation 

n n n n 

(3.9) (4 - n )f(£ Xj ) + /(£(-l)^) = 4 E /(**) > 

j=l i=l j=l i=l 

for all x±, ■ ■ ■ , x n G G , then f is a quadratic even function. 

The direct application of Theorem 3.8 and Corollary 3.9 yields the fol- 
lowing Corollary. 

Corollary 3.10. Let R > 0 , let n > 2 be an integer, let G be an Abelian 
group, and let X be a complete normed Abelian group. Let e < 2 o ra ^^23n-i2 -^ 
be arbitrary and let f : G — > X be a function satisfying equation (3.5). 
Suppose that [(4n — 4)x] is locally ( 4t ^_ 4 , R) — invertible and [2x] is locally 
(^ , R)— invertible. Then there exists a quadratic even function F : G — > X 
such that 

Now, we will investigate the stability for the given generalized functional 
equation of r— type. To study Hyers-Ulam-Rassias stability, throughout in 
the rest of this section, let X be a normed vector space with norm 1 1 • 1 1 and 
Y a Banach space with norm || • || . 

Let t G {1,2}. For the given mapping / : X — > Y , we define 

(3.10) 

n n n n 

A/(xi, ■•-,*„):= (4-n)r* /(£ ^)+^ r'f^i-l)^ ^)-2* ^ f( Xl ) , 



r 

j=i i=i j=i i=i 



for all x±, ■ ■ ■ , x n G X . 



Theorem 3.11. Let t = 1 , and let f : X — > Y be an odd mapping for which 
there exists a function <f> : X n — > [0, 00) such that 

00 r 2 2 

(3.11) <f>( X1 , ■ ■ ■ , Xn ) ■.= J2( 7,y<t>((-yxi, ■ ■ ■ , (-) 3 x n ) < oo , 

i=o 1 r r 

(3.12) || D 1 f(x 1 , • • • ,x n ) \\< (f>(x u ■■■ ,x n ), 
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10 DONGSEUNG KANG, HEEJEONG KOH AND IN GOO CHO 

for all xi, ■ ■ ■ , x n G X . Then there exists a unique generalized additive map- 
ping L : X — >■ Y such that 

(3.13) || f(x)-L(x) ||< ^(x,x,0,--- ,0), 
for all x G X . 

Proof. Letting xi = X2 = x and Xk = 0 (k = 3, ■ ■ ■ , n) in (3.12), since 
/(0) = 0 , we have 

2r It 
|| (4 _ n)rf(-) + (n - 2)rf (-) - 4/(x) \\ 

2x 

= || 2r/(— )-4/(x) ||<0(x,x,O,-- - ,0), 
for all x G X . Hence we have 

(3.14) ||/(x)-^/(^)||<^(x,x,0,---,0), 
for all x G X . Then 

11 ^) d f(( 2 -) d x) ~ (^ + 7((') d+1 *) 11= (\f II /((*)'*) " II 

<^)V((^^,(?) d x,0,--.,0), 

for all x G X and all positive integer d . Hence we have 
(3-15) 

II fy'M*)'*) ll< JE(^((^(^)^ 0 '-- - .0), 

j=s 



Hence we may conclude that the sequence {(£) s / '({-) s x)} is a Cauchy 



for all x G X and all positive integers s, d with s < d 

sequence. Since Y is complete, the sequence {(g) s i"((f ) s x)} converges in Y 
for all x G X . Thus we may define a mapping L : X — > Y via 

L(x)= lm 

for all x G X . Since /(— x) = —f(x) , we know that L(—x) = —L(x) , for all 
x G X . Then 

||DiL(xi, • • • , x„)|| = Urn (^r||Di/((^rxi, • • • , (^) s x n )|| 
< lim(^>((-) s x 1 ,-- - ,(-) s x n ))=0, 

for all x±, - ■ ■ ,x n G X . The Theorem 2.1 induces that L is a generalized 
additive mapping of r— type. Also, by letting s = 0 , and d — > oo in the 
equation (3.15), we have the equation (3.13). 
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Now, let Lf : X — > Y be another additive mapping satisfying the equation 
(3.13). Then for all x £ X 

\\L(x)-L'(x)\\ = ( r -r\\L(( 2 -rx)-L'((lr X )\\ 

< C-y(\\L(( 2 -yx) - f((l) s x)\\ + \\L'(( 2 -yx) - f((l) s x)\\) 

<2-^(^^)'x,(?)'x,0-,0) 
1 ^ r 2 2 

3=0 

1 °° r 2 2 
= 2E(2M-^(^0r-,0)-»0, 

as s — > oo . Thus we may conclude that such a generalized additive mapping 
L is unique. □ 

Theorem 3.12. Let t = 2 , and let f : X ^ Y be an even mapping satisfying 
/ (0) = 0 /or which there exists a function <f> : X n — > [0, oo) suc/j t/iat 

°° r 2 2 

(3.16) ■ • • , x n ) := -) 2 ->((-)^, • • • , (-)%„) < oo , 

(3.17) || D 2 f{x 1 , • • • , x n ) ||< 0(xi, • • • ,x n ), 

for all xi, • • • , x n G X. Then there exists a unique generalized quadratic 
mapping Q : X Y such that 

(3.18) || f(x)-Q(x) ||< ±$(x,x,0,--- ,0), 
for all x £ X . 

Proof. The proof is similar to the proof of Theorem 3.11. □ 
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Abstract In this paper, we introduce a sequence of linear positive operators 
of summation-integral type with different weights and present a pointwise complete 
asymptotic expansion formula. 

Key words Baskakov operators, Szasz-Mirakjian operators, Bernstein-Durrmeyer 
operators, Stirling numbers, complete asymptotic expansion. 



1. INTRODUCTION 

In [1] , a sequence of so-called summation-integral type operators which are linear 
and positive, is introduced as follows 

^ 00 poo 

(x) s n>u +/3(t)f(t)dt, xG[0,oo), 

i/=max{0- 0} ^ 

with parameters a 6 R, ft G Z and 



s n,v(t) — 6 



-nt (nt) 1 



I>+1) 

are named Baskakov and Szasz-Mirakjian basis functions, respectively. In particular, 
when the parameters a = 0, ft = 0, those operators degenerate into 

V n (f;x) = nV b njU (x) / s„ !V (t)f(t)dt, a; G [0,oo), 



1 Foundation item: Supported by the Natural Science Foundation of China 
(11271263,11371258) 
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which are called Baskakov-Szasz-Durrmeyer operators (abbreviated as BSD opera- 
tors). 

Now we interchange b n<u and s n>ll , and modify b n ^ v into 

<» = b n+1 ,„(x) = ( n ^) xU{i + *r n_l/_1 

in order to make the operators V n (f; x) be well defined when n = 1. So we achieve 
a new sequence of summation-integral type operators, below 

S*n(f; %) = J2 n /(*)<*(*)* S nA X )> X G [0, OO), 

fc=0 J ° 

which are named Szasz-Baskakov-Durrmeyer operators (abbreviated as SBD opera- 
tors). This paper is dedicated to establish a complete asymptotic expansion formula 
in the following form for the SBD operators 

OO 

^(/;x)~^c fc (/;x)n- fc (n->oo), 

k=0 

where all coefficients c&(/; x) of n~ k (k = 0, 1, • • •) are independent of n and calculated 
explicitly. For many sequences of positive linear operators, complete asymptotic 
expansions have been considered I 2-12 !. 

2. AUXILIARY CONCLUSIONS 

Let 

e m (x) = x m (m = 0,l,---); ip x (t) = t-x 
and define the falling factorials of x by 

X Z = x (x - 1) • • • (x - j + 1) j G AT; x- = 1. 

Lemma 1 Suppose n > m, x £ [0, oo), then S^(en; x) = 1 and 

S;(e m ; x) = ^-L__ £ Q m ^(nx) fe , m G JV. 

Proof Obviously when m = 0, S*(e m ; x) = 1. For m £ N, by 

n / v* Jt)t m dt = f- 

io * (n-1™ 
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we have ^ 

5n(e m ;x) = ^ — Srt,fc(^) 

t ,_n V' 4 v— 



fc=o 

„-ra °° 



- 2- fc! 



(n - 1)-) ^ fc! 
(n-\)™^~k\du m 

x ' fc=0 



A'+m 
" , \u=nx 



„—nx jm / 00 i \ 

(n-l)™du m [f^kl j 

\fc— U / u =nx 

= — — ( u m e u ) 

(n-l)™du mK ,u=nx 

~ ( n -l)in2^y k J e du m-k U \v=™ 

The proof is completed. 

Let S(k,j) denote the Stirling numbers of second kind defined by 

k 

x k = J2S(k,j)xl. 

j=0 

For S(k,j), the following identity can be found in [13] 

y v i (-i) j ' -< * fc , o<j<k 

(1) S(*,j)=< j'-toV) 

0, i > fc. 



Thus it follows that 

n 

j=0 



(2) D-^'L-jftO^O (< = 0,1, ■■■,n-l) 



where denotes a polynomial of degree at most i. In this paper, we will also 
need the following two identities 

(3) -, ^— - = iy(-l)^r]— , aeR\{-n ,■■■,-1,0} 

( 4 ) £ ( B- 1 )' (Jj (m - J) j ¥ = (e * - 1)m 
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Denoting 

we have the following results. 

Lemma 2 J(r,i,k) = 0, for r G N, i = 0, 1, ■ ■ ■ [^]. 

Proof If k < r — i, then i + m < r — k + m, from (1) we can see that J(r, i, k) = 0 
holds obviously , therefore we only need to consider the case when k > r — i. By (4) 
we get 

r+m—k / . 7 \ 

J- (_!)r+m-fc-j r + m - j j*+ m = £> i+m ( e * - 1)^—^=0 

i=o V / 

where 

D k f(x) = f {k \x), keN; D 0 f(x) = f(x). 
Therefore J(r, i, k) may be rewritten into 

J(r, i, k) = £ (-l) r+m ~ k ( k ) —Di +m (e x - ir +m - fc U =0 . 

If writing 



wit = ^2 j) — Try j then for i = 0, 1, ■ ■ ■ [^-^] and A; > r — i, i.e. i+m > r+m—k, 



we have 



D i+m (e x - l) r+m - k \ x=0 =[ * + m , ] (r + m - A;)!A +fc -r^ +m ~ fe (^)U=o. 

\ r + m — k I 

Hence it follows that 

J(r,i,k) = |~ 1)r - j^i-l?-™ ( k )(i + mfD i+k _ r ^- k (x)\ x=0 . 



(i + k-r)\ ^ 

v / m=0 



By induction, we can prove that Di + k- r (p r+m k (x)\ x= o is a polynomial in m of 
degree i + k — r. In fact, by the formula of Faa di Bruno: 

Ditp m (x) = ^2m-ip m ~ k (x) x (Product of derivatives of(p(x)), 



k=0 
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and <^(0) = 1, we have 

i+k—r 

D i+k _ rl p r+m - k (x)\ x=0 = E Cj{r + m-k)i 

3=0 

where Cj is independent of m which implies that 

(i + m) i D i+k - r <p r+m - k (x)\ x=0 = P 2i +k -r(m). 

When i < |, i.e. 2i + k — r < k, from (2) we can see J(r,i,k) = 0 . The proof is 
completed. 

Lemma 3 For arbitrary r G N, x G [0, oo), n > r, there holds 
S:W x ;x) = (-iyJ2- t E [ k )j(r,i,k)x k 

Proof As 

WM= E f r Vx) r - m 5;(e m ;x), 

by Lemma 1 we have 

V f r V T \r-m (-l) m+1 m!n " / m\ (nx) k 

ioW ("« + ™)- ■■(-"+!)(-«) fro W A;! ' 

as well as by using the identity (3) in the last formula above, we have 

«<* .> - 1 (:) <-.>-< ^ (7) | ft) ¥ 

r/\ m / \ oo 171 / \ ( \k 

- (-ir E B-i)' ft B^E ft ^ 

m=0 \ / j=0 \ J / «=0 fc=0 V / 

= e (:V-™ £ (:)^EsB-W"V 



m=0 \ / fe=0 \ / «=0 j=0 \ J 



Using (2) we derive 



x) =(-ir £ (;) *™ £ ft) ^ £ ^ ft)/ 

m=0 \ / k=0 V / «=m j=0 \ J / 
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n i ^ \mj , . \ k I k\ r—i \ j 

=1 m =o \ / k=max(0,m-i) \ / 3=0 \ J 



=: h + h 
From (4) we have 



m m\ d m 

£(-*)' ( „■ )r = ^(i - e *ru=o = (-i) m ^- 



3=0 

Thus 



= <-*>- i ; h. £i-v 7r - <->' £ 1 ( - ir - °- 

m=0 \ / 3=0 \ J / m=0 \ / 



Hence we obtain that 



oo i r / \ min(i,m) / \ 

1 \ - / r \ x / m \ X 



s*(^ r x -x) =(-iyY-Y\ \ y . , 

nyYx ' ' v n\m/ , n \m-k (m-kV. 

1=1 m=0 \ / k=0 \ / K ' 



"' j -i ■ I; 
3 



xE(-i)'(7)i 

3=0 

oo 1 mm(i,r) / \ r _fe / _ ^\ 1 



(-i) r E- E (% k lt( k )^ 

1=1 mai(0,r-i) V / m=0 \ / 

x E (-!) j f 7 ) /+m 
("l) r E^ E L ^(r,<,fc). 

i=l k=max(0,r—i) V / 



6 
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That is the proof. 

Remark By Lemma 2 we easily get that 

S*(r x ,x) = 0(n-l^). 

For q G N, x G (0, oo), let / G K[q; x] be the class of functions which are from 
W" 7 (0, oo) (locally integrable and f(t) = 0(t 7 )(i — > +oo))which g times differentiable 
at x, then we have the following theorems of approximation. 

Lemma 4 M Let q £ N,x £ I, A n : L 00 (J) -► C{I) be a sequence of positive 
linear operators such that 

A n (4> s x ;x) = 0(n-^) (n ^ oo) (s = 0, 1, ■ ■ ■ , 2q + 2), 

then for arbitrary / 6 if [2g; x], there holds 

A n (f,x) = J^^^A n (r x ;x) + o(n-i) (n^oo). 

In particular, if /( 2g+2 - ) (x) exists, then the o(n~ q ) can be replaced by 0(n~ q ~ 1 ). 

With similar argument as in [1], we have the following theorem of localization. 

Lemma 5 (Localization) For / G 1^.(0,00) and vanish in a neighborhood of 
x, then for arbitrary q £ N, there holds that 

S*(f;x) = 0(n-«) (n^oo). 

MAIN RESULTS 

For the SBD operators, we establish a pointwise complete asymptotic expansion 
formula as follows. 

Theorem If q G N, x G (0, oo), then for / G K[2q; x] there holds 

S*(f; x) = f(x) + £ c(/; x)rT* + 0 (n"«) (n - oo) 
i=i 

where 

Ci (/;x) = f:(-l) r ^^ E ( r \j{r^k)x\ 

r=l ' k=max(0,r—i) \ / 

7 
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and J(r,i,k) denned as before Lemma 2. 

Proof By Lemma 5, without loss of generality we may assume that / G K[2q; x] 
and be bounded on (0, oo) . From Lemma 2, 3 and 4, we have 

S *n(f;x) =E^ ) 5;(^;x)+ 0 (n-«) (n^oo) 

r=0 

= /W + E^(-D'Ei t ft**** 

r=l i=l k=max(0,r—i) \ / 

+o(n~ q ) (n — > oo) 

i=l r=l fc=mai(0,r-8) \ / 

+o(n~ <? ) (n — > oo) 
= /(-)+E^E(-D r ^ E ^V(r,i,fc)^ 

i=l r=l k=max(0,r-i) \ I 

+o{n~ q ) (n — > oo), 



denoting 



r=l ' k=max(0,r—i) \ / 



That is the proof. 

Remark 1 If / € H^Li x ]) then the theorem yields the asymptotic expan- 
sion 

oo 

< S;(/;x)~/(x)+^c l (/;x)n- t (n ^ oo) 
i=l 

Remark 2 We present the Cj(/; x) as i = 1, 2 below 

d(/;x) = /'(*) + /"(x) 
/. \ x + 1 .// x , 5x 2 + 10x + 2 

C2(/; s ) = y— [r-f ( x ) + 2i f ( ' 

23x 3 + 63x 2 + 36x "... . . 3x 4 + 174x 3 + 12x 2 , m . . 
+ ^ / (*) + ^ / U (x). 

Let g = 1 in Theorem above, we immediately get the following asymptotic ex- 
pansion formula of Voronovskaja's type. 

Corollary For x G (0, oo) if / € K[2; x], then 

lim n(S*(f;x) - /(x)) = ci(/;x) 
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ON FOURTH-ORDER ITERATIVE METHODS FOR MULTIPLE ROOTS OF NONLINEAR 

EQUATIONS WITH HIGH EFFICIENCY 

SIYUL LEE 1 * AND HYEONGMIN CHOE 2 
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ABSTRACT. Focusing on the order properties of convergent sequences, we construct two models of multi-step 
iterative methods for multiple roots. We prove that it is impossible for one to achieve the highest-existing ef- 
ficiency index of fourth order and three function evaluations per step. Using the other model, which has been 
suggested by Zhou et al., we derive 53 unique methods of rational forms with the highest efficiency index, those 
including all known methods of the same efficiency index. Numerical comparisons are done to compare the 
performances of the methods, and for those with the best results, explicit formulae are given. The methods thus 
presented are superior in efficiency when compared with any existing methods. 

AMS Mathematics Subject Classification : 65H05. 

Keywords : nonlinear equations, iterative methods, multiple roots, multi-step methods, fourth order, efficiency 
index. 



1. INTRODUCTION 

Solving nonlinear equations numerically is an important topic in numerical analysis. Developed from the 
well-known Newton's method, there have been numerous efforts to accelerate the order of convergence and 
thus improve the computational efficiency of iterative methods. An iterative method is a recursive relation 
of a sequence converging to the root. 

Equations with multiple roots need to be treated with different methods. Newton's method modified for 
multiple roots to obtain the root a with multiplicity to of a nonlinear equation f(x) = 0 is 

x n+1 = x n - mu ni (1) 

with u n = f(x n )/f'(x n ). The method (1) is of quadratic order of convergence, and requires two function 
evaluations, for f(x n ) and f'(x n ), each step. 

An efficiency index of an iterative method is defined by p x l A , where p is the order of convergence and d 
is the number of function evaluations per step. (See [1]) Considering this, Newton's method (1) acquires an 
efficiency index of 2 1 / 2 = 1.414. 

As is Newton's method (1), a majority of iterative methods is of form 

x n+1 = x n - g(x n ), (2) 

with g an iterative function that varies with /. When the iterative function g(x n ) consists only of f(x n ) and 
their derivatives, then the method is referred to as a single-step iterative method. 
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Single-step iterative methods of cubic convergence, requiring three function evaluations per step, were 
actively developed in [2] through [6]. Their efficiency index, 3 1 / 3 = 1.442, is higher than that of Newton's 
method (1), which proves that these methods are more efficient than Newton's method (1). 

Some iterative methods are referred to as multi-step methods. Recently, a multi-step method that achieves 
a fourth order of convergence, yet requires only three function evaluations per step, has been developed by 
Li and Cheng in [7] as follows: 

Vn X n m +2 M ™' 

_ lM™-2)(^)-™f'( Vri )-^f'(x n ) (3) 
x n+ i-x n f'(x n )-(^)- m f'(y n ) Un - 

This method achieves an efficiency index of 4 1 / 3 = 1.587, exceeding those of any previous methods. Dif- 
ferent methods of the same efficiency index were followed by Li et al. in [8], and by Sharma et al. in 
[9], 



Vn X n m+2^ n ' 

_ _ f{x„) f{x„) 

x n+1 -x n azf, {yn) 6 1 /'(x n )+fe 2 /'(j/ n )' 



(4) 



where 



l (^r 2 rm(m 4 + 4m 3 -16m-16) 
a3 2 m 3 -4m + 8 ' {) 

b _ (to 3 - 4to + 8) 2 

to(to 4 + 4to 3 — 4to 2 — 16m + 16) (to 2 + 2to — 4) ' 
_ to 2 (to 3 -4to + 8) 

2 = (^2) m (m 4 + 4to 3 - 4to 2 - 16m + 16)(to 2 + 2m - 4) ' 

{Vn = X n - ^2U n , , , 2 (8) 

x n +i = x n - (ai + a 2 jj^j + a 3 (j7^y) 2 )u„, 

oi = -(m 3 -4m + 8), (9) 

a 2 = -^(TO-l)(TO + 2) 2 (^-) m , (10) 
4 to + 2 

m , m N 2m .... 

a 3 = j(m + 2f( — ) , (11) 

respectively. 

Zhou et al. in [10], suggested to construct a multi-step iterative method as 



and 



where 



Xn+1 X n Q -p ) Un 



(12) 



with t as a parameter and Q e C 2 (R). The condition for (12) to achieve the fourth order of convergence is, 
according to [10], 

m + 2 



110 



SIYUL LEE ET AL 109-120 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



ON FOURTH-ORDER ITERATIVE METHODS FOR MULTIPLE ROOTS 



and 

'Q(u) 

Q'(u) = -im 3 " m (m + 2) m , (14) 
where u=(^) m -\ 

Five methods were derived, each of which corresponded to the five simple types of Q. Three of them 
were identical to (3), (4), (8), respectively, and the other two were new, 



Vn 

x n+l 



m+2 "™> 



(- 3 (^) 



+ (m 3 + 6m 2 + 8m + 8))u„, 



2m 2 (m + 3)( 



m+2 \ m /'fa„) 



(15) 



and 



2m 
2+m ' 



2/n 

„ _ „ /m 4 ^m+2\" /'fa„) m (m+2) a / 

J-n+1 — x n \y s \ m ) f'(x„) 8 Vi 



m /'(^) 



rn+2j f'(y n ) 



+ im(m 3 + 3m 2 + 2m - 4)) u„. 
Recently, Sharma et al. in [1 1] constructed a one-parameter family of the fourth-order methods. 

9u„. 




x r , 



[*+&(7+3^)K, 



(16) 



(17) 



2fl W 1 26»-aM„ 

with M„ = 1 — /' (y n ) I f (x n ), 9 = 2m/ (m + 2), and a, /?, 7 expressed with free parameters 6 and m. 

It is interesting that, all existing iterative methods for multiple roots with three function evaluations and 
fourth order of convergence, even family (17), follow Zhou's model (12). In Section 2, we consider other 
possibilities of multi-step iterative methods, and construct a model similar to (12). We prove that achieving 
an efficiency as high as the one obtained in (12) is impossible. Then in Section 3, we employ (12) with 
a more general rational function Q to derive 53 different iterative methods, 48 of them newly derived. In 
Section 4, we make numerical comparisons between the methods to figure out the best and the most efficient 
iterative methods among the methods that exist in the present. We give the explicit formulae for the best 
methods. 

2. Exploration for another model 

Let a be a root of f(x) = 0 with multiplicity m, in other words, /W (a) = 0 for a non-negative integer 

i < m, and / (m) (") ^ 0. Define {e n } as e n = x n — a, so that 

x n = a + e n . (18) 

The main characteristic that distinguishes multi-step methods from single-step methods is the use of other 
sequences such as {y n } or {rj n }, producing two or more sequences that depend on each other to converge 
into the desired root. However, if {y n } is to be used along with {x n } for a multi-step method, 

y n = a + 0(e n ) (19) 

should be satisfied with the big O notation. 
Now it is straightforward to assume that 



Vn X n tU n 
Xn+l — X n SU ri 



(20) 
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with t, s constants. 

What makes the multi-step scheme so complicated is that the constant s may include either f(y n )/f(x n ) 
or fiUn)/ f'{x n ). The reason for this complication comes from Taylor's expansions for / and /' about a, 
giving 

^\=O(e 0 n ), £M=0( e °), (21) 

f{Xn) f (Xn) 

allowing us to treat them in iterative methods as if they are constants, just as m in front of u n is in Newton's 
method (1). This justifies Zhou's model (12), where s in (20) is designed to freely include f'(y n )/ ' f'(x n ). 
Thus we construct two models for the multi-step methods, namely, 

tu r , 




n( HmA\ ( 22 ) 
and 

{Vn = x n ~~ t u n, (23) 
2-71+1 = X n Q( fi{x n ) 

with t as a parameter and Q <E C 2 (R), the latter of which is the same as (12). 

Remark 1. Usage of a third sequence r} n will require a fourth function evaluation for each step. Therefore, 
for the highest efficiency index of A x / Z = 1.587, we consider those including only y n besides x n . 

Theorem 1. Multi-step methods of form (22) cannot achieve a fourth order of convergence. That is, no 
combination oft and Q makes an error equation of (22) be e n+ \ — 0(e\ ). 

Proof. The proof follows the procedure represented in [10] quite much. Let 

_ 1 /("+") (a) 
" (m + n)! /("0(a) ' ' 

and 

— x n ck, 6 n y n ct x n tu n oi c n tu n . (25) 
Taylor's expansions of / and /' about a, 

f(xn) = f {m) (a)(c»e™ + + c 2 C +2 +■■■), (26) 

f'(xn) = /^(^{rncoe™" 1 + (m + l) Cl e™ + (m + 2)c 2 C +1 + •••}, (27) 



yield 



Then, by 



we have, 



(i - -K + A-4 + - { ^ c hl + o(4). (28) 

TO C 0 TO C 0 TO Cq 

/(j/„) = /< m > + c l£ ™ +1 + c 2 e™ +2 + ■ ■ ■ ), (29) 



fiVn) /, i Nm . t /-, ^ \m-l c l 

77 — \ = (1 ) H 2^ ) ~ Cr ' 

j(X n ) TO TO TO Co 

t 

C 0 Cq/ • TO' 



+ (hA+h 2 §y(l-^el + 0(el), (30) 

\ Cn Cn ' ill 



112 



SIYUL LEE ET AL 109-120 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



ON FOURTH-ORDER ITERATIVE METHODS FOR MULTIPLE ROOTS 



with 



Letting 



we have 



and thus from (22), 



hi 



3m — t 
m 2 (m — t) 



-3m 2 + 2t + m(-3 + At) 
112 ~ ' 2m 2 (m-t) 2 



— — -=u + v, u = (l ) 

f{xn) m 



Q 



f(Vn) 
f{Xn) 



e-n+i 



Q 



f(Vn) 
f{Xn) 



(3D 

(32) 
(33) 
(34) 



the error equation is derived, 



e n +i = (1 - 



m 



)e n +(^Q(u)-k 1 Q'(u)) C ^e 2 n 
\m / en 



(^Q(u)-k 2 Q'(u) 



C2 
CO 



CO 

m + 1 



Q(u) + k 3 Q'(u) + k±Q"{u)) 4") e 



with 



< 



fc 2 

/C4 



4(1 _ ±\m-l 

* 2 r (3m 2 -4mt + t 2 )(l- ^) m - 2 



* (-5m- 3m 2 + At + 4mt)(l - ^) m_2 



+ 0(4), (35) 



(36) 



2m 5 
t 4 



(1- -) 2 



If this error equation is to be e„ +1 = O(e^) regardless of c/s as assumed, it is necessary from the first 
three terms, though not sufficient, that 



Q{u) = m 
klQ >( u \ - QM 

k 2 Q'(u 



(37) 



2Q(u) 



It can be assumed that m ^ t, if so, yjf^j is identically zero in (30). However, substituting the first equation 
into the other two in (37), and equating about Q'(u) gives (m — t) 2 =0, which is apparently contradictory. 
This completes the proof. □ 

3. General results on the existing model 

Given the impossibility for (22) to achieve the fourth order of convergence, we focus on the other model 
(23) which uses f'(y n )/f'(%n) rather than f(y n )/f(x n )- We constitute Q as a quotient of two polynomials, 
the degree of which we limit to three, 

A + Bv + Cv 2 + Dv 3 
Q{V) = E + Fv + W+Hv* - (38) 
Note that this form of Q is the most general and ideal one in the sense of computational efficiency so that it 
does not include any transcendental or irrational functions. 
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To achieve the fourth order of convergence, the parameter t must satisfy (13) according to [10], whereas 
the function Q may be chosen arbitrarily within the conditions (14). However, (14) with (38) leads to a very 
complicated non-linear system of the parameters, making it impossible to be solved. The conditions for (23) 
and (38) to be of fourth order of convergence are presented in following theorem. 

Theorem 2. A multi-step iterative method defined by (23), (38), and (13) converges with at least fourth 
order into the root a off(x) — 0 with multiplicity m, if and only if 

A + n m ~ x B + ii 2m - 2 C + n 3m - 3 D -mE- m[i m - x F - mp 2m - 2 G - m^ 3m - 3 H, (39) 

m 2 A + n m (m 2 + 2m + 4)B + ^"^(m 2 + 2m + 8)C + ^ 3m ~ 2 (m 2 + 2m + 12) D 

- 4n m mF - 8/i 2m_1 mG - 12/j, 3m - 2 mH, (40) 

and 

m 4 {m + I) A + fj, m {m 5 + 3m 4 + 6m 3 + 4m 2 + 8m)B 

+ jjL 2m {m 5 + 5m 4 + 16m 3 + 28m 2 + 32m + 48) C 
+ ii* m - l {m 5 + 5m 4 + 20m 3 + 40m 2 + 48m + 96)£> - 4//™(m 4 + 2m 2 )F 

- 8n 2m (m 4 + 2m 3 + 2m 2 + 6m)G - 12/j 3m - 1 (m 4 + 2m 3 + 2m 2 + 8m) H, (41) 
all equal to zero, fi = m/(m + 2) is satisfied, and both sides of the fraction in (38) are not zero. 
Proof Refer to (24) through (28), and (13). Then, by 

fiVn) = f^Wimcoe™- 1 + (m + l) Cl e™ + (m + 2)c 2 e™ +1 + •••}, (42) 

we have 

v= £H = r- 1 - - V-*. + ( 4(m2 fV c ! - - V-) e « + • • • . («) 

J (x n ) m i c 0 V ra° Cq m J c 0 / 



v 2 = n 2m ~ 2 - A-^-^e, 
m 6 cq 



and 



v 3 = p 3 ™- 3 - ^ 3m - 2 ^e r 
m 6 cq 



/ 8(m 3 + 2m 2 + 2m + 6) 2m c\ 16 2ro _ lCa \ 2 

I m6 M c 2 c o r" + '"' ( j 



/l^^m 2 ^^ c|_ 24 

V m b eg m d c 0 / 



For the fourth order of convergence, 



n( fM. \ A + Bv + Cv 2 + Dv 3 4 



which is equivalent to (39), (40), and (41). 



□ 
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Note that (39), (40), and (41) are equivalent to some 3x8 linear system. For the simplest non-trivial 
solutions, we assume four parameters to be non-zero, and obtain a one-dimensional solution space, which 
indicates a unique multi-step method. By choosing different combinations of non-zero parameters, 53 meth- 
ods in total are derived, and their explicit formulae can be easily derived by solving the system. However, 
because we thought that it would not be wise to list them all, they are only denoted as abbreviations Ml 
through M53. In Section 4, explicit formulae for the best methods will be presented. 

Since E, F, G, H cannot all be zero, we classify the methods according to the first term of denominator. 
Those with a non-zero E are displayed in Table 1, according to non-zero parameters other than E. In Table 2 
are those with E = 0 but a non-zero F. Similarly, Table 3 and Table 4 show those with E = F = 0, G ^ 0 
and E = F = G = 0, H ^ 0. 



Parameters 


Methods 


Parameters 


Methods 


Parameters 


Methods 


A,B,C 


Ml (15) 


A,F,G 


M13 


B,G,H 


M25 


A,B,D 


M2 


A,F,H 


M14 


C,D,F 


M26 


A,B,F 


M3 (3) 


A,G,H 


M15 


C,D,G 


M27 


A,B,G 


M4 


B,C,D 


M16 


C,D,H 


M28 


A,B,H 


M5 


B,C,F 


M17 


C,F,G 


M29 


A,C,D 


M6 


B,C,G 


M18 


C,F,H 


M30 


A,C,F 


M7 


B,C,H 


M19 


C,G,H 


M31 


A,C,G 


M8 


B,D,F 


M20 


D,F,G 


M32 


A,C,H 


M9 


B,D,G 


M21 


D,F,H 


M33 


A,D,F 


M10 


B,D,H 


M22 


D,G,H 


M34 


A,D,G 


Mil 


B,F,G 


M23 






A,D,H 


M12 


B,F,H 


M24 






Fable 1 . Non-zero parameters besides E 


and corresponding iterative methods. 


Parameters 


Methods 


Parameters 


Methods 


Parameters 


Methods 


A,B,C 


M35 (16) 


A,C,D 


M39 


A,D,G 


M42 


A,B,D 


M36 


A,C,G 


M40 


A,D,H 


M43 


A,B,G 


M37 (4) 


A,C,H 


M41 


A,G,H 


M44 


A,B,H 


M38 











Table 2. Non-zero parameters besides E, F and corresponding iterative methods. 



Parameters 


Methods 


Parameters 


Methods 


Parameters 


Methods 


A,B,C 


M45 (8) 


A,B,H 


M47 


A,C,H 


M49 


A,B,D 


M46 


A,C,D 


M48 


A,D,H 


M50 



Parameters 


Methods 


Parameters 


Methods 


Parameters 


Methods 


A,B,C 


M51 


A,B,D 


M52 


A,C,D 


M53 



Table 4. Non-zero parameters besides E, F, G, H and corresponding iterative methods. 



4. Numerical comparisons 

As a result from the previous section, we have obtained 53 iterative methods among the family (23), 
(38), and (13), five of which were introduced previously. They are proven to achieve the highest existing 
efficiency index of 4 1 / 3 = 1.587. 

Now, we conduct numerical comparisons between all 53 methods to confirm their quality, and also figure 
out the best methods among the family. Displayed in Table 5 are the test functions used for root-finding, 
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their approximate roots with their multiplicities, and the initial values used for each function, fi (x) through 
fs{x) are chosen from [6], the others from [10] and [7]. 

Since all methods perform quite similarly with the same fourth order, the usual criterion for numerical 
comparisons between iterative methods, in which the number of iterations required for a certain level of 
tolerance are observed, does not reveal the quality of iterative methods significantly. Instead, we observe 
what level of convergence each method gains after a certain number of iterations. 



test function 


approx. root 


multiplicity 


initial 


value 


h{x) = {x A + 4x 2 - 10) a 
f 2 (x) = {sm 2 x-x 2 + l) 2 


1.36523 


m=3 


1 


2 


1.40449 


m=2 


2.5 


1 


f 3 (x) = (x 2 -e x -3x + 2f 


0.25753 


m=5 


1.5 


3 


fi{x) = (cosx — x) 3 


0.73909 


m=3 


1.7 


0.1 


f 5 (x) = ((x-lf-lf 


2.0 


m=6 


1.6 


4 


f 6 (x) — (In a; + ^fx - 5) 4 


8.30943 


m=4 


5 


10 


f 7 (x) = (e x +x- 20) 2 


2.84244 


m=2 


3.5 


2.5 



Table 5. Test functions, approximate roots, their multiplicities, and initial values used. 
Displayed in Table 6 are the minuses of the common logarithms of |/(x„)| after n iterations from the 
initial value, n's are chosen to enable fair comparisons using various functions, denoted on top of each Table 
in parenthesis. For each of the 53 methods, 14 different combinations of test functions and initial values as 
shown in Table 5 are applied, and they are averaged to obtain the overall quality. All computations were 
done using Mathematica. Note that some do not perform well with m = 2, the non-convergence denoted 
with *. 





AC*) 


(4) 


f2(x) 


(5) 


fs{x) 


(4) 


U{x) 


(4) 


methods 


XQ = 1 


x a = 2 


2.5 


1 


1.5 


3 


1.7 


0.1 


Ml (15) 


397 


385 


545 


389 


568 


268 


528 


341 


M2 


395 


383 


539 


385 


569 


268 


528 


340 


M3 (3) 


412 


406 


597 


420 


564 


285 


531 


347 


M4 


411 


404 


597 


420 


564 


282 


531 


347 


M5 


410 


402 


610 


428 


565 


279 


531 


346 


M6 


393 


380 


530 


380 


569 


267 


528 


339 


M7 


413 


407 


597 


420 


563 


288 


531 


347 


M8 


412 


405 


593 


417 


564 


284 


531 


347 


M9 


410 


403 


595 


418 


564 


281 


531 


346 


M10 


414 


409 


597 


420 


563 


292 


532 


348 


Mil 


412 


406 


589 


415 


563 


287 


531 


347 


M12 


411 


403 


* 


* 


564 


283 


531 


346 


M13 


409 


399 


597 


420 


576 


210 


530 


346 


M14 


410 


401 


597 


420 


575 


224 


531 


346 


M15 


410 


402 


592 


416 


575 


238 


531 


346 


M16 


389 


375 


514 


371 


570 


267 


527 


337 


M17 


415 


411 


609 


427 


563 


292 


532 


348 


M18 


413 


408 


601 


422 


563 


288 


531 


347 


M19 


412 


405 


599 


421 


564 


283 


531 


347 


M20 


417 


414 


615 


431 


562 


298 


532 


349 



Table 6. — log | f(x n ) | for each method, test function & initial value. 
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(4) 




(5) 


Mx) 


(4) 


Mx) 


(4) 


methods 


x 0 = l 


x 0 = 2 


2.5 


1 


1.5 


3 


1.7 


0.1 


M21 


414 


410 


602 


423 


563 


291 


532 


348 


M22 


412 


406 


595 


418 


564 


286 


531 


347 


M23 


406 


394 


* 


* 


579 


178 


530 


345 


M24 


408 


397 


603 


423 


578 


189 


530 


345 


M25 


408 


399 


600 


422 


577 


199 


530 


345 


M26 


420 


419 


639 


446 


562 


305 


533 


350 


M27 


417 


414 


618 


433 


562 


297 


532 


349 


M28 


414 


410 


605 


425 


563 


291 


532 


348 


M29 


402 


384 


579 


409 


583 


154 


529 


343 


M30 


404 


389 


594 


418 


581 


162 


529 


344 


M31 


405 


392 


* 


* 


580 


170 


530 


344 


M32 


396 


370 


539 


387 


587 


138 


527 


340 


M33 


399 


377 


562 


400 


586 


142 


528 


341 


M34 


400 


381 


573 


406 


584 


148 


529 


342 


M35 (16) 


403 


392 


568 


402 


567 


270 


529 


343 


M36 


402 


391 


564 


400 


567 


270 


529 


343 


M37 (4) 


411 


403 


597 


420 


564 


280 


531 


346 


M38 


410 


402 


619 


433 


565 


278 


531 


346 


M39 


400 


389 


558 


396 


568 


269 


529 


342 


M40 


411 


404 


591 


416 


564 


282 


531 


346 


M41 


410 


402 


595 


418 


565 


280 


531 


346 


M42 


411 


404 


587 


414 


564 


284 


531 


347 


M43 


410 


403 


* 


* 


564 


281 


531 


346 


M44 


410 


402 


589 


415 


574 


254 


531 


346 


M45 (8) 


407 


397 


581 


410 


566 


273 


530 


345 


M46 


406 


396 


579 


409 


566 


272 


530 


345 


M47 


410 


402 


230 


178 


565 


278 


531 


346 


M48 


405 


395 


576 


407 


567 


271 


530 


344 


M49 


410 


402 


597 


420 


565 


279 


531 


346 


M50 


410 


402 


* 


* 


564 


280 


531 


346 


M51 


409 


400 


588 


414 


566 


275 


531 


346 


M52 


408 


400 


586 


413 


566 


274 


530 


345 


M53 


408 


399 


586 


413 


566 


274 


530 


345 


Average 


407.9 


398.7 


579.4 


408.8 


568.5 


257.3 


530.3 


345.2 


Stdev. 


6.25 


10.4 


56.7 


36.9 


6.98 


46.0 


1.26 


2.60 



Table 6. (Continued) 
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h(x) 


(5) 


Mx) 


(3) 


f7(x) 


(4) 


Average 


methods 


xq = 1.6 


x a = 4 


5 


10 


3.5 


4.5 




Ml (15) 


305 


518 


251 


361 


244 


343 


389 


M2 


306 


517 


246 


356 


239 


336 


386 


M3 (3) 


302 


538 


294 


398 


294 


397 


413 


M4 


302 


536 


314 


413 


294 


397 


415 


M5 


303 


534 


361 


437 


315 


408 


423 


M6 


306 


515 


241 


350 


232 


327 


382 


M7 


301 


540 


283 


389 


294 


397 


412 


M8 


302 


537 


299 


402 


288 


393 


412 


M9 


302 


535 


327 


421 


291 


395 


416 


M10 


301 


542 


274 


381 


294 


397 


412 


Mil 


301 


539 


288 


393 


284 


389 


410 


M12 


302 


537 


310 


410 


* 


* 


410 


M13 


348 


441 


244 


363 


294 


397 


398 


M14 


344 


446 


250 


369 


294 


397 


400 


M15 


341 


449 


255 


374 


287 


391 


400 


M16 


306 


513 


235 


343 


222 


312 


377 


M17 


301 


542 


271 


379 


311 


410 


415 


M18 


301 


539 


284 


390 


299 


400 


413 


M19 


302 


537 


303 


405 


296 


398 


414 


M20 


300 


544 


262 


371 


321 


417 


417 


M21 


301 


541 


274 


381 


301 


402 


413 


M22 


302 


539 


290 


395 


291 


395 


412 


M23 


359 


428 


230 


350 


* 


* 


380 


M24 


355 


433 


236 


355 


302 


403 


397 


M25 


351 


437 


240 


360 


298 


400 


398 


M26 


299 


547 


253 


363 


375 


450 


426 


M27 


300 


544 


263 


372 


327 


420 


418 


M28 


301 


541 


276 


383 


306 


405 


414 


M29 


373 


413 


217 


337 


271 


383 


384 


M30 


368 


419 


222 


342 


289 


394 


390 


M31 


363 


424 


227 


346 


* 


* 


378 


M32 


391 


397 


205 


326 


230 


357 


371 


M33 


384 


403 


210 


330 


252 


371 


377 


M34 


378 


408 


214 


334 


264 


379 


381 


M35 (16) 


305 


523 


270 


384 


262 


367 


399 


M36 


305 


522 


265 


377 


259 


362 


397 


M37 (4) 


303 


535 


330 


423 


294 


397 


417 


M38 


303 


533 


401 


445 


337 


414 


430 


M39 


305 


520 


259 


370 


254 


356 


394 


M40 


302 


536 


312 


411 


286 


391 


413 



Table 6. (Continued) 
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h(x) 


(5) 


fe(x) 


(3) 


fr(x) 


(4) 


Average 


methods 


xq = 1.6 


x 0 = 4 


5 


10 


3.5 


4.5 




M41 


303 


534 


343 


429 


291 


395 


417 


M42 


302 


538 


299 


401 


282 


387 


411 


M43 


302 


536 


321 


417 


* 


* 


411 


M44 


339 


453 


258 


378 


283 


388 


401 


M45 (8) 


304 


526 


295 


414 


275 


381 


407 


M46 


304 


525 


288 


406 


272 


378 


406 


M47 


303 


532 


387 


457 


118 


209 


353 


M48 


305 


524 


281 


396 


270 


376 


403 


M49 


303 


533 


372 


440 


294 


397 


420 


M50 


303 


535 


338 


427 


* 


* 


413 


M51 


304 


528 


325 


467 


283 


389 


416 


M52 


304 


528 


319 


453 


280 


386 


414 


M53 


304 


527 


309 


435 


280 


386 


412 


Average 


317.0 


506.7 


281.5 


388.8 


281.5 


383.7 


403.5 


Stdev. 


26.6 


47.3 


45.2 


35.0 


36.7 


35.3 


15.8 



Table 6. (Continued) 
As a result, we obtain the best methods among the family. 



Rank. 


Methods 


Average 


Rank. 


Methods 


Average 


1 


M38 


429.7 


6 


M41 


417.2 


2 


M26 


425.7 


7 


M20 


416.6 


3 


M5 


423.4 


8 


M37 (4) 


416.6 


4 


M49 


420.5 


9 


M51 


415.9 


5 


M27 


417.7 


10 


M9 


415.8 



Table 7. The best methods 

From these results, we conclude M38 to be the best method among the family, followed by M26, M5, 
M49, and M27. Although all 53 methods perform fairly well with fourth order of convergence, the best 
method performs up to a few percents better than the average methods of the same order, the difference of 
which is statistically significant. The five selected methods are given as follows: 



X n +1 



m 2 ii m - 2 (m 2 - 6) - (24 - 20m - 10m 2 + 2m 3 + m 4 )v n 



(24 - 8m - 2m 2 + m 3 ) 1 - 



m 4 fi 2m v 2 



48 + 8m - 12m 2 + m 4 



rau r , 



(47) 



2 u m - 1 (48 + 16m + 8m 2 + 2m 3 + m 4 ) - (16 + 8m + 4m 2 + 2m 3 + m 4 )v„ 
x n+ i = x n + mu n v n x 



2Ai 3m-3( 8 + 8m + 6m 2 + m 3) _ 2 M 2m - 2 (24 + 12m + 8m 2 + m 3 )u„ 



(-16 - 8m - 4m 2 + 2m 3 + m 4 ) - m 2 ^ m (-8 + m 2 )v n 



2(24 -8m- 2m 2 +m 3 ) ( 1 
M 3m - 4 m : 



• 3m - 4 - 3 (m-2)- A1 Ii 



48 + 8m - 12m 2 + m 4 
24m - 12m 2 + 2m 3 + m 4 ) v 2 n 



4/i m (12 — 6m — m 2 + m 3 )w 2 — 4(m — l)m 2 t> 3 



(48) 
(49) 

(50) 
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where \x = m/(m + 2), u n = 




//™(24 + 12m + 6m 2 + 2m 3 + m 4 )v„ - m 2 (2 + m 2 )vl 

fi 3m - 4 m 3 - fi m (24 + 12m + 8m 2 + m 3 ) v 2 
= f(xn)/f{x n ), Vn = x n - 2[iu n , and v n = f (y n ) / f \x n ). 



•n 



(51) 
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The representations for the Drazin inverse of a sum of two 
matrices involving an idempotent matrix and applications 
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February 13, 2014 

Abstract 

In this paper, we study the Drazin inverse of P + Q, where P is idempotent, and derive additive for- 
mulas under condition PQ 2 = 0 or Q 2 P = 0. As its applications we establish some representations for 
the Drazin inverse of a class of block matrices with an idempotent subblock and under some conditions 
expressed in terms of the individual blocks. The results extend earlier work obtained by several authors. 

Keywords: Drazin inverse; Binomial coefficient; Block matrix; Idempotent matrix 

AMS(2000) Subject Classification: 15A09 

1 Introduction 

Throughout this paper, let C mx " denote the set of all m x n matrices over the complex field C. As we 
know, the Drazin inverse [1] of A € C mxm , denoted by A D , is the unique matrix satisfying the following 
three equations: 

A k A D A = A k , A D AA D = A D , AA D = A D A, 

where k = ind(A) is the index of A. If ind(A) = 1, then the Drazin inverse of A is reduced to the group 
inverse, denoted by A*. If ind(A) = 0, then A D = A -1 . In addition, we denote A 71 " = I — AA D , and define 
A 0 = I, where I is the identity matrix with proper sizes. 

The Drazin inverse is very useful, and the applications in singular differential or difference equations, 
Markov chains, cryptography, iterative method and numerical analysis can be found in [1, 2], respectively. 

Suppose P, Q G C mxm , such that PQ = QP = 0, then (P + Q) D = P D + Q D . This result was 
firstly proved by Drazin [7]. Hartwig, Wang and Wei [5] gave a formula for (P + Q) D under the one side 
condition PQ — 0. Castro-Gonzalez [8] derived a result under the conditions P D Q — 0, PQ D — 0 and 
Q^ PQP 77 = 0, and Mosic and Djordjevic [9] extended these results to the W-weight Drazin inverse on a 

* Corresponding author. E-mail address: liuxifu211@hotmail.com. 
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Banach space. In [10], Castro-Gonzalez et al. extended these results to the case P 2 Q = 0 and PQ 2 = 0, 
and some similar results were extended to a Banach algebra by Castro-Gonzalez and Martinez-Serrano 
[11]. For idempotent matrices P and Q on a Hilbert space, their Drazin inverses of sum and difference 
were established by Deng [12], with PQP = 0 or PQP = PQ or PQP = P satisfied. Recently, Liu et al. 
[13] gave the representations of the Drazin inverse of (P±Q) D with P 3 Q = QP and Q 3 P — PQ satisfied. 
Recently, Yang and Liu [21] offered a formula for (P + Q) D under conditions PQ 2 = 0 and PQP = 0. This 
result was generalized by Ljubisavljevic and Cvetkovic-llic [28]. Newly, Bu and Zhang [29] presented some 
improved results on this topic and also considered its applications in the Drazin inverse of block matrix. 
In addition, Rabanovich [27] showed that every square matrix is a linear combination of three idempotent 
matrices. Establishing the formula for the Drazin inverse of a linear combination of three idempotent 
matrices is very complicated. Simply, we can split each matrix as the sum of an idempotent matrix with 
another matrix which is a linear combination of two idempotent matrices. 



D are square complex matrices but need not to be the same size. This problem was first proposed by 
Campbell and Meyer [2], and is quite complicated. To the best of our knowledge, there was no explicit 
formula for the Drazin inverse of M. However, some special cases have been considered, which can be 
found in [3, 6, 10, 14-26, 30]. Since the square matrix A can be written as a linear combination of three 
idempotent matrices, therefore, some authors focused their attention on the case A 2 = A, for example, 



(1) A = B = I, D = 0 (see [6]); 

(2) A = I, D = 0 (see [3]); 

(3) B = A = A 2 ,D = 0 (see [22]); 

(4) A 2 = A, D = 0 and AB = B (see [22]); 

(5) A = I, D = UV and BU = 0 (or VC = 0) (see [3]). 



The results referred above were deduced by a series complicated operations involving block matrices. In 
this paper, based on the existed results, we adopt another method to derive some more general conclusions. 
It is clear that the case (5) in above implies that BD — 0 (or DC = 0). In fact, the block matrix M can 
be split as the sum of two matrices involving an idempotent matrix under the cases (l)-(5). For example, 



we have P 2 = P, PQ 2 = 0. Observe that the condition BD = 0 is just sufficient, not necessary, and can 
be replaced by BDC = 0 and BD 2 = 0. 



Related topic is to establish a representation of the Drazin inverse of M = 




if A = I and BD = 0, we can split M as M = P + Q, where P = 




122 



Xifu Liu 121-137 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

Liu: THE REPRESENTATIONS FOR THE DRAZIN INVERSE 3 



Hence, according to the above analysis, when P is idempotent, investigating the representation for the 
Drazin inverse of P + Q under the assumption PQ 2 = 0 is very significative. 

Next we recall some properties of the Drazin inverse of a square matrix A. Suppose that A has the 
Jordan decomposition 

where P and ^ are nonsingular matrices, and TV is nilpotcnt matrix. Then by definition we have 

A D = P ^ ^ Q ^P- 1 , and md(N) = ind(A) = fc. 

For convenience, throughout this paper, for integers n and k we denote C(n, k) the binomial coefficient 
(k). We will make use of the following well known identities involving binomial coefficients: C(n,k) = 
C(n- l,k) + C(n- l.jfc- 1), C(n,k) = C(n,n-k), C(-l,k) = (-l) k C{l + k - 1, fc). 

Let E e C mxm , ind(i?) = r, the following sequences of matrices will be used in this article: 

r-1 

Y E {k) = (-l)^(fc + 2i, i)E l E\ k > -1; (1.1) 

i=0 
s(k) 

X E {k) = J2 (- 1 )' CC '( fc - *. i)(E D ) k -\ k^Oand X E (-1) = 0; (1.2) 
Z E (k) = X E (k)E D + Y E (k + 1), fc > -1; (1.3) 

s(k) 

U E {k) = ^C{k-i,i)E\k^ 0 and U E (-1) = 0; (1.4) 

i=0 

T E (k)=Y E (k)E k ,k^0; (1.5) 

where s(k) is the integer part of fc/2. 

This paper is organized as follows. In section 2, we will introduce some lemmas and deduce some 
auxiliary conclusions. In section 3, we derive representations for (P + Q) D under condition PQ 2 — 0 or 
Q 2 P = 0, when P is idempotent. Since the formula of (P + Q) D is very meaningful in establishing the 
expressions of the Drazin inverse of a 2 x 2 block matrix. Therefore, in section 4, we apply our results to 
establish the representations of the Drazin inverse of a 2 x 2 block matrix. 

2 Some lemmas 

In order to establish the expression of the Drazin inverse of (P + Q) D , in this section, we will make 
preparations for the further development. To this end, we will present some known results and prove some 
auxiliary conclusions. 

Proposition 2.1. Let E G C mxm with ind(E) = r. 
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(1) The sequence (1.1) has the property 

Y E {k - 1) - Y E {k) = Y E (k + l)E, k^O. 

(2) The sequence (1.3) has the property 

Z E {k) + Z E (k + l)E = Z E (k - 1), k > 0. 

(3) The sequence (1.4) has the property 

U E (k) - U E (k - 1) = U E (k - 2)E, k ^ 1. 

(4) The sequence (1.5) has the property 

T E (k - l)E - T E {k) = Y E (k + l),k> 1. 

Proof. Since EE'* is r-nilpotent, it follows from [3, Lemma 3.1] that the statement (1) is evident. The 
statement (3) is given by [3, Lemma 3.8]. The statement (4) follows from (1). And by [3, Lemma 3.3] it 
follows that 

X E (k - 1)E D - X E {k)E D = X E (k + 1), k > 0. 
Then according to (1) we get 

Z E (k) + Z E (k + l)E = X E {k)E D + Y E (k + l)+X E (k + l)E D E + Y E (k + 2)E 



[X E (k)E +X E (k + 1)] + [Y E (k + l) + Y E (k + 2)E] 
X E (k-l)E D + Y E {k) 



Z E {k-l). 



Hence, the proof is complete. □ 
Lemma 2.1. Let F = ( L, { ) 



where E G C mxm 



with ind(E) = r. Then, for all k > 1 




(2.1) 



where Z E {k) is given by (1.3). 



Proof. According to [6, Theorem 3.3], it is evident that 




Z E (-1) Z E (0) 
Z E (0)E Z E (1)E 



Ye(0) 
EE D +EY E (1) 



E D +Y E (1) 
Y E (2)E-E L 



) 
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On the other hand, for all k > 2, by [3, Theorem 3.5] it follows that 



D\k 



{F u ) 



X E (k-2)E D X E (k-l)E D 
X E (k-l) X E (k) 

Z E (k-2) Z E {k-l) 
Z E (k-l)E Z E (k)E 



+ 



Y E (k-l) Y E (k) 
Y E {k)E Y E (k + l)E 



Hence, (2.1) holds for any k ^ 1. □ 



Similarly, we can deduce the following result 
/ E 
I 0 



Lemma 2.2. Let F = 



where E <E C mxm with ind(P) = r. Then, for all k ^ 1 
{F D ) k -- 



Z E (k-2) Z E (k-l)E 
Z E (k-l) Z E (k)E 



(2.2) 



where Z E (k) is given by (1.3). 
Lemma 2.3. ([4]) Let Mi = 







1 , M 2 = | 








I) 


o 


5 



where A and B are square matrices with 



ind(A) = r and ind(P) = s, respectively. Then max{r, s} ^ ind(Mj) ^ r + s, i = 1, 2, and 



Mf = 



^ 0 
X P D 



Mf = 



P 13 X 
0 A D 



where X = (B D ) 2 [J2 (B D ) i C'A i ]A 7T + B n [%2 B i C(A D ) i ](A D ) 2 - B D CA D . 

i=0 i=0 

Lemma 2.4. ([5]) Let P, Q e C mxm , with ind(P) = r and ind(Q) = s. If PQ = 0, then 



s-1 



Lemma 2.5. Let M 

all k>l, 



(p + Q) D = Q 7T J2 Q l i pD ) l+1 + Yl {Q D ) i+1 P i P 7 '- 

2 = 0 1=0 

^ P Q Q ) , where P, Q e C mxm , with P 2 = P and ind(PQP) = r. Then, for 



(M 



+ 



Moreover, 



M % 



Z PQP {k-2) Z PQP {k-l)PQP 
Zp Q p(k-l) Z PQP {k)PQP 

ZpQp(k) Zp Q p(k-l) 

Z PQP (k+l) Zp Q p(k) 



T PQP (1) -T PQP {0)PQ 
-T PQP (0)P Yp Q p(-1) 

Z PQP (0)PQP* - P w 



PQP 7 " 0 
0 PQP* 



(2.3) 



0 



z pqp (i)pqp- zp Q p(o)pqp* 

where YpQp(k) and ZpQp(k) are given by (1.2) and (1.3) with E = PQP respectively. 
Proof. Since P is idempotent, without loss of generality, suppose P can be partitioned as 

/ 0 
0 0 



(2.4) 
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and 



Q = 



be partitioned conformably with P. Hence, 



M = 



(I 0 Qi Q 2 \ 

0 0 0 0 

7 0 0 0 

V o i o o / 



Qi Q.2 
Qd, Qi 



I I 0 0 0 \ 

0 0 7 0 

0 7 0 0 

V o o o i j 



M 



( I 0 0 0 \ 

0 0/0 
0/00 

\ o o o / / 



and, for all k ^ 1, 



(M D ) k = 



( I 0 0 0 \ 

0 0 / 0 
0/00 

y o o o / J 



{M D ) k 



where 





/ 1 


Qi 


0 


Q 2 


\ 


M = 


I 


0 


0 


0 


0 


0 


0 


0 






V o 


0 


/ 


0 


1 


I Qi 


)• 


D 


■( 


0 


Qi 


I 0 






0 


0 



/ / 0 0 0 \ 

0 0 / 0 
0/00 

V o o o / j 



A B 
0 D 



By Lemma 2.3, we get 



D\k 



(M ) 



(A D ) k 
0 



D 



(A D ) k+1 B + (A D ) k+2 BD 
0 



0 0 
/ 0 



After applying Lemma 2.2, we have 

f Z Ql (k-2) Z Ql (k-l)Q! Z Ql (k)Q 2 Z Ql (k-l)Q 2 \ 

{M D ) k = 



Z Ql (k-l) Z Ql (k)Q x Z Ql (k + l)Q 2 Z Ql (k)Q 2 



V 



/ 



Substituting (2.7) in (2.6) produces (2.3). 
A simple computation shows that 



(2.5) 



(2.6) 



(2.7) 



AT = / - M D M 
= I- 



ZpQp(-l)P + Z PQ p(0)PQP Z PQP {-l)PQ 

Z PQP {Q)P + Zp QP {\)PQP Z PQP (0)PQ 

r PQP (i) ~r PQP (o)PQ 

-T PQ p(0)P Yp Q p(-l) 



Z PQP (0)PQP* 0 
Zpqp(1)PQP* 0 

Z PQP (0)PQP* - P« 0 N 

Zpqp{\)PQP« Z PQP (0)PQP* 



Lemma 2.6. let M = 



So, from the above computations, we get the statements of this lemma. □ 

P j P q ) whore P. Q E ^'" x "' • >1 

all k ^ 2, 

M k^( Up Q p(k-l)P + Up QP (k-2)PQ UyqAk- \ )PQ 



Up QP (k - 2)P + Up QP (k - 3)PQ U PQP (k - 2)PQ 



with P 2 = P and ind(PQP) = r. Then, for 

(2.8) 
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and consequently, 

M k M*-(-U k { - T PQp( k )+ T PQp( k - 1 ) p Q -FpQp(k)PQ \ , . 

[ ' {r PQP (k-l)-T PQP (k-2)PQ T PQP {k-l)PQ ) ' [Z ^> 

where U P Q P (k) and T P Q P (k) are given by (1.4) and (1.5) with E = PQP respectively. 

Proof. Trivially (2.8) is valid for k = 2. Assume that the statement (2.8) is true for k (k ^ 2), then by 

Proposition 2.1 (3), we compute 

M k+i ( U PQP (k-l)P + U PQP (k-2)PQ U PQP (k-l)PQ \ ( P PQ 

1 U PQP (k-2)P + U PQP {k-3)PQ U PQP (k-2)PQ ) \ I 0 

U PQP {k)P + U PQP (k - l)PQ U PQP {k)PQ 
Up QP (k - l)P + U PQP (k - 2)PQ U PQP {k - 1)PQ 

Namely (2.8) holds for k + 1. By mathematical induction (2.8) is true for all k > 2. 
On the other hand, 

M k M 7r = M k - M D M k+1 

— Af fe _ ( Z P Q P \ — l) Z P Q P (0)PQP \ k+1 

\ Z PQP (0) Z PQP (1)PQP J 

M k_( Y PQP (0) PQP(PQP) D + Y PQP (1)PQP \ fc+1 

{ (PQP) D + Y PQP (1) Y PQP (2)PQP - (PQP) D ) M 

= M k - (S + T)M k+1 , (2.11) 



where 



9 . , 0 _ PQP{PQP) D \ rr _[Y PQP (0) Y PQP (l)PQP 



(PQP) V -(PQP) U J ' V YpqpW Y pqp (2)PQP 

It is easy to show that 



SM k+1 = 



( U PQP (k-l)(PQP) D PQP jt fu 1WD ^ DU?D ^\ 

D 

U PQP (k-2)(PQP) D PQP 



Upnpik - l)(PQP) D PQPQ 
-U PQP (k-2)(PQP) D PQPQ PQPK >y - ' 



\ +U PQP (k-3)(PQP) n PQPQ 



n U PQP (k - 2){PQP) D PQPQ 



and 



where 



fc+ i _ [ *i(fe-l) + *i(fc-2)PQ $i(fc-l)PQ 



TM - , 

' $ 2 (fc-l) + $ 2 (fc-2)PQ $ 2 (fc-l)PQ 



= Y PQP {Q)U PQP {k + l) + Y PQP {l)U PQP {k)PQP, 

* 2 (*0 - ypQp(i)c/pQp(fc + i) + rpQp(2)[/ P Qp(A : )P0P. 

In [3, Theorem 3.9] it is shown that 

$i(fc) - u PQP (k)(PQpy + (-i) fe+1 yp Q p(fc + i)(pgp) fe+1 . 



(2.10) 



(2.12) 
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Analogous to the proof of [3, Theorem 3.9], we can show that <&2(&) = 3>i(fc — 1). 
Therefore, 

TM k+i ( U PQP {k-l){PQPy + U PQP {k-2){PQPyPQ U PQP (k-l)(PQPyQ 
\ Up Q p(k-2)(PQPy + Up Q p(k-S)(PQPyPQ U P Qp{k-2)[PQPYQ 

, ( _^kf r PQP (k)-T PQP (k-l)PQ T PQP {k)PQ \ 

+ ( ' \ -T PQP (k-l)+T PQP (k-2)PQ -T PQP (k-l)PQ )■ ^ L *> 

Combining (2.11), (2.12) and (2.13) gives (2.9). □ 



Similarly, we state the symmetrical formulations of Lemma 2.5 and Lemma 2.6. 
P I 
QP 0 



Lemma 2.7. Let M = I ^ [ ) , where P, Q e C mxm , with P 2 = P and ind(PQP) = r. Then, for 



all k>l, 



{M u f 



D^k _ ( Z P Qp(k-2) Zp Q p(k-l) 



PQPZ PQP {k - 1) PQPZ PQP (k) 
P*QP 0 \f Z PQP (k) Z PQP (k + l) 



! 0 P*QP )\Z PQP {k-l) Z PQP (k) 



Moreover, 



M n = ( T PQP {\) -PT PQP (0) \_f P«QPZ PQP (0)-P* P*QPZ PQP (l) 
\ -QPT PQP (0) Yp QP (-l) J \ 0 P*QPZ PQP (0) 

where Y P Q P {k) and Z P Q P (k) are given by (1.1) and (1.3) with E = PQP respectively. 

Lemma 2.8. Let M = ^ ^ p T Q ^, where P, Q E C mxm , with P 2 = P and ind(PQP) = r. Then, for 



all k > 2, 



k= PUp QP (k - 1) + QPU PQP (k - 2) PU PQP (k - 2) + QPU PQP (k - 3) 
' QPU PQP (k-l) QPU PQP (k-2) 



and consequently, 

where U P Q P (k) and T P Q P (k) are given by (1.4) and (1.5) with E = PQP respectively. 



rpqp(fc) + QPT PQP (k - 1) T PQP (k - 1) - QPT PQP (k - 2) 
-QPT PQP {k) QPT PQP (k-l) 



3 Main results 

Based on the auxiliary conclusions presented in previous section, next, we derive the formula for the 
Drazin inverse of P + Q under the assumptions P 2 = P and PQ 2 = 0. 
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Theorem 3.1. Let P, Q G C mxm , such that P 2 = P and md(PQP) = r, ind(Q) = s. If PQ 2 = 0, then 

s-l 

(P + Q) D = Q 7r Y,Q k i z PQp( k - 1 ) p + z PQp( k + 1 ) p Q p ^ 



k=0 
r-1 



X! (-i) fe (Q D ) fc+2 [rp Q p(fc + 1) - r PQP (fc)PQ] 



fc=0 



+Q D [r PQ p(l) + P" - Zp QP (Q)PQP*}, (3.1) 

where Y P Q P (k), Z P Q P (k) and T P Q P (k) are given by (1.1), (1.3) and (1.5) with E = PQP respectively. 
Proof. Using the fact (AB) D = A((BA) D ) 2 B, we have 

(p + o) D -((/ Q)( P I )) D -C Q)(( P j ?)")'(?)■ <3 ' 2) 

Denote ^ ^ P ® ^ = M, and rewrite M as M = G + F, where G = ^ ^ ^ j and F = ^ ° 
Since PQ 2 = 0, thus GF = 0. So from Lemma 2.4, it follows that 

s-l t-1 

(M D ) 2 = F v F k {G D ) k+2 + (F D ) k+2 G k G 7r — F D G D 



fe=0 fc=0 
s-l t-1 



= pi* F k (G D ) k+2 + (F D ) k+2 G k G 7r 

fc=0 k=2 

+ (F D ) 2 G 1T + (F D ) 3 GG 1T - F D G D , (3.3) 



where t = ind(G). 

Furthermore, we have 
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Applying Proposition 2.1, Lemma 2.5 and Lemma 2.6, combining (3.2), (3.3) and (3.4), we compute 

s-1 



( / Q ) F *Y^F k {G D ) k+2 ( P j) = Z PQP (-l)P + Z PQP (l)PQP* 
k=o ^ ' 

Q k+1 [Zp Q p(k)P + Z PQP (k + 2)PQP*}, 

k=0 

(i Q)Y^(F D ) k+2 G k G*( P ) = j2(-i) k (Q D ) k+1 l-rpQp(k) + r PQP (k-i)PQ], 

k=2 ^ ' k=2 

( I Q ) (F D ) 3 GG n ^ P ) = (Q D ) 2 [-r PQP (0)P + Y PQP (-l)P ~T PQP (0)PQ] 

= (Q D ) 2 [-Y PQP (0)P + Yp QP (-l)P - T PQP (Q)PQ} 

= (Q D ) 2 [T PQP (l)-r PQP (0)PQ} 7 

( / Q ){F D fG*(^ j ) = Q D lT PQP (l) + P* - Z PQP (0)PQP% 

( / Q )F D G D (^ j ) = QQ D [Zpqp(0)P + Z PQP (1)PQP + Z PQP (1)PQP*} 

= QQ D [Z PQP (-l)P + Z PQP (l)PQP*}. 

By substituting the above computations in (3.2) and rearranging terms we obtain 

s-2 

(P + Q) D = QT J2 Q k+1 [Zp Q p(k)P + Z PQP (k + 2)PQP^ 



k=-i 



+ ]T (-i) k (Q D ) k+1 [-r PQP (k) + r PQP (k - i)pq] 



fe=i 

+Q D [Y PQP (-l) -T PQP (0)P - Z PQP (0)PQP*}. 

Therefore, (3.1) is evident. □ 

Specially, if PQP = 0, then we have the following result which can also be deduced by [21, Theorem 
2.1]. 

Corollary 3.1. Let P, Q e C mxm , such that P 2 = P and ind(Q) = s. If PQ 2 = 0 and PQP = 0, then 

s-1 

(p + q) d = Q"Y1 Q k ( p + p Q) + Q Dp7T - Q Dp Q - (Q D ) 2p Q- 

fc=0 

Similarly, we state the symmetrical formulation of Theorem 3.1. 
Theorem 3.2. Let F,Qe c* mxm , such that P 2 = P and ind(PQP) = r, ind(Q) = s. If Q 2 P = 0, then 

s-1 

(P + Q) D = Y,[PZ PQP (k-l) + P*QPZ PQP (k + l)]Q k Q* 

k=0 
r-1 

\k+2 



+ (-l) k {T P Qp(k + 1) - QPY PQP {k)](Q D f 

k=0 

+[T PQP (1) + P*- P*QPZ PQP (0)}Q D , 
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where YpQp(k), ZpQp(k) and TpQp(k) are given by (1.1), (1.3) and (1.5) with E = PQP respectively. 
Proof. Since P + Q can also be expressed as 

P + Q=(P O(q)- 

Hence, 

< P + « D = <^ '>(U q) D )\q)- 

Let M = ^ Qp q ^ . Consider the splitting M = G + F, where G = ^ jj g ^ and F = ^ ^ ^ . 

Since Q 2 P = 0, thus GF = 0. Using Lemma 2.4, Lemma 2.7 and Lemma 2.8, this result may be proved 
in much the same way as Theorem 3.1. Hence, we omit the details. □ 
As a special case of Theorem 3.2, we can deduce the following result. 
Corollary 3.2. Let P, Q e C mxm , such that P 2 = P and ind(Q) = s. If Q 2 P = 0 and PQP = 0, then 

s-1 

(p + Q) D = J2( p + QP)Q k Q 7T + p*Q d - QPQ D - QP(Q D ) 2 - 

k=0 

4 Applications 

Consider the block matrix 

M — I 

, C D 

where A and D are square complex matrices but need not to be the same size. In the following, we 
illustrate some applications of our results obtained in the previous section to establish representations for 
M D under some conditions, which extend some results in the literature, especially those in [3, 6, 22]. 
Theorem 4.1. Let M be a given matrix of form (4.1), such that A 2 = A with md(BCA) = r and 
ind(L>) = s. If AB = B, BDC = 0 and BD 2 = 0, then 



M=(n n )• (4.1) 



M = 



Zbca(0)A + Z BCA {l)BC Z BCA (0)B + Z BCA (1)BD 

-D D C[Z BCA (0)A + Z BCA (l)BC] -D D C[Z BCA (0)B + Z BCA (l)BD] 

+ Vf ° 0\(z BCA (k)A + Z BCA (k + l)BC J BC ^f* 

+ 2^\ D v D k - x C 0 I Z BCA {k + l)BD 

k=i y 7 V o o 

,f ( i)*/ 0 o\(r BCA (k + i)-r BCA (k)BC VB v CA{k ^i B n 

+ Z^(~ L > { (D D ) k+3 C 0 / -T BCA {k)BD 
k=0 v v ' J \ 0 0 

, x / T BCA (1) + A* T BCA {l)B-B- \ 

+ ( (D D ) 2 C D D ) ( -Zbca{Q)BCA* Z BCA (0)(BD-BCB) I , (4.2) 



131 



Xifu Liu 121-137 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

Liu: THE REPRESENTATIONS FOR THE DRAZIN INVERSE 12 



where Z B c A (k) and T B c A (k) are given by (1.3) and (1.5) with E = BCA respectively. 

Proof. Consider the splitting of matrix M = P + Q, where P = ^ ^ ^ ^ and Q — ^ ^ ^ 

According to the assumptions, we have P 2 = P and PQ 2 = 0. From Theorem 3.1 it follows that 

s 

M D = (P + Q) D = Q*Y,Q k l Z PQp( k - 1 ) P + Z PQp( k + 1 ) P Q pn ] 

k=0 



+ J2(-i) k (Q D ) k+2 [rp QP (k + 1) - r PQP (k)PQ} 



k=0 



+Q D [r PQP (i) + P n - z pqp (o)pqf"]. 



(4-3) 



Further, we can compute 

Q D 

Q 7 * 

Y PQP (n) 

X PQP (n)(PQP) D 
Z P Q P {n) 



0 0 

(D D ) 2 C D D 

1 0 

-D D C 

Y BC A{n) Y BCA {n)B-B 
0 I 

Tbca{ti) T BC A{n)B 
0 0 

X BCA (n){BCA) D X BCA {n)(BCA) D B 
0 0 

Z BCA {n) Z BCA {n)B-B 
0 / 



n > 1; 



By substituting the above comutations in (4.3) the formula (4.2) readily follows. □ 

Applying Theorem 3.2, similar as in Theorem 4.1, we get the following result. 
Theorem 4.2. Let M be a given matrix of form (4.1), such that A 2 = A with ind(_BCA) = r and 
ind(D) = s. If AB = B and DC A = 0, then 



M 1 



AZ BCA (0) Z BCA (0)B 
CAZ BCA (1) CZ BCA {l)B 



0 



Z BCA {k)B 



V 0 CZ BCA {k + l)B 

k=l 



■£(-*) 



k=0 



0 T BCA {k+l)B 
0 -CT BCA (fc)B 



+ 



0 2T BCA (l)B-B(BCAY 
0 7-CZ BCj4 (0)5 



/ 0 

-D D C D* 

0 0 

D -K D k-\ C D K D k 



0 0 

{D D ) k+3 C (D D ) k + 2 

0 0 

p 13 ) 2 ^ D D 



where Z B c A (k) and r^c^^) are given by (1.3) and (1.5) with E = BCA respectively. 

The following special cases can be deduced by Theorem 4.1 immediately. 
Corollary 4.1. Let M be a given matrix of form (4.1), such that A = I with ind(BC) = r and ind(D) = s. 
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If DC = 0, then 

CZnn(Q') CZnn(l)BD* + Z^ 



d _ ( Z BC (-l) Z BC {0)BD* \ f /0 Z BC {k)BD*D k 



CZ BC (0) CZ BC {l)BD* ) T ^ 1 0 CZ BC (k + l)BD«D k 

k=l 



•i; (-!)*( 

z — n V 



0 r BC (fc + l)B(^) fe + 2 \ / 0 [2r BC (l)B - B{BCy]D D 

o -cr B c(fc)s(^) fe+2 J + I o [/-cz BC (o)i?]^ 



fe=0 

where Z B c(k) and rBc(^) are given by (1.3) and (1.5) with £ = £>C respectively. 

Corollary 4.2. ([22]) Let M be a given matrix of form (4.1), such that A 2 = A and D = 0 with 
ind(BCA) = r. If AB = B, then 

m d = ( AZ BCA (0) + Z BCA (l)BC Z BCA (0)B 



CAZ BCA (1) + CZ BCA (2)BC CZ BCA (1)B 
where Z B c A (k) is given by (1.3) with E = BCA. 

Corollary 4.3. ([22]) Let M be a given matrix of form (4.1), such that B = A = A 2 and D = 0 with 
md(ACA) = r. Then 



M 



AZ ACA (0) + Z ACA {\)AC Z ACA (0)A 
CAZ ACA {\) + CZ ACA (2)AC CZ ACA {l)A 



where Z A c A (k) is given by (1.3) with E = AC A. 

Next, we consider another splitting of block matrix M and present some alternative results. 
Theorem 4.3. Let M be a given matrix of form (4.1), such that A 2 = A with ind(A_BC) = r and 
ind(D) = s. liCA^C and ABD = 0, then 



M 1 



I -BD D \ ( Z ABC (0)A Z ABC {\)AB 

0 D* )\ CZ ABC (0) CZ ABC (\)B 

A ( 0 BD^D* \ ( 0 0 

fe=i 



+ g ( 1)fe (o %V +2 )( 



0 0 

CT ABC {k + l) -CT ABC (k)B 



k=0 

0 B(D D ) 2 \f 0 0 

0 D D ) { 2CT ABC {l)-C{ABCy I-CZ ABC (0)B 

where Z AB c(k) and T AB c{k) are given by (1.3) and (1.5) with E — ABC respectively. 

As consequence of above theorem we point out the following result of interest. 
Corollary 4.4. Let M be a given matrix of form (4.1), such that A = I with ind(_BC) = r and ind(D) = s. 
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If BD = 0, then 



m d ( Z BC (-1) Z BC (0)B \ v / 0 0 

\D"CZ B c(0) D"CZ BC {1)B + D k D*CZ BC (k) D k D*CZ BC (k + 1)B 



fc=i 



+ E< l ) k ( (D D ) k + 2 CT BC (k + l) -(D D ) k+2 CT BC {k)B 

k=Q 



+ 



0 0 

D D [2CT BC {1) - C{BCy\ D D - D D CZ BC (0)B 



where Z B c(k) and T B c(k) are given by (1.3) and (1.5) with E = BC respectively. 

Theorem 4.4. Let M be a given matrix of form (4.1), such that A 2 = A with ind(ABC) = r. If CA = C, 
BDC = 0 and D 2 C = 0, then 

m d ( AZ ABC (0) + BCZ ABC (l) -[AZ ABC (0) + BCZ ABC (1)]BD D 



CZ ABC (0) + DCZ ABC (l) -[CZ ABC (0) + DCZ ABC {l)]BD D 

0 [AZ ABC {k) + BCZ ABC {k + \)\BD k - x D* 
0 [CZ ABC {k) + DCZ ABC {k + l)]BD k - l D« 



•E 

fc=i 



,y^-i^f 0 [rWfc + i)-5cr ABC (fc)]B(Z) c ) fe + 3 \ 

Si V° [CTabc^ + 1) — DCT ABC (k)]B(D D ) k+3 J 

, f r ABC (l) + A- - A-BCZ ABC (0) 0 WO B(D D ) 2 
\ CT ABC (l) -C-(DC- CBC)Z ABC (0) I J\ 0 £ D 

where Z AB c(k) and r^sc^) are given by (1.3) and (1.5) with _E = ABC respectively. 

The following results are straightforward applications of Theorem 4.4. 

Corollary 4.5. ([3]) Let M be a given matrix of form (4.1), such that A = I, D = 0, with ind(BC) = r. 

Then 

m d = ( Z BC (-l) Z BC (0)B 



CZ BC (0) CZ BC (l)B 
where Z B c(k) is given by (1.3) with E = BC. 

Corollary 4.6. Let M be a given matrix of form (4.1), such that A 2 — A and D = 0, with ind(^4BC) = r. 
If CA = C, then 

D _ / AZ ABC (0) + BCZ ABC (\) AZ ABC (l)B + BCZ ABC (2)B \ 
\ CZ ABC (0) CZ ABC (l)B )> 

where Z AB c(k) is given by (1.3) with E = ABC. 

Remark: The condition AB = B (or CA = C) in the above results can also be weakened by CA*B = 0, 
in this case, by Lemma 2.4, we can deduce the representations of M D by a similar approach. For example, 
we can split M as M = P + Q, where P = ^ ^ ^ and Q = ^ q ) ' ^ ncc A 2 = A and 

Ci'B = 0, therefore PQ = 0 and Q 2 = 0. Hence 

M D = P D + Q(P D ) 2 , 
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where P D can be computed by Theorem 4.1 or Theorem 4.2. 

Acknowledgements: The author of this paper is supported by the National Natural Science Foun- 
dation of China (Grant No. 11201507, 11326139). 
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Abstract 

By the potential theory, Steklov eigenvalue problems of Laplace equation on polygon 
are converted into boundary integral equations(BIEs). In this paper, the singularities 
at corners and in the integral kernels are studied to obtain five order approximate 
solution. Firstly,a sin transformation is used to deal with the boundary condition. 
Secondly, a Sidi's quadrature formula is introduced to approximate the logarithmic 
singularity integral operator with 0(h 3 ) approximate accuracy order. Then a similar 
approximate equation is also constructed for the logarithmic singular operator, which 
is based on coarse grid with mesh width 2h. So an extrapolation algorithm is applied 
to approximate the logarithmic operator and the accuracy order is improved to 0(h 5 ). 
Moreover, the accuracy order is based on fine grid h. Furthermore, an asymptotic 
expansion with odd powers of the errors is presented with convergence rate 0(h 6 ). The 
efficiency of the algorithms is illustrated by the example. 

Keywords:Laplace's equation, mechanical quadrature method, singularity, eigenvalue 
2000 MSC: 65N25, 65N38 



1 Introduction 

The Steklov eigenvalue problems' 1,2 ! of Laplace equation on polygon are defined as follows: 

Ait = 0, in ft, 

du (1) 
— = Aw, on T, 
on 

where fl C R 2 is a bounded, simply connected domain with a piecewise smooth boundary T 
and T(= U^ =l r m ) is a closed curve, d/{dn) is an outward normal derivative on T, and A is 
an eigenvalue. 

The problem arises from many applications, e.g. the free membranes and heat flow prob- 
lems, the analysis of stability of mechanical oscillators, and the study of vibration modes of a 
structure interaction. Andreev and Todorov' 3 !, Armentano and Padra' 4 ' and Hadjesfandiari 
and DargustJ 5 ] studied finite element methods and carried out the error estimation. Liu and 
Ortiz' 6 ! provided finite difference methods and Tao-methods. Tang, Guan and Han' 7 ! derived 
boundary element methods for smooth boundary T and the accuracy orders of their approxi- 
mation are 0(h 2 ). Huang and Lu' 8 l constructed the mechanical quadrature methods (MQMs) 
with the accuracy orders 0(h 3 ) for smooth boundary T. 



*Project is supported by the national natural science foundation of China (11271389), and is supported by 
natural science foundation project of CQ (CSTC2013JCYJA00017, CSTC2011AC6104, CSTC2010BB8270) 
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By means of the potential theory, Eq.(l) will be transformed into general eigenvalue 
problems of boundary integral equations (BIEs) as follow! 9 ' 10 ' 11 ! : 

/f Ou(x) 
k*(y,x)u(x)ds x = j h*(y,x) — ds x , t/eT,, (2) 

where = 6(y)/(2n) is related to the interior angle 6{y) of il at y £ F i7 especially 

when y is on a smooth part of the boundary F, a^y) = 1/2, h*(y,x) = — l/(27r)lnr is the 
fundamental solution and k*{y,x) — dh*(y,x)/dn x with r = \x — y\. 

The k*(y,x) is a smooth integral kernel and h*(y,x) is a logarithmic singular kernel 
in Eq.(2), moreover, du/dn is discontinuous with singularity at the corners. Quadrature 
method! 12 ' 13 ! is presented for solving the boundary integral equation, where the generation of 
the discrete matrixes does not require any calculations of singular integrals. The logarithmic 
integral kernel is approximated by extrapolation algorithms derived from Sidi's quadrature 
rule. An asymptotic expansion! 14 ' 15 ! about the error is obtained with convergence rate 0(h 5 ). 

Note that the five order approximate solution is obtained directly and is based on fine 
grid h. Although there are some papers' 15-18 ' also obtain the same accuracy order, there 
are three main priority for our paper: firstly, the accuracy orders are based on fine grid; 
secondly, because the accuracy order is not derived from the extrapolation algorithms but 
from the linear equations directly, so there are not any errors generated from the extrapo- 
lation algorithms of approximate solution; finally, when an linear equation with n order is 
solved, there are n approximate eigenvector solutions Uh can be obtained on boundary T 
with accuracy order 0(h 5 ), while not n/2 values from extrapolation algorithms. 

The left terms in Eq.(2) are smooth integrals and the right hand side term is characterized 
as a logarithmic singularity. Various numerical methods have been proposed for dealing with 
the singularity, such as Galerkin methods in Stephan and Wendland' 19 ! , Chandler' 20 ! , Sloan 
and Spence' 14 !, and Amini and Nixon I 5 !, collocation methods in Elschner and Graham^ 21 ! 
and YanI 22 !, quadrature methods in Sidi and Israelii 13 !, SaranenI 23 ' 24 !, Huang and Lii' 17,18 ! 
and combined Trefftz methods in Li^ 25 '. 

This paper is organized as follows: In Section 2 the singularities of the solutions at corners 
and in integral kernels are removed by sin p -transformation. In Section 3 the mechanical 
quadrature methods(MQMs) combined with extrapolation algorithms are described to obtain 
an asymptotic expansion of the eigenvalues. In Section 4 numerical example is given to show 
the significance of the algorithms. 



2 Singularity of integral kernels and solutions 

Suppose F = uf n=l r m (d > 1) be a closed polygonal curve, and T m (m — l,...,d) are the 
piecewise smooth curves. Define the boundary integral operators on T m as following: 

1 f du m (x) 

(K gm u m )(y) = -— / ™ n ]n\y-x\ds x , yeT q , (3) 

— 1 f d In I y — x I 
{C qm u m )(y) = -— / u m (x) — ds x , y^T q . (4) 

Then Eq.(2) can be converted into an operator equation: 

(a(y)I - C)u = \Ku (5) 

where K = [K qm ] d q m=1 , u = {u±(x), . . . , u d (x)) T , C = [C qm ]^ m=1 , a(y) = diag{ax{y), . . . ,a d (y)) 
and I = diag(Ii, . . . , Id) with identity operator I m . 

Assume that T m can be described by the parameter mapping: x m (s) = (x m i(s), x m2 (s)) : 
[0, 1] -> T m with |a/ TO (s)| = (\(x' ml (s)\ 2 + |a:J re2 (s)| 2 ) 1 / 2 > 0. For simplicity we assume that 
the functions x m (s) are infinitely often differentiable. 
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The singularity of the solutions and integral kernels in Eq.(5) will be analyzed. Denote 
the values 0 ~ sq < si < ■ ■ ■ < s d-i corresponding to the corner points Qo, Qi, ■ ■ ■ , Qd-i, Qd 
on F with Q 0 = Qd, and (1 — £ m )7r is the corner Q m with £ m G [0, 1]. Based on the po- 
tential theory [20, 24], the singularities of the du/dn at the corner point Q m have the form 
du/dn = 0(s — s m ) /3m , where f) m = — £ m /(£ m + 1) > —1/2 and s is the arc parameter at 
Q m . About the singularity of the integral kernels, we have the following conclusion. 

Lemma l^: Suppose \q—m\ = 1 ord— 1, then the kernel n qm = d\n\x m (t) — x q (r)\/ dn t 
is at most the Cauchy singularity at corner point (t, t) = (1,0) or (0, 1). 

In order to remove the singularity at these corner points, a sin p — transformation^ 2 ' 16 ! is 
introduced into Eq.(5): 

s = Vp+i (*) : [0, 1] -> [0, 1], p 6 N, (6) 

where ip p +i(t) = "d p+ i(t) / $ p+ i{l) with i9 p+ i(t) = J Q (sin -kt)' p+1 dr , and the derivative <p' p+ i(t) - 
(sin7rt) p+1 /^ p+ i(l) has the zero points with degree p + 1 at 0 and 1. The operators in 
Eq.(5) are converted into integral operators on [0,1], Since the Jacobi of the integrals is 
\x' \iPp+i(t))\ip p+1 (t) , the Jacobi is divided into two parts with the two kind of combina- 
tions: ri qm smTTT and 9u m /(9n)(sin7rr) p . When r — > 0, the constant p can be chosen so 
that 

^ ^(^(^(r))) = Um _ 0) /3 m(sin ^ r)P 

t^o on r^o F 

= um c 0WMAWg - Q) ff " (T _ 0) (P +2 )^ (sin7rr)P 

r^0 (t - 0)(P+ 2 )' 3 '» 

= limc(T-0) (p+2)/3 "«(sin7rT) p = 0, as (p + 2)f3 m + p > 0, 

T— >0 

where c is a constant, and similar results are obtained when r — >• 1. So the singularity of 
du/dn at corner points has been removed in the integration. 
Define the following operators: 

{C qm w m ){t)=j c qm (t,T)w m (T)dT, ie[0, 1], (7) 
Jo 

(A qq w q ){t)= f a qq (t, T )w q (T)dT, t€[0,l], (8) 
Jo 

and 

{B qm w m )(t)= b qm (t,T)w m (T)dT, f€[0, 1], (9) 
Jo 

where to m (r) = u m (x m (( / 5j, + i(r)))(sin7rT) p , 

a qq {t,r) = -^p,(t,r) In |2e -1 / 2 sin 7r(t-r)|, 



c 9m (t,r) = -i : p m( t,r) 91n ^W-^M' 



and 



bgm(t,T) 



-^-Pm(*,r)ln - _\ , , q = m, 

2ir 1 2e L ' z smn(t — r) 



-■^zPm{t, r)ln\x q (t) -x m {r)\, q ^ m, 



1 

2^ f 

with ar m (i) = (ar m i(<p p+ i(i)), a; m 2(^p+i(t))) (m = |ar,(t) - x m {r)\ 2 = {x ql (t) - 

imiW) 2 + (x q2 {t) -x m2 (T)) 2 , and p m {t,r) = |x' m (v? p (T))|(siri7rT) (sin7rf) p . 
Then Eq.(5) becomes 

(a(t)I — C)W = X(A + B)W, (10) 
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where C = [C qm ]^ m=1 , W = (w 1 , . . .,w d ) T , A = diag(A n , . . .,A dd ), B = [B qm ]* >m=1 . Since 
(p p +i(t) e C°°[0, 1] increases monotonously on [0, 1] with (p p +i(0) = 0 and ip p+ i(l) — 1, the 
solutions of Eq.(10) are equivalent to those of Eq.(5)[ 16 l. 

From Lemma 1, we conclude that operator C is a continuous operator, and Huang etc J 18 ' 
have proofed that operator B is a continuous operator and A is a logarithmic singular 
operator. 



3 Mechanical quadrature methods 

To approximate the integral operators and obtain the discrete equations, a Lemma is intro- 
duced: 

Lemma 2;[ 13,14 1 Consider the integral G(x)dx with integral kernel G(x) and h = 
2ir/n . Assume that the functions g(x), g{x) are 2m times differentiate on [0,27r]. Also 
assume that the integral kernel G(x) are periodic function with period 2ir. Then the following 
conclusion can be drawn: 

(a) . IfG(x)=g(x)/(x-t)+g(x), and Q n [G]= hY^ =ltXj ^ t G{xj), then 

E n [G] = h[g(t) + g'(t)} + 0(h 2m ) as h -> 0, 

where E n [G] = ^ G(x)dx — Q n [G] in all cases; 

(b) . IfG(x)=g(x)(x-t) s +g(x),s>-l, and 

n 

Q n [G]=h G(x j ) + hg(t)-2a-s)g(t)h s +\ 

j = l,Xj^t 

then 

E n [G] = 2 £ C ^f^ g^(t)h^ +S+1 + 0(h 2m ), ash^O; 

where <;(t) is the Riemann zeta function. 

(c) . If G(x) — g(x)(x — t) s log | a; — t\ + g(x), s > — 1, and 

n 

Q n [G]=h G(x J ) + hg(t) + 2{C(-s)-((- S )\ogh}g(t)h s+ \ 



then 

E n [G] = -2 £ l('(-s 2 M ) - C(-s 2 M ) log hf-^h 2 ^ 1 

+0(h 2m ), as h^Q; 
Especially, when s = 0, then C'(0) = — (1/2) log(27r), and we have 

'J{x j ) + tig(t)+ l o&{ " 
then 

m ~ 1 n( 2 ^(t\ 
E n [G] = 2 V C\-2^) 9 — \>h 2 » +1 + 0(h 2m ), as h -+ 0. 

Let h m = l/n m (n m G N, m = 1, . . . , d and n m is supposed to be an even number and so 
n m /2 € N) be the mesh width and t m j = r m j = (j — l/2)h m , (j = 1, . . . , n m ) be the nodes 
on r TO (m = 1, . . . , d), then a m {t m:j ) = 1/2. 



h 

Q n [G] = h J2 G{ Xi ) + hg{t) + ^g[— )g(t)h, 
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Since B qm is a smooth integral operator with period 2ir, we obtain a high accuracy 
approximation when set g(x) = 0 in case (a) of Lemma 2: 

( B g m w m )(t qi ) = h m ^2b qm (t qi ,t mj )w m (t mj ), (q,m = l,...,d). (11) 
j=i 

We have the error bounds' 1 ' 2, 16 1 

(B qm w rn ){t) - (B h qm w m ){t) = 0{h™) for q = m or T q H F m - 0, (12) 

and 

{B qm w m )(t) - (B^ m w m )(t) = 0(h^), T q nT m = Qe{Q m } (13) 

with w = (p + 2)(3, n + (p + 1). Similar approximate operator C qm can be achieved for 
continuous operator C' qm . 

We construct the approximate operator J qq for the logarithmic singular operators A qq 
following Lemma 2, 

n,- 1 

(J qq W q )(t) =h q ^2 %q(t'tqj)w(tqj)i 
3=0 

with 

!a qq (t,s), |* — s| > h q , 

and p q (t qi ,t qj ) = \x' q (ip p {t qj ))\{sinnt q: j) {s\n-Kt qi ) p . 
Then we have the error bounds 

(A qq w q )(t) (J h qq w q )(t) = ^r(P^) i2 " ) (t)hf +1 + O(hf). (15) 

fj,=i ^ 

where ((x) is the Riemann Zeta function. 

We can find that there is an asymptotic expansion with accuracy order 0(h q ) for the 
logarithmic singular operator. In order to improve the accuracy order from 0(h q ) to 0(h q ), 
a coarse grid 2h q = 2-7r/(n/2) = iir/n is obtained. The approximate operator based on 
coarse grid 2h is shown as: 

71,-1 

(J^w q )(t) = 2h q t qj )w(t qj )^, (16) 

j=o 

where 

{0, i is an odd number, 
1, j is an even number, 

and when t q j — t and j is an even number, then $s qq (t,t q j) = ^p q ]n (^rf\ x ' (t)\j ■ 
The error estimate is: 



(A qq w q )(t) - (J>,)(t) = 2 -(2h q f q -^{ Pq w q )^(t) 

tlst-O.A . ( 17 ) 



+ 2 E^(«) (2m) ww 2 ' i+1 + 0 p 9 ) 21 )- 

An extrapolation algorithm is used to counteract the item 0(h q ) in Eqs (15) and (17): 
(A h qqWq )(t) = *{J h qq w q ){t) \(J 2 q h q w q ){t). (18) 
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The error for the approximate operator will be improved from 0(h q ) to 0(h q ): 

ra— 1 

(A qq w q )(t) - (A h qq w q ){t) = ]T v q ,(t)hf +1 + 0(hl m ), (19) 

fi=2 

where rj qtl is some coefficients combination of the item So the accuracy order is not 

only improved to 0(h q ), but also built on the fine grid h q . 
So we obtain the discrete equations of Eq.(IO) 

{^1 - C h )W h = X h (A h + B h )W h , (20) 

where 



w h = 


K(iu),... 


,<i>l (ti ni 


),..., to5(t«ii),...,ii;5(td nd )) r ) 


A h = 


diag(A^, . . . 


•> Add)> 


^<?<? = [^^9g(*9»' ^gj)]^j=i; 


B h = 


r r>h in 

[ qm\q,m= 1' 


qm 


[&qm(i(ji) ^mj')]t,j=l ! 


c h = 


\fih in 


^ qm 


[ c ,jm (i<ji 7 ^mj)]i,j=l) 



where 99 gg (t g i, i 9 j) is the combination of $s qq (t q i, derived from Eq.(18), especially, when 
i is an odd number for t qi , the §j will be changed to 1 — $j in Eq.(16) to construct the 
extrapolation algorithm. 

According to logarithmic capacity theory! 14 ! , the eigenvalue of both C and Ch are without 
1/2, then the Eqs.(10), and (20) can be rewritten as follows: find 7 and W £ satisfying 

LW=((l/2)I-C)- 1 (A + B)W = jW, (21) 

and find 7^ and Wh satisfying 

L h W h = ((1/2)7 - C h )-\A h + B h )W h = lh W h , (22) 

where 7 = 1/A, and - fh = 1/X h , and the space = {C^ [0, 2ir]) d , m = 0, 1, 2, . . .. 

Since 7 is an isolated eigenvalue, the dimension of its eigenvectors is finite' 9 ' and the 
conjugate complex 7 is also an eigenvalue of the conjugate operator L. Let the space 
Vj =span{LT(i), • • • , and V 1 =span{H"(i), • • • ,LT( X )} be the eigenspace of L and L 

respectively, which construct the biorthogonal system 

(W {i) ,W {j) )=S ij , i,j (23) 

Let 7^, V^h — {W(i)h}i {i = 1,2,.. .) be the eigenvalue and the eigenspace of Lr , and 7^, 
Vjh = {W(i)h} be the eigenvalue and the eigenspace of L h , which satisfies the following 
normalized conditions 

/ (W {i)h , W (j)h ) = Sij, i,j = 1,2,... , . 

\ (W m ,W (t) ) = 1, t = 1,2,... [ZV 



Lemma 3^ 2 ' 9 1. The approximate operator sequence {L h } is the asymptotically compact 
sequence and convergence to L in V^°\ i,e. 

L h % c L, (25) 
where ^4 shows the asymptotically compact convergence. 
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Theorem 1. Suppose tp(s) e and p is large enough such that cv > 5. Then we have 

the following asymptotic expansion: 

d 

(L h -LMs) = Y,hlMs) + o(h 5 0 ), (26) 
fe=i 

where ip k (s) = (ip k i(s), . . . , ip k d(s)) T G V^\k = ,d, are functions independent of h, 

and ho = niax{/i!, . . . , hj}. 

Proof. Because A is weak logarithmic singular operator and B, C are continuous oper- 
ators, when uj > 5, we have 

(A + B - A h - B H )tp{s) = diag(h\, h 5 d )cu + o(h 5 0 ), (27) 

and 

(C-C h )<p(s) = o(h 5 0 ), (28) 
where lo t = (cDi, . . . 1 u)d) T and uj m — £'(— 2)(p"(s). 

(L h - L)tp(s) = ((1/2)7 - Cy^A + B-A h - B h )y(s) 
+ ((1/2)1 - C)-\C - C h )((l/2)I - C h )-\A h + B h )<p(s) 

= ((1/2)1 - Cy'diagihl, . . . , h 5 d )cD(s) + o(h 5 0 ). (29) 
Suppose ((1/2)7- CT 1 = (My )£,•=!, then 

d d rp 

{L h -L) V (s)=(^h]M lj Q j {s),...,Y,h]M dj uj j (s)) + o(h 5 Q ). (30) 

when set tpkj(s) = M k jUij(s), (k,j = l,..., d), we obtain the conclusion. □ 

Theorem 2. Suppose the polygon T — U m =i are P* ecew « s e smooth and p is chosen 
such that uj > 5, and (X^,W^) and (X^ h ( 0 ) , W^ h ( 0 ) ) are the eigenvalue of Eq. (10) and 
Eq. (20) respectively. Then there exist constants a^ m , independent of h^ — (h\, . . . ,hd), 
such that 



\i)hW - \i) - X! a (i)™ h m + °{hl), (31) 

m— 1 

where A^) is the i — ih eigenvalue. 

Proof. From Theorem 1, we obtain 

d d d 



L h (W {l) +J2 v kh 5 k ) - ( 7(i) +Y, a (i)khl)(W (i) +Y,v k hl) 

k=l k=l k=l 

d d d 

(L h - L)W (i) + h 5 k (L h v k - a {i)k W {i) - j {i) v k ) - ^ a {i)k h 5 k ^ v k h\ 



k=l k=l k=l 

d 

h\(L h v k - a (i)k W (i) - j {i) v k + ip k ) + o(h 5 0 ). (32) 

fc=i 



Choose the constant a^) k and function v k satisfy the following operator equations: 
j L h v k - -f {i) v k = a (t)k W {i) - Vfe, k = l,...,d 

\ <a(i)fcW (i) - Vfe, 0) = o, v</> g v;i) . 



(33) 
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Obviously, under the restriction, there exists a unique solution v k in Eq.(33). Taking <j> = 
W(i), we obtain a^ k = (ipk, 

Thus, Eq.(32) is converted to be 

d d d 

Lh (W {i) +Y, v * h D - (7(0 +E 0 Wfc^)( w (i) +E v ^*) = °^o)- 

k=l k=l k=l 

Since {7 (i)/l (o) , W (i)hm } satisfies L h W (l)h{0) = l( i)h {o)W (i)h{0)l we obtain 

d d 

L h (W {i)h ( 0) - W (i) - E v k hl) - 7 (i)h( o) (W(i)fc(o) - - E ^fc) 
fe=i fe=i 

d d 

-(7(i)fcTO - 7(i) - E °(<)fc /l fc)( w 'w + E Ufe/l fe) = °( /l o)- (34) 
fe=i fc=i 

Taking the inner product on the both sides of Eq.(34) by W^ h (o) and using the results 
of Eqs.(23),(24), we obtain 

d 

7(»)h(o) - 7(») ~ E a Wfc ft fc = °( /l o)- ( 35 ) 
fe=i 

According to the relationship of A and 7, we obtain the conclusion. □ 

4 Numerical example 

Suppose e^ (0> = |A^ h(0) — A(j)| be the errors, ef <0) = |Aj^ (0) — A(j)| be the errors after SEAs, 

rr=er/ef ,/2 ,andfr=e-r/ef ,/2 . 

Example 1 : We carry out the numerical experiments for singularity problem as shown 
in Fig.l, where F = F\ U F2 with Fi = {(cos7rs,sin7rs) : 0 < s < 1}, and T2 — {(acos7r(s + 
l),6sin7r(s + 1)) : 0 < s < 1, a = 1, b = 1/2}. There is no singularity for du/dn at the 
corners (±1,0) since /3 m = 0. The eigenvalues ri,r 2 ,r 3 are calculated in paper[2] without 
sm p -transformation in table 1. 



Table 1. The errors of i — th eigenvalue without sm p -transformation. 



n 


(2 3 ,2 3 ) 


(2 4 ,2 4 ) 


(2 b ,2 b ) 


(2 e ,2 e ) 


(2 y ,2'0 


(2«,2«) 


P h^ 
e i 


4.755E-3 


1.871E-3 


6.53E-4 


2.102E-4 


6.334E-5 


1.761E-5 


r h^ 
'1 




2 1.35 


2 1.52 


2 1.64 


2 1.73 


2 1.85 


p h<°-> 

e 2 


5.780E-3 


1.810E-3 


5.333E-4 


1.510E-4 


4.131E-5 


1.068E-5 


r h^ 
r 2 




2 1.68 


2 1.76 


2 1.82 


2 1 87 3.655 


2 1.95 


e 3 


1.337E-2 


7.282E-4 


3.180E-4 


1.859E-4 


6.933E-5 


2.14E-5 


r h^ 
r 3 




2 4.20 


2 1.20 


2 0.7748 


2 1.42 


2 1.70 



Because of the singularities in integral kernels and low smoothness about u, from Table 1, 
we can numerically see that the accuracy is low. Moreover, the convergent rates are slowly 
and ruleless. 

To overcome the shortcoming, these eigenvalues are calculated in paper [2] by taking three 
order methods with s = ip s (t). The splitting extrapolation results are also listed in Table 2. 
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Figure 1: The singularity of the kernels at (±1,0). 



Table 2. The errors of i-th eigenvalue with sin 3 -transformation. 



n 


(2 3 ,2 3 ) 


(2 4 ,2 4 ) 


(2 b ,2 b ) 


(2 b ,2 b ) 


(2 Y ,2'0 


e i 

r h^ 
r i 

r i 


9.701E-3 


1.183E-3 

2 3.04 
24.55 


1.450E-4 

23.03 
2 4.63 


1.805E-5 

23.01 
2 4.78 


2.254E-6 

23.00 
24.90 


e 2 
r 2 
r 2 


2.023E-2 


2.437E-3 

23.05 
2 4.32 


2.990E-4 

23.03 
2 4.28 


3.723E-5 

23.01 
2 4.76 


4.649E-6 

23.00 
2 4.89 


e 3 
r 3 
r 3 


1.664E-1 


2.017E-2 

2 3.04 
2 4.43 


2.504E-3 

23.03 
28.23 


3.099E-4 

23.01 
2 4.83 


3.866E-5 

23.00 
2 4.89 



Next, we will calculated the same eigenvalues with our new method. When s = ips(t) is 
selected, so the to equal to 6 and the results is listed in Table 3. 



Table 3. The errors of i — th eigenvalue without sm p -transformation. 



n 


(2 3 ,2 3 ) 


(2 4 ,2 4 ) 


(2 b ,2 b ) 


(2 b ,2 b ) 


(2 Y ,2'0 


e i 


4.185E-5 


1.189E-6 


3.507E-8 


1.072E-9 


3.329E-11 


h m 

r n 




35.2 


33.9 


32.7 


32.2 


p h^ 
e 2 


5.913E-5 


1.709E-6 


4.983E-8 


1.501E-9 


4.632E-11 


'2 




34.6 


34.3 


33.2 


32.4 


e 3 


1.591E-4 


4.533E-6 


1.357E-7 


4.137E-9 


1.285E-10 


'3 




35.1 


33.4 


32.8 


32.2 



Evidently, from Table 3, we can numerically see log 2 r\ ( ' w 5 which agree with the theorem 
2 very well. Comparing with Table 2, our method is advanced for the numerical accuracy 
and the convergence rate. 

Concluding remarks 

In this paper, the mechanical quadrature methods are used to solve Steklov eigenvalue prob- 
lems on polygons. The following conclusions can be drawn: 
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1. The eigenvectors in paper [2] are hardly to improve the numerical accuracy by splitting 
extrapolation algorithms. So the eigenvectors calculated with the new method will own 
higher numerical accuracy 

2. In this paper we only discuss the MQMs for problems on polygon. It can be viewed as 
the first step toward the efficient solution of boundary value problems on very general 
singular problems such as for notches, cracks, bi-material problems, and so on. 
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In this article, we shall give the adjacency characteristic polynomial, Lapla- 
cian characteristic polynomial and the signless Laplacian characteristic polyno- 
mial of the join-based compositions of arbitrary graphs in terms of the corre- 
sponding characteristic polynomial of Gi(i = 1,2,3). These characterizations 
allow us to exhibit many infinite families of integral graphs. 

1 Introduction 

Throughout this article, all graphs considered are simple and undirected. Let 
G = (V(G), E{G)) be a graph with vertex set V{G) = {vi,v 2 , v n } and edge 
set E(G) = {ei, e 2 , e m }. The adjacency matrix of G, denoted by A(G), is 
an n x n symmetric matrix such that = 1 if vertices Vi and Vj are adjacent 
and 0 otherwise. Let di — dc{vi) be the degree of vertex Vi in G and D(G) = 
diag(di,d2, ■■■,d n ) be the diagonal matrix of vertex degrees. The Laplacian 
matrix and the signless Laplacian matrix of G arc defined as L{G) = D(G) — 
A(G) and Q(G) = D(G) + A(G), respectively. Given an n x n matrix M, 
denoted by 

P A (M;x) = det(xl n - M) 

the A— characteristic polynomial of M, where /„ is the identity matrix of size 
n. The adjacency eigenvalues of G, denoted by Ai(G) < A 2 (G) < ... < A„(G) 
are called the A-spectrum of G. Similarly, the eigenvalue of L(G) and Q(G), 
denoted by 0 = ^i(G) < /x 2 (G) < ••■ < M„(G) and Vl {G) < v 2 {G) < ... < v n {G) 
respectively, are called the L— spectrum and Q— spectrum of G accordingly. 

A graph G is A— integral {respectively, L— integral, Q— integral) if the spec- 
trum of A(G) (respectively, L(G),Q(G)) consists only of integers [2, 3]. Some 
work on these lines pertaining to the class of trees is in [9]. Moreover, several 
graph operations such as cartesian product, strong sum and product on integral 
graphs can be used for constructing infinite families of integral graphs[l]. For 
some other work see [4, 5, 6] and also the references cited therein. 

Definition 1 The union of G\ and Gi is the graph G\ U G 2 , whose vertex 
set is V\ U V2 and whose edge set is E\ U E2 ■ 

1 
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Definition 2 The complete product or join of graphs G\ and Gi is the graph 
G\ V G2 obtained from G\ U G2 by joining each vertex of G\ with every vertex 
of G 2 . 

In [6], the signless Laplacian characteristic polynomials for graphs G\ V G2 
and G\ V (G 2 U G 3 ), where Gi is regular, for i = 1,2 and 3. In this paper, 
our main result(Section 3) is the description of the the adjacency (Laplacian, 
signless Laplacian) characteristic polynomial of the join of arbitrary graphs in 
terms of their characteristic polynomial. This description is then used to show 
that there exist a number of infinite families of integral graphs. In Section 4, 
we further describe the adjacency (Laplacian, signless Laplacian) characteristic 
polynomial of the join of an arbitrary graph with the union of two arbitrary 
graphs, and provide further infinite families of integral graphs. 

2 Preliminaries 

In this section, we determine the characteristic polynomials of graphs with 
the help of the coronal of a matrix. The M — coronal Tm{x) of an n x n matrix 
M is defined [7, 8] to be the sum of the entries of the matrix (xl n — M)~ x , that 
is Tm(x) = jn(xl n — M)~ 1 j n where j„ denotes the column vector of dimension 
n with all the entries equal one. 

It is well known [7, Proposition2] that, if M is an n x n matrix with each 
row sum equal to a constant t, then 

71 

Tm{x) = — . (1) 

3 Integral graphs of joins of graphs 

In this section we shall give the A—(L—, Q— ) characteristic polynomial for graphs 
G\ V G2 in terms of the corresponding characteristic polynomial of Gi(i = 1, 2) 
and give necessary and sufficient conditions for the join of two graphs to be 
A— (L— ,Q— ) integral. 

3.1 A-integral graphs of joins of graphs 

Theorem 3.1 Let G\ and G2 be two graphs on m and 712 vertices, respectively. 
Also let Ta;(A)(i = 1,2) be the Ai— coronal of Gi. Then the characteristic 
polynomials of the matrix A{G\ V G2) is 

P A (G 1 VG 2 ,x) - P A (G 1 ,x)P A (G 2 ,x)(l-T A{G2) (x)T A{Gl) (x)). 
Proof With a proper labeling of vertices, the adjacency characteristic poly- 
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nomial of G\ V G 2 is given by 

= det(xl n2 - A(G 2 ))det(B) 
= P A(G2) {x)det{B) 

where 

B = Xl ni - A(Gi) - j ni xn 2 (xln 2 - A(G 2 )y 1 jn 2 xn 1 

is the Schur complement of xl n2 — A(G 2 ). Thus, the result follows from 

detB = det(xl ni - A(G 1 ) - j ni xn 2 {xl n2 - A(G 2 ))~ 1 j n2Xni ) 

= det(xl ni - A(Gi) - T A{G2) (x)j niXni ) 

= det(xl ni - A(G 1 ) - T A ^G 2 )(x)j^ 1 adj(xI ni - A(G 1 ))j ni ) 

= det(xl ni - A(Gi))(l - T A{G2) (x)jl(xI ni - A(G 1 ))- 1 j ni ) 

= det(xl ni - A(G!))(1 - T A(G2) {x)T HGl) {x)) 

where adj(M) is the adjugate matrix of M. 

Hence, the adjacency characteristic polynomial of G\ V G 2 is 

P A (G 1 WG 2 ,x) = P A (G 1 ,x)P A (G 2 ,x)(l-T Ai G 2) (x)T A{Gl) (x)) 

as desired. 

Theorem 3.1 implies the following result 

Corollary 3.2 For i = 1,2, let Gi be a regular graph with rii vertices. 
Then the characteristic polynomials of the matrix A(G\ V G 2 ) is 

P A (G 1 VG 2 ,x) = P ^ X \f A{G \ x) f(x) 
(x - n)(x - r 2 ) 

where f(x) = x 2 — {r\ + r 2 )x + r\r 2 — n 2 n\. 

Corollary 3.3 Let Gi be a complete bipartite graph K puqi with m vertices. 
Then the characteristic polynomials of the matrix A(G\ V G 2 ) is 

D , n ., n \ P A (Gt,x)P A {G 2 ,x) 

P A {Gi V G 2 , x) = — — -g(x) 

(x 2 -pxq^ix 2 -p 2 q 2 ) 

where g(x) = x 4 - (p^ + p 2 q 2 + nin 2 )x 2 - 2{n 1 p 2 q 2 + n 2 piqi)x - ip\P 2 q\q 2 - 
Corollary 3.4 Let d(i = 1,2) be a r» regular graph with m vertices and 
Gj(j = 1,2) be a complete bipartite graph K Pjtqj with nj vertices. Then the 
characteristic polynomials of the matrix A(Gi V Gj) is 

P A (G i VG j ,x) = ^f/ G ^ h { x) 

where h(x) — x 3 — r^x 2 — {riiUj + pjqj)x + riPjqj — 2riiPjqj. 

Up till now, many infinite families of integral graphs are generated by using 
graph operations (for example, [1,6]). Now, we can use the join of two graphs 
to obtain many new classes of integral graphs. 
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Theorem 3.5 (a) For i = 1,2, let Gi be a regular graph with rii vertices. 
The graph G\ V G2 is A— integral if and only if G\ and G 2 arc A— integral and 
f(x) are integral. 

(b) For i = 1,2, Let Gi be a complete bipartite graph K Pi q . with rii vertices. 
The graph G\ V G 2 is A— integral if and only if G\ and G 2 are A— integral and 
g(x) are integral. 

(c) Let Gi(i = 1, 2) be a regular graph with n, vertices and Gj(j = 1,2) 
be a complete bipartite graph K Pj _ qj with rij vertices. The graph G\ V G2 is 
A— integral if and only if Gi and G 2 are A— integral and h(x) are integral. 



3.2 L-integral graphs of joins of graphs 

Theorem 3.6 Let G\ and G 2 be two graphs on ri\ and ri 2 vertices, respectively. 
Also let TL.(x)(i = 1,2) be the Li— coronal of Gi. Then the characteristic 
polynomials of the matrix L{G\ V G 2 ) is 

Pl(G! V G 2 ,x) = P L {G u x- n 2 )P L (G 2 ,x- m)(l - T L[G ^(x - nr)T L{Gl) {x - n 2 )). 

Proof With a proper labeling of vertices, the Laplacian characteristic poly- 
nomial of Gi V G 2 is given by 



Pl(GiVG 2 ) = det 



xl ni - £(Gi) - n 2 I ni j ni xn 2 

jn 2 x ni xl n . 2 — L(G 2 ) — nil n2 

= det({x - m)J„ 2 - L{G 2 ))det{B) 
= Pl(g 2 ){ x ~ rn)det(B) 



where B = a;/„ 1 - L(Gi) - n 2 / m - j mX n 2 ((z - ni)7„ 2 - L(G 2 )) 1 j n2Xni is the 
Schur complement of x/„ 2 — L(G 2 ) — ri\I n2 . The result follows from 

deiB = det(xl ni - L{G\) - n 2 I ni - j niXn2 ((x - ni)7„ 2 - 7(G 2 )) _1 j„ 2 xn 1 ) 

= det((x - n 2 )7„ 1 - L(Gi) - T L(G2) {x - rn)j niXni ) 

= det((x - n 2 )I ni - L(Gi) - T L(G2 )(x - n^j^adj^x - n 2 )I ril - L(Gi)j ni )) 

= det((x - n 2 )I ni - L(Gi))(l-T L ^ G2) (x-n 1 )j^ 1 ((x-n 2 )I„ 1 - L(Gi)) _1 j„i) 

= det((x - n 2 )I ni - L(Gi))(l - T L(G2) (x - n{)T L ( Gl ){x - n 2 )) 

Hence, the Laplacian characteristic polynomial of G\ V G 2 

Pl(G! V G 2 ,x) = P L (G 1 ,x- n 2 )P L (G 2 ,x- m)(l - T L[G2) (x - ni)T L{Gl) {x - n 2 )) 

as desired. 

Theorem 3.6 implies the following result. 

Corollary 3.7 Let Gi be any graph with rii vertices. Then the characteristic 
polynomials of the matrix L{G\ V G 2 ) is 

PUGiVG 2 ,x)= P f^ L{G ^ m 
(x - ni)(x - n 2 ) 

where f(x) = x 2 — (rii + n 2 )x. 

Theorem 3.8 For i = 1,2, let Gi be a graph with m vertices. The graph 
Gi V G 2 is L— integral if and only if G\ and G 2 are L— integral. 
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3.3 Q-integral graphs of joins of graphs 

Theorem 3.9 Let Gi and G 2 be two graphs on n\ and n 2 vertices, respectively. 
Also let Tq. (X)(i = 1, 2) be the Qi— coronal of G^ Then the signless Laplacian 
characteristic polynomials of the matrix Q{G\ V G2) is 

Pq(Gi V G 2 ,x) = Pq(G u x- n 2 )P Q (G 2 ,x- m)(l - T q{ g 2) (x - ni )T Q(Gl) (x - n 2 )). 

Proof With a proper labeling of vertices, the signless Laplacian matrix of 
G\ V G 2 can be written as 

Q = Q{G 1 V G 2 ) = ( 0(Gl) + n2/ni n J n :T 2 t 

The result refines the arguments used to prove Theorem 3.6. 

Again, by applying (1), Theorem 3.9 implies the following result. 

Corollary 3.10 For i = 1, 2, let Gi be a regular graph with vertices. 
The signless Laplacian characteristic polynomials of the matrix P(G\ V G 2 ) is 

D ln \ PQ(G 1 ,x-n 2 )P Q (G 2 ,x-n 1 ) 

P Q (Gi V G 2 , x) = -p — v -/(a;) 

(a; - 2ri - n 2 )(a; - 2r 2 - ni) 

where /(x) = a; 2 - (2(n + r 2 ) + (ni + n 2 ))a; + 2(2rir 2 + rini + r 2 n 2 ). 

Similarly, we can compute the characteristic polynomials of the matrix Q(GiV 
G 2 ), when Gi and G 2 are complete bipartite graphs. 

Corollary 3.11 Let Gi be a complete bipartite graph K puqi with m vertices. 
Then the signless Laplacian characteristic polynomials of the matrix P{G\ VG 2 ) 
is 

r> m \,r> \ P Q (G 1 ,x-n 2 )P Q (G 2 ,x-n 1 ) 

Pq{Gi V G 2 ,x) = r — y\7f ^ 7 ^ — ^9(x) 

[(x - n-i) 2 -{x- ru)n 2 )][(a; - n 2 ) 2 - (x - n 2 )n 1 )} 

where g{x) — x 4 — 3(«i + n 2 )x 3 + (3(ni + n 2 ) 2 — n 2 )x 2 — (Anin 2 (ni + n 2 ) + 
(nf + n\) - n 2 (pi - qi) 2 - n x {vi - <72) 2 )- 

Corollary 3.12 Let Gi(i = 1, 2) be a regular graph with rn vertices and 
Gj(j — 1,2) be a complete bipartite graph K Pjtqj with nj vertices. Then the 
signless Laplacian characteristic polynomials of the matrix Gi V Gj is 

P (C \/G r\- ^Q(Gi,x-n 2 )P Q (G 2 ,x-n 1 ) 

J ' j -(x-m- 2 rj )[(x n,) 2 -(x- nj )( Pi + qj )C X) 

where h(x) — x 3 - 2(n l + r 3 + rij)x 2 + ((n, + n 3 ) 2 + 2riirj)x - n 2 (pi - qi) 2 + 
2rj + nf + 2n l r j ). 

The Theorem below gives necessary and sufficient conditions for the join 
of two Q— integral graphs to be Q— integral. The result of Theorem 3.13(a) 
had been obtained the Corollary 2.1 in [6]. Here for completeness, we give the 
complete proof but in a different way and give the two new classes Q— integral 
graph. 
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Theorem 3.13 (a) For i — 1,2, let Gi be a regular graph with rii vertices. 
The graph G\ V G2 is Q— integral if and only if G\ and G 2 are Q— integral and 
f(x) are integral. 

(b) For i — 1,2, Let Gi be a complete bipartite graph K Pi q . with rij vertices. 
The graph G\ V G 2 is Q— integral if and only if G\ and G 2 are Q— integral and 
g(x) are integral. 

(c) Let Gi(i = 1,2) be a ti regular graph with rij vertices and Gj(j = 1,2) 
be a complete bipartite graph K Pjtqj with nj vertices. The graph Gi V G2 is 
Q— integral if and only if G\ and Gi are Q— integral and h{x) are integral. 



4 Integral graphs of the joins of graphs with the 
union of graphs 

In this section, we give A— (L— ,Q— ) characteristic polynomial of a graph ob- 
tained from three arbitrary graphs by union and join and build many infinite 
families of A—(L—, Q— )intcgral graphs. 



4.1 A-integral graphs of the joins of graphs with the union 
of graphs 

Theorem 4.1 Let Gi(i = 1,2,3) be three graphs on rij vertices. Also let 
T Ai (x)(i = 1, 2, 3) be the Ai— coronal of Gi. Then the characteristic polynomi- 
als of the matrix A(Gi V (G 2 U G 3 )) is 

P A (G 1 V(G 2 UG 3 )) = P A (G 1 ,x)P A (G 2 ,x)P A (G 3 ,x)(l-T Ai G 3) (x)T A{Gl) (x) 

-T A(G3) (x)T A{Gl) (x)) 

Proof With a proper labeling of vertices, the adjacency characteristic poly- 
nomial of A(G\ V (G 2 U G3)) is given by 

(xl-ni ~ A(G\) —jmxn 2 _ JniXii3 

Jri2 Xni xI n2 -A(G 2 ) o„ 2 x„ 3 
~jri3Xni 0 n3 xn 2 xl n3 — A(G 3 ) 

= det(xl n3 - A(G 3 ))det{B) 
= P A{G3) (x)det(B) 

where 

xlni ~~ A(G\) —jn 1 xn 2 \ _ ( ~ jmxn3 

~jn 2 xn 1 x In 2 ~ A(G 2 ) J y 0„ 2X „ 3 

(x/ n3 - AiGz))- 1 ( -i^xm 0„ 3X „ 2 ) 

is the Schur complement of xl n3 — A(G 3 ) 
Thus, the result follows from 

detB det { X ^ ni ~ ^(^i) — '^A(G 3 ){ x )jniXn 1 —jnixn 2 

\ -in 2 xm xI n2 -A(G 2 ) 
= det(xl n2 - ^(G 2 ))dei(M) 
= P A{G2) (x)det(M) 



B = 
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and 

detM = det(xl ni - A{Gi) - T MG3) (x)j niXni - j ni xn 2 (xl n2 - A(G 2 ))~ 1 j ri2Xni )} 
= det(xl ni - A(Gi) - T A{Ga) (x)jl i adj{xI ni - A{G 1 ))j ni ) 

-T A (G 2 )(x)jn 1 adj(xI ni - A(Gi))j ni ) 
= det(xl ni - A(G 1 ))(1 - T A(G3) (x)T A{Gl) (x) - T A(G2) {x)T A[Gl) {x)) 

Hence, the characteristic polynomial of A{G\ V (G2 UG3)) is 

Pa(G! V (G 2 U G 3 )) = P A (G 1 ,x)P A (G 2 ,x)P A (G 3 ,x)(l-T AiG3) (x)T A{Gl) (x) 

-T A{G2) {x)T A{Gl) (x)) 

as desired. 

Theorem 4.1 implies the following result. 

Corollary 4.2 Let G,(i = 1,2,3) be a rj regular graph with rii vertices. 
Then the characteristic polynomials of the matrix A{G\ V (G2 U G 3 ) is 

P.(ft V (ft u ft)) . ^^PAG^G^ 

(x - n)(x - r 2 ){x - r 3 ) 

where f(x) — x 3 - (n + r 2 + r 3 )x 2 + (rir 2 + r 2 r 3 + rir 3 - nin 3 - n 2 ni)x + 
n\n 3 r 2 + n 1 n 2 r 3 - rir 2 r 3 . 

Corollary 4.3 Let G\ be a complete bipartite graph K pltQl with m vertices, 
Gi(i = 2,3) be a r— regular graph with m vertices. Then the characteristic 
polynomials of the matrix A(G\ V (G 2 U G 3 )) is 

P„(ft V (ft u ft)) = ^'f^'^^^^f ^) 

(a; 2 -p 1 g 1 )(.T-r 2 )(x-r 3 ) 

where g(x) = x 4 - (r 2 + r 3 )a; 3 + (r 2 r 3 - p x q x - m(n 2 + n 3 ))a; 2 + (pi<7i (r 2 + r 3 ) + 
ni{n 2 r 3 + n 3 r 2 ) - 2p 1 q 1 (n 2 + n 3 ))x - P\q\r 2 r 3 + 2p 1 q 1 n 2 r 3 + 2p 1 q 1 r 2 n 3 . 

Theorem 4.4 (a) Let Gj(i = 1, 2, 3) be a n regular graph with n, vertices. 
The graph Gi V (G 2 U G 3 ) is A— integral if and only if Gi, G 2 and G 3 are A— 
integral and f(x) are integral. 

(b)Let Gi be a complete bipartite graph K pi _ qi with n\ vertices, Gj(i = 2, 3) 
be a r^— regular graph with vertices. The graph Gi V (G 2 UG 3 ) is A— integral 
if and only if Gi, G 2 and G 3 are A— integral and g(x) are integral. 

4.2 Q-integral graphs of the joins of graphs with the union 
of graphs 

Theorem 4.5 Let Gj(z = 1,2,3) be three graphs on rij vertices. Also let 
TQ i (A)(i = 1,2,3) be the Qi— coronal of Gi. Then the signless Laplacian 
characteristic polynomials of the matrix Q(G\ V (G 2 U G 3 )) is 

Pq(GiV(G 2 UG 3 )) = P Q (G 1 ,x-n 2 -n 3 )PQ(G2,x-n 1 )PQ(G 3 ,x-n 1 ) 

(1 - T Q (g 3 )(x - n{]T Q{Gl) {x - n 2 - n 3 ) 
- 7 Q(G 2 )(^-^i)7Q (Gl) (a;-n 2 - n 3 )). 
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Proof With a proper labeling of vertices, the signless Laplacian character- 
istic polynomial of Q(G) — Q{G\ V (G 2 U G 3 )) is given by 

(xl ni - Q(Gi) - (n 2 + n 3 )I ni -J^x^ -jnixt> 3 

-jn 2 xm xl n2 - Q(G 2 ) - ni/„ 2 0„ 2X „ 3 

-jngxri! 0n 3 xn 2 xl n3 - Q(G 3 ) - ml„ 

= det{xl„ 3 - Q(G 3 ) - ni I ns )det(B) 
= p Q(G 3 )(x - m)det(B) 



where 
B = 



xl ni - Q{Gi) - (n 2 + n 3 )I ni -j ni xn 2 \ _ ( -jmxn 3 

_ Jn 2 xni x In 2 ~ Q(G 2 ) — n lln 2 J \ 0«2Xn 3 

(0 - ni)7„ 3 - Q(G 3 )) _1 ( -jn 3 x ni On 3 xn 2 ) 



is the Schur complement of A/„ 3 — Q(G 3 ) — n\I n3 . The result refines the argu- 
ments used to prove Theorem 4.1 

Hence, the signless Laplacian characteristic polynomial of G\ V (G2 U G 3 ) 

P Q (GiV(G 2 UG 3 )) = P Q (G 1 , a ;-n 2 -n3)P Q (G 2 ,x-n 1 )P Q (G 3 , a; -n 1 ) 

(1 ~ T Q(G 3 ){x - n{)T Q{Gl) {x - (n 2 +n 3 )) - T Q(G2) 
(z-ni)T Q(Gl) 0- (n 2 + n 3 )) 

as desired. 

Theorem 4.5 implies the following result. 

Corollary 4.6 let Gi be a regular graph with rn vertices. The char- 
acteristic polynomials Pq{G\ V (G 2 V G 3 )) of the matrix Q(Gi V (G 2 V G 3 )) 
is 

P rr< \/r U ^Q(Gi,x-n 2 - n 3 )P Q (G 2 ,x - ni )P Q (G 3} x - ni ) 

Pq(Gi V (G 2 V G 3 )) - — r- r-/ i . 

(x - 2n - n 2 - n 3 )(a; - 2r 2 - ni)(a; - 2r 3 - m) 

where /(a;) = x 3 - (2(n + r 2 + r 3 ) + 2ni + n 2 + n 3 )x 2 + ((m + n 2 + n 3 )(ni + 
2(r 2 +r 3 )) +4(n(ni +n 3 ) + r 2 (ri + r 3 )))x- (2n 1 (n 1 r 1 +n 2 r 2 + n 3 r 3 + 2r 1 (r 2 + 
r 3 )) + 4r 2 r 3 (2r 1 + n 2 + n 3 )). 

Now we will give the characterization to one case of Q— integral graphs. 
The result of Theorem 4.7 had been obtained in [6]. 

Theorem 4.7 Let d(i — 1,2,3) be a r t regular graph with rii vertices. 
The graph G\ V (G 2 U G 3 ) is Q— integral if and only if Gi, G 2 and G 3 are Q— 
integral and f(x) are integral. 

4.3 L-integral graphs of the joins of graphs with the union 
of graphs 

Theorem 4.8 Let d(i = 1,2,3) be three graphs on rn vertices. Also let 
Ti 4 (A)(i = 1,2,3) be the L~ coronal of Gj. Then the Laplacian characteristic 
polynomials of the matrix L(Gi V (G 2 U G 3 )) is 

Pl(G x V(G 2 UG 3 )) = P L (G 1 ,x-n 2 -n 3 )P L {G 2 ,x-n 1 )P L (G 3 ,x-n 1 ) 

(1 - T l{ g 3) (x - ni)T L{Gl) (x -n 2 - n 3 ) 
-T L (G 2 ){x - n{)T L(Gl) {x -n 2 - n 3 )) 
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Proof With a proper labeling of vertices, the Laplacian matrix of G\ V 
(G 2 U G 3 ) can be written as 

(Lid) + (n 2 +n 3 )I ni 
-jn 2 xm L(G 2 )+ ni I n2 0„ 2X „ 3 

0„ 3 xn 2 L(G 3 )+niI n3 

The result refines the arguments used to prove Theorem 3.5. 
Again, by applying (1), Theorem 4.8 implies the following result. 
Corollary 4.9 Let Gi be any graph with rii vertices. Then the Laplacian 
characteristic polynomials of the matrix Gi V (G2 U G3) is 

DtnKitn^n\ \ Pl(Gi,x - n 2 - n 3 )P L (G 2 ,x - m)(G 3 ,x - m) 

P L (Gi V (G 2 U G 3 ),x) = r f(x) 

{x-n 1 ){x-n 2 -n 3 ) 

where f(x) = x 2 — (m + n 2 + n 3 )x. 

Acknowledgment: I am grateful to the anonymous referees for some friendly 
and helpful revising suggestions. 
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Abstract 

In this article, we will apply the superconvergence patch recovery (SPR) tech- 
nique to the tetrahedral quadratic finite element over fully uniform meshes. 
First, the supercloseness property of the gradients of the finite element solu- 
tion Uh and the interpolant uj is given. We then analyze a SPR scheme to 
obtain the recovered gradient from the finite element solution at the internal 
vertices over the partitions. Finally, we show that this recovered gradient is 
superconvergent to that of the exact solution u. 

Keywords : tetrahedral finite element; SPR; post-processing; superconvergence 
Mathematics Subject Classification (2000): 65N30 

I. INTRODUCTION 

Superconvergence of the gradient for the finite element approximation is a phe- 
nomenon whereby the convergent order of the derivatives of the finite element solu- 
tions exceeds the optimal global rate. Up to now, superconvergence is still an active 
research topic; see, for example, Babuska and Strouboulis [1], Chen [2], Chen and 
Huang [3], Lin and Yan [4], Wahlbin [5], Zhu and Lin [6], and Zhu [7] for overviews 
of this field. Nevertheless, how to obtain the superconvergent numerical solution is 
an issue to researchers. In general, it needs to use post-processing techniques to get 
recovered gradients with high order accuracy from the finite element solution. Usual 
post-processing techniques include interpolation technique, projection technique, av- 
erage technique, extrapolation technique, SPR technique introduced by Zienkiewicz 

'Supported by the Natural Science Foundation of China Grant 11161039, the Zhejiang Provincial 
Natural Science Foundation of China Grant LY13A010007 and the Natural Science Foundation of 
Ningbo Grant 2013A610104. 
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and Zhu [8-10] and polynomial patch recovery (PPR) technique raised by Zhang and 
Naga [11]. In previous works, except for [8-10], there are some researches on the 
SPR technique, such as [12-18] and so on. As for the tetrahedral linear element, 
Chen and Wang [12] obtained the recovered gradient with 0(h?) order accuracy in 
the average sense of the L 2 -norm by using SPR. Brandts and Kfi'zek [19] obtained by 
using the interpolation technique the recovered gradient with 0(h 2 ) order accuracy in 
the average sense of the L 2 -norm. Using the L 2 -projection technique, in the average 
sense of the L 2 -norm, Chen [20] got the recovered gradient with 0(h 1+mm( - a '^) order 
accuracy. Goodsell [21] derived by using the average technique the pointwise super- 
convergence estimate of the recovered gradient with 0(h?~ e ) order accuracy. As for 
the tetrahedral quadratic element, using the interpolation post-processing technique, 
Brandts and Kfi'zek [22] obtained the recovered gradient with 0(h?) order accuracy 
in the average sense of the L 2 -norm. This article will discuss by using the SPR tech- 
nique the superconvergence of the recovered gradient from the tetrahedral quadratic 
finite element solution at the internal vertices. 

In this article, we shall use the letter C to denote a generic constant which may not 
be the same in each occurrence and also use the standard notations for the Sobolev 
spaces and their norms. 



II. DISCRETIZATION OF THE FINITE ELEMENT 

Suppose Q C R 3 is a rectangular block with boundary, <90, consisting of faces parallel 
to the x-, y-, and z-ax.es. We consider a general variable coefficient second-order 
elliptic problem 

3 3 

Lu = — dj(aijdiii) + a idi u + a ® u = / m ^ u = 0 on d£l. (2.1) 

i,j=l i=l 

We also assume that the given functions a,ij,ai 6 W 1,OQ (Q), an € and / 6 

L 2 (Q). In addition, we write d\u = &2U = and d^u = ||, which are usual 
partial derivatives. Thus, the variational formulation of (2.1) is 

a(u,v) = (f,v) VveH^n), (2.2) 

where 

. 3 3 

a(u , v) = / ( ^2 o-ijdiudjV + ^ ciidiuv + aouv) dxdydz 
Jn i,j=i i=i 

and 

(/ , v) = / fv dxdydz. 
Jn 

To discretize the problem (2.2), one proceeds as follows. The domain O is first- 
ly partitioned into cubes of side h, and each of these is then subdivided into six 
tetrahedra (see Fig. 1). We denote by T h this partition. 
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FIG. 1. Tetrahedral partition 

For this fully uniform mesh of tetrahedral elements, let Sq(Q) C Hq(Q) be the 
piecewise quadratic tetrahedral finite element space, and uj 6 Sq(Q) the Lagrange 
interpolant to the solution u of (2.2). 

Discretizing (2.2) using Sq as approximating space means finding Uh G Sq such 
that a(uh , v) = (/ , v) for all v 6 Sq. Here Uh is a finite element approximation to 
u. Thus we have the following result (see [23]) 

Lemma 2.1. Let {T h } be a uniform family of tetrahedral partitions of Q and u 6 
Ty 4 '°°(f2) n Hq(VL). For Uh the tetrahedral quadratic finite element approximation, 
and uj the corresponding interpolant to u, the solution of (2.2). Then we have the 
supercloseness estimate 

K - u i\i,oo,n < Ch3 \ lnh f 3 IMkoo,n- (2-3) 

III. SPR TECHNIQUE AND SUPERCONVERGENCE 

In this section, we consider a gradient recovery scheme by using the SPR technique 
for v 6 Sq (ft) at the internal vertices of the elements over the partitions and denote 
by Rh this recovery operator. In addition, we denote by R x , R y and R z the recovery 
operators of x-derivative, y-derivative and z-derivative, respectively. Thus Rh = 

(R x , Ry, Rz)- 

3 
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Suppose N is an internal vertex of the element e 6 T h , and denote by ui the 
element patch around N containing 24 tetrahedra (see Fig. 2). 



z 




y 

FIG. 2. The element patch around N containing 24 tetrahedra 

Under the local coordinate system centered N, we choose Gauss points Gj, i = 
1, • • • , 4 in the direction x as sample points to recover the x-derivative of v 6 Sq(SI) at 
the point N. Clearly, the y-derivative and the z-derivative of v at the point N can be 
recovered similarly by choosing Gauss points Ki, i = 1, ■ ■ ■ , 4 in the direction y and 
Gauss points Wj, i = 1,- • • ,4 in the direction z as sample points, respectively. We 
denote by oj x the line segment N1N2 going through the Gauss points Gi, i = 1, ■ ■ • , 4 
(see Fig. 2). SPR uses the discrete least-squares fitting to seek quadratic function 
p £ P2(uj x ), such that 

I \\p — d±v\ || = min \\\q — div\\\, (3-1) 

where v 6 Sq(Vl) and |||if||| 2 = J2i=i \ w (Gi)\ 2 - The problem (3.1) is equivalent to 
4 

5>(Gi) - 9iu(Gi)]g(Gi) = 0 Vg € ^(w x ). (3.2) 

i=l 

4 
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We define R x v(N) = p(0, 0, 0) and call it a x-derivative recovered value of v at the 
point N. It is easy to prove = |||p||| < |||<9ii>||| (see [7]). Then the following 

Lemma 3.1 holds. 

Lemma 3.1. Let oj be the element patch around an internal vertex N , and u 6 
W A '°°{u). Form £ Sft(Q.) the interpolant to u, we have 

\d lU (N) - R xUl (N)\ < C7i 3 |M| 4 ,oc,c, (3.3) 

if u £ W 5 '°°(uj), we have 

\d lU (N) - R xUl (N)\ < C^ 4 ||«|| 5l oo )W - (3-4) 

Proof. For q 6 -Ps(w), we have diq € P2{oj x ) and d\q{Gi) = diqj(Gi), i = 1, • • • , 4. 
Thus R x q = R x qi. Moreover, R x q = d\q. Therefore we have d\q = R x qi, that is 

diq - R x q! = 0 inw^, Vq £ P 3 (u). (3.5) 

Thus 

\d lU (N) - R x uj(N)\ = |d 1 (M-< ? )(A0-^-<z)/(A0l 

< \d 1 (u-q)(N)\ + \R x (u-q) I (N)\ (3.6) 

< \\di(u - q)\\ 0tOOtUJ + \\Rx(u - ?)j|| 0iOOiW(e • 

Using the norm equivalence of the finite-dimensional space and the inverse property, 
we have 

\\ R x(u-q)i\\ 0iOOiUlx < C|||i^(u-g)/||| 

< C|||di(«-g)j||| 

< cmu-q)^^ v- 7 > 

< Ch 1 ||«-g|| 0)OO)W - 

Combining (3.6) and (3.7) yields 

\d lU (N) - R xUl (N)\ < Wd^u - g)|| 0)OO)W + Ch' 1 \\u - q\\ 0 ^ . (3.8) 

Let H311 be an interpolant of degree three to u. Choosing q = rhj-u in (3.8), we have 
by the interpolation error estimate 

\d lU (N) - R xUl (N)\ < C/i 3 ||u|| 4 ,oo, w , 

which is the result (3.3). In addition, we need to consider that q is a four-degree 
monomial. Set q = x l y^z k , i + j + k = 4, where i,j, k are non-negative integers. 
When 0 < i < 3, by the arguments similar to the proof of the result (3.3) we can 
verify 

diq - R x qj = 0 mu x . (3.9) 

When q = x 4 , we easily obtain 

8 iq (N) = R x q(N) = R xgi (N) = 0. (3.10) 
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From (3.5), (3.9) and (3.10), we have 

diq(N) — R x qi(N) = 0 € P&{u). (3.11) 

If u 6 W 5 '°°(uj), let q be an interpolant of degree four to u in (3.8), we obtain the 
result (3.4) by using the interpolation error estimate. Thus we complete the proof of 
the Lemma 3.1. □ 
Lemma 3.2. For 6 Sq(Q) the tetrahedral quadratic finite element approximation 
to u £ W /4, °°(ri) ; the solution of (2.2), R x the x-derivative recovered operator defined 
by (3.1), and N an internal vertex of the element e over the uniform partition, we 
have the superconvergent estimate 

\d lU (N)-R x u h (N)\<Ch 3 \lnh\i\\u\\4 !00t n. (3-12) 

Proof. Using the triangle inequality and the norm equivalence of the finite- 
dimensional space, we have 

\d lU (N) - R x u h {N)\ < IRxiuh-mXN^ + ldmW-RxmiN)] 

< \\R x (u h - uj)\\ 0m + \d lU (N) - R x uj(N)\ 

< C\\\R x (u h - Ul )\\\ + \d lU (N)-R xUl (N)\ (3.13) 

< ClWdiiuh-mM + ldMNj-RxmiN)] 

< C " «/)| 0) oo, w + \^u{N) - R x uj{N)\ . 

Combining (2.3), (3.3) and (3.13) yields the desired result (3.12). □ 
Similar to the x-derivative recovery operator R x , we denote by R y and R z the 
y-derivative recovery operator and the z-derivative recovery operator, respectively. 
With the arguments similar to the proof procedure of the result (3.12), we have the 
results 

\d 2 u(N) -R y u h {N)\ < C7i 3 |ln/i|i||u|| 4 ,oo,n, (3.14) 

and 

|^u(JV)- J R z « h (JV)|<C/i 3 |Iii/i|3|H|4 ) oo,n. (3-15) 

From (3.12), (3.14) and (3.15), we immediately obtain the following theorem. 
Theorem 3.1. Foru^ 6 Sq(Q) the tetrahedral quadratic finite element approximation 
to u 6 lF 4 '°°(f]) ; the solution of (2.2), R^ = (R x , R y , R z ) the gradient recovered 
operator, and N an internal vertex of the element e over the uniform partition. Then 
we have the superconvergent estimate 

\Vu(N)-R h u h {N)\ <C/i 3 |lnh|3|H| 4) oo ) n. (3-16) 
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On the Behaviour of Solutions for Some Systems 
of Difference Equations 
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Department of Mathematics-Computer Sciences, 42090, Konya, Turkey 
^Selcuk University, Science Faculty, 
Department of Mathematics, 42075, Konya, Turkey 

March 6, 2014 

In this paper, we investigate the forms of the solutions of difference equation 
systems 

_ yn-2Xn-ZUn-i _ X n ^ 2 y n -3Xn-4 

y n x n -\ (±1 ± y n -2X n -3yn-i) x n y n -i (±1 ± x n - 2 y n -3Xn-4) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. Also we deal with the behavior of the solutions of 
these systems. 

Keywords: system of difference equations; explicit solutions; equilibrium 
point; periodic solution. 

AMS Classification: 39A10, 39A12. 

1 Introduction 

Since the end of the twentieth century, the theory of discrete dynamical sys- 
tems and difference equations have gained a great importance. Most of the 
recent applications of these theories appeared in many scientific areas such as 
biology, economics, physics, resource management. Especially, nonlinear dif- 
ference equations and their systems second order and higher order have great 
importance in applications. Also, there are studies which these equations and 
their systems appear as discrete analogues and numerical solutions of differen- 
tial equations modeling some problems in some branches of science. It is very 
worthy to examine the behavior of solutions of a system of higher-order rational 
difference equations and to discuss the stability character of their equilibrium 

*e mail: yyazlik@nevsehir.edu.tr, dttollu@konya.edu.tr, ntaskara@selcuk.edu.tr 
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points. Recently, many researchers have investigated periodic solutions of differ- 
ence equations or systems and also have suggested some diverse methods for the 
qualitative behavior of the their solutions. For example see Refs. [1-26]. Tollu 
et al. [3] investigated the solutions of two special types of Riccati difference 
equations 

x n +i = z— t and y n+1 = — — 

l+X n -l + J/n 

such that their solutions are associated with Fibonacci numbers. El-Metwally 
and Elsayed [4-5] obtained the solutions of the following difference equations 

x n—l x n—2 x n x n—3 
X n (±1 ± X„_iX„_ 2 ) Xn-2 (±1 ± X n X n - 3 ) 

Ibrahim [6] got the solutions of the rational difference equation 

^ XnXn—2 

n+1 x n -i(a + bx n x n - 2 )' 
The periodicity of the positive solutions of the rational difference system 

1 Vn 

X n +1 — , Vn+1 = 

Vn x n ^iy n —i 

has been studied by Cinar in [14]. In [13], Kurbanli et al. have studied the 
positive solutions of the system of difference equations 

x n—l Un—1 

x n+l = . T j Vn+1 = —.■ 

VnXn-1 + 1 X n y n -i + 1 

In [19], authors studied the dynamical behavior of positive solution for a system 
of a rational third-order difference equation 

_ X»_2 _ Un-2 

B + y n -2y n -iy n B + x n _ 2 x n -ix n 

Touafek et al., in [8], investigated the form of the solutions of the following some 
difference systems 

yn X n 

x n+l — TTZ. — j 2/n+l 



x„_i(±l±y n ) y n _i(±l±x„) 

Similar nonlinear rational difference systems were investigated; (see[9,12,15- 
18,20-23]). Our aim in this paper is to get the form of the solutions of the 
following rational difference systems 

_ Vn-2Xn-iVn-i _ X n _ 2 t/„_ 3 2;„_4 

y n X n -! (±1 ± y n -2Xn-3y n -4) X n y n -l (±1 ± X n - 2 y n -3X n -4) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. 
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2 Preliminaries 



Let I x , I y some intervals of real numbers and / : T\ x Iy — > I x , g : T\ x Iy — > 
I v be continuously diffcrcntiable functions. Then for every initial conditions 



L v 

(Xi,Vi) e i x x Iy (i 

{Xn-\-l — f {Xni Xn—li Xn—2i X 
Un+1 — 9 { x ni x n— 1: x n— 2i x ; 



4, —3, —2, — 1, 0) , the system of difference equations 



-3, X n - 4 , Vn, Vn-l,yn-2,y n -3, Vn-4,) 
-3, 3/nj J/n-1, J/n-2, J/n-3, 2/n-4) ' 



has a unique solution of {(xn,J/ri)K 
(1) is a point (x, y) that satisfies 



n = 0,1,2, 
(1) 

Also, an equilibrium point of system 



x = f(x,x,x,x,x,y,y,y,y,y), 

V = f(x, x, x, x, x, y, y, y, y, y) . 
Definition 1 Assume that (x,y) is equilibrium point of system (1). Then 
i) An equilibrium point (x,y) is said to be stable if for every e > 0, there exist 



5 > 0 such that for every initial condition (a;,, j/j) G I x xl y (i = —4, —3, —2, — 1, 0) 



«/ Z)»=-4 (( x ^2/») ^ < <5 i^p/ies || (a?», j/i) - (a;, y)\\ < e, for all 

n > 0, where ||.|| is £fte ttswaZ Euclidian norm in K 2 . 

ii) An equilibrium point (x, y) is said to be unstable if it is not stable. 

iii) An equilibrium point (x, y) is said to be asymptotically stable if there exists 



j] > 0 such that 
n — > oo. 



{{xi,yi) - (x,y)) <nand(x n ,y n 



iv) An equilibrium point (x, y) is called a global attractor if (x n , y n ) 
n — > oo. 



(x,y) as 
(x,y) as 



Theorem 1 [25] Assume that X(n+l) = F(X(nj), n = 0,1,2..., is a system of 
difference equations and X is the equilibrium point of this system, i.e., F{X) = 
X . If all eigenvalues of the Jacobian matrix Jp , evaluated at X lie inside the 
open unit disk |A| < 1, then X is locally asymptotically stable. If one of them 
has a modulus greater than one, then X is unstable. 

Theorem 2 [26] Assume that X(n + 1) = F(X(n)), n = 0, 1, 2..., is a system 
of difference equations and X is the equilibrium point of this system, the char- 
acteristic polynomial of this system about the equilibrium point X is P(X) = 

doA™ + a" _1 AH \-a n -i\ + a n = 0, with real coefficients and ao > 0. Then all 

roots of the polynomial p(X) lie inside the open unit disk |A| < 1 if and only if 
^fc > 0, for k = 1, 2, . . . , n,where A k is the principal minor of order k of the 
n x n matrix 

CLi <Z3 as ... 0 



a 0 
0 



0,2 

ai 



Cl4 
«3 



0 0 0 
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3 The System x n+1 = ^-2^-3^-4 

X n -2y n -3Xn-4 



XnVn—1 (l+X n _ 2 y n -3Xn-4) 

In this section, we study the solutions of the system of difference equations, for 
n = 0,l,2,..., 

_ y n -2Xn-3Vn-4 _ ^n-22/n-3^n-4 

X n+1 n j 2/n+l n 1 

y n X n -l (1 + y n ~2X n -3yn-4) X n y n -l (1 + X n ^ 2 yn-3Xn~4) 

(2) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. 

Theorem 3 Let {x n ,y n }^' = _ i be solutions of system (2). Then, for n — 
1,2,..., 



X6n-5 — 



Ch 2n-\ A 2n-\ 2n-2 1 + iEdC 
E 2n-l d 2n-l 1 = 1 \ + (i + \) CbA' 

ca 2n - 1 B 2n - 1 2 <t 2 1 + ieDc 

~ £2«-l e 2«-l H l + ( ? ; + l) cBa ' 

e 2n-l 2n-2 I + WcB ^ E 2n-1 2r^2 I + idCb 

x 6n -6 - \A 1 + ieDc , yens - tt YTiEdC ° 

d 2n-l 2^-2 I + iCbA ^ D 2n-1 2n-2 I + icBa 

~ A 2 ^ /J 0 1 + idCb ' V6n - 7 ~ ~a 2 ~^ 2 ~ }X 1 + iDcB' 

ca 2n-2 B 2n-2 2n-^3 1 + ieDc 
D 2n-2 e 2n-2 1 = 1 1 + + 1) Cj B a ' 



x e 



X6n-8 



Cb 2n-2 A 2n-2 2 n-^3 I + iEdC 

£ 2 «-2 2n-3 1 + jdCft e 2 ™- 2 2 ^T 3 1 + iDcB 

x ^-9 - ^=3" 1 = 1 i + iEdC V6n ~ 9 ~ }X 1 + ieDc ' 

D 2n ~ 2 2 " n 3 1 + icBa _ d 2 ™- 2 2t t: 3 1 + iCbA 

^-10 ~ f 1 = 1 1 + WcB > ySn-W ~ n 1 + ldcb , 

where x-4 — a, x_3 = b, x_ 2 = c, ie_i = c£, xo = e, y_4 = A, j/_3 = B, y- 2 
G, y-i = D, y 0 = E. 
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Proof. For n = 1, the result holds. Now, suppose that n > 1 and our 
assumption holds for n — 1, that is, 



XQn-ll 



VQn-11 — 



XQn-12 — 



XQn-13 — 



XQn-14 



VQn-lA 



XQn-15 ~ 



X§n— 16 — 



1 + iEdC 



(Jfr2n-3 j{2n-3 2n-i 
E 2 n -3 d 2n-3 .J l + ( i+ l)C6A' 
ca 2n-3 B 2n-3 2n-i 1 + ieDc 



£)2n-3g2n-3 



n t 

2n-3 2«^4 I + WcB 



+ (i + l)cBa 



idCb 



S 2 "- 4 IJ 0 1 + ieDc ' 

d 2«-3 2n^4 ! + iCbA 



A 2n - 4 Uo 1 + idCb' V6n ~ 13 a 2 ™- 4 



^2n-2 2n-4 ^ 

yen-12 = -p— r n r 

£)2n-3 2ri-4 ^ - 

fl, V+iDcB 



iEdC 1 
icBa 



ca 2n ~ 4 B 2n ~ 4 2 ™-5 

D 2n-4 e 2n-4 II \ + (i + \) C Ba 



1 + ieDc 
- (i + 1) cJ 
1 + i£(2C 



£>^2ri-4y[2n-4 2n-5 
£ ;2r l -4 d 2n-4 .J l + ( i+ l)C&A' 



£2«-4 2n-5 1 + jdCft 



£,2n-4 2n-5 1 + icBa 
jLo 1 + iDcB ' 



-,2n— 5 



2/6n-15 — 
J/6n-16 = 



e 2n-4 2n-5 X + i£ ) Cj B 

B 2 "- 5 /J 0 1 + ieDc ' 

d 2n-4 2n-5 ! + 



j\2n-5 



n 



Firstly, we consider x 6 „_ 10 
can write 



2/6^-13^6^-14 
-llK6n-12(l+!/6n-133!6 



j/6n-15 



o 1 + idC& 
. Therefore, we 



15) 



#6ra-10 — 



^ (ns 0 - 4 (fc 1 



1+ieDc 
l+(i+l)cBa 



J ^11^=0 1+ieDc J 



cBa 



( T-r2n-4 1+ieDc \ ( T—r2n— 4 l+iJJcB\ 

D 2 "- 3 ^lli=0 l+(i+l)cBo y / ^118=0 l+ie_Dc J 

l + DcB (H;', ; j (rjj™, 5 . A+^Pi. ^ hi-" 5 h^-^ 

DcB 



1+ieDc 
=0 l + (i+l)cB 



a) (rii=o 1 7 / 



cBa 2 



(n£o' 



l+(2rc-4)£>cB 
i± ^4) (l + 



L> 2 ™- 2 2 |^ 4 1 + (i 



l+(*+l)cB 

l)cBa 



l + (2 



£>cB \ 
n-i)DcB J 



n 2n—3 
a i=0 



jyin-2 2n-3 \ 



1 + iDcB 
\- icBa 



1 + (2n - 3) DcB 



,2ri-3 



l 0 1 + iDcB 
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Secondly, we consider y6rs-io 
write 



Xen-iaV6n-14X6n-15 

X6n- 11 V6n- 12 ( 1 + £611 - 13 2/6™ - I4Z6.1-I5) 



. Then we can 



Ven-w — 



rirh ( TT 2rl ~ 4 l+iCbA\ ( TT 2n ~ 5 l+iEdC \ ( tt2ti-5 1+idCb \ 
a ^°\\.U=0 1+idCb J \lU=0 l+(i+l)CbA) \lli=0 1+iEdC J 



_ \ / TT2n-4 1+jdCb \ 

d 2n-3 \iU=0 l+(i+l)CbAJ ylli=0 1+iEdC ) 



CbA 



(n 



2n-4 1+iEdC 



=0 1+iEdC ) 



CbA 2 



d 2 " 



/ n 2n-4_ 
^lli=0 1 



dCb 
l + (2n-4)dCfc 



1+idCb 
+ (i+l)CbA 

d 2n-2 2^4 1 + ( z + 1) CbA 

A 2 "- 3 /J 0 1 + idCb 
d 2n-2 2n-3 X + iC - & ^ 



5 1+iEdC \ /-|-r2n-5 1+idCb \ 
0 l+(i+l)C6 J 4 y ^lli=( 



c2C6 



l + (2ri-4)dCb 
1 

1 + (2n - 3) dC& 



A 2 "- 3 it=o l + «rfC6' 
Similarly one can prove the other relations. The proof is complete. ■ 

Theorem 4 System (2) has a unique equilibrium point which is (0,0) and this 
equilibrium point is not locally asymptotically stable. 

Proof. The linearized system of (2) about the equilibrium point (0, 0) is given 

by 

X n+1 = Fj(0,0)X n , 

I x n \ 

Xn—1 
X n -2 
Xn—3 
x n—i 

Vn 
Un-1 
Un-2 
Un-3 
V Vn-4 J 

The characteristic polynomial of Fj (0,0) is given by 



where X„ = 



and Fj (0,0) 



/ 


0 


-1 


0 


1 


0 


-1 


0 


1 


0 


1 \ 




i 


0 


0 


0 


0 


0 


0 


0 


0 


0 




0 


1 


0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


1 


0 


0 


0 


0 


0 


0 


0 




0 


0 


0 


1 


0 


0 


0 


0 


0 


0 




-1 


0 


1 


0 


1 


0 


-1 


0 


1 


0 




0 


0 


0 


0 


0 


1 


0 


0 


0 


0 




0 


0 


0 


0 


0 


0 


1 


0 


0 


0 




0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


V 


0 


0 


0 


0 


0 


0 


0 


0 


1 


o ) 



P(\) 



x w + x s + x 6 



x 



x 



1. 



(3) 



The roots of P (A) are Ai j2 = ±1, A 3 = A 4 = (l + iy/3) /2, A 5 = A 6 = 
(-l + n/3) /2, A 7 = A 8 = (l-n/3) /2, A 9 = A 10 = (-1-iVs) /2. There 
exist some roots of Eq.(3) such that |A| = 1 or |A| > 1. Hence, the equilibrium 
point (0, 0) of system (2) is unstable. ■ 
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4 The System x n+i = ^-2^-3^-4 y n+1 

X n - 2 yn-3X n - 4 



Xny n -l(-l+Xn-2yn-3Xn-4) 



In this section, we study the solutions of the system of difference equations, for 
n = 0,l,2,..., 

_ y n -2X n -3y n -4 _ Xn-2yn-3Xn-4 

X n +1 / -1 . \ ) 2/n+l / -1 . \ 7 

y n X n -l (-1 + y n -2X n -zy n ~4) X n y n -\ (-1 + X n - 2 yn-3X n -4) 

(4) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. 



Theorem 5 Let {x n ,y n }^' = _ i be solutions of system (4). Then, for n — 
Cb^A 2 "- 1 (-1 + EdC) 71 ' 1 



1,2,... 



XQn — 5 



2/6n-5 



d 2n-l E 2n-l (_! + ChA y- 
ca 2»-lg2n-l ( _ 1+eJe) »-l 
£>2n-l e 2n-l (_! + cBffl )" ' 



e 2n-l + £) cB )™ 1 ^ #2n-l (_ 1 + dCb)"' 

rf 2 "- 1 (-1 + CM)"' 1 _ r^-^-i + cga)"- 1 

^ " A 2 - 2 (-1 + dCbf- 1 ' y6 "" 7 " a 2 - 2 (-1 + DcBf- 1 ' 
ca 2»-2g2»-2 ( _ 1+eJe) »-l 

X6 "- 8 " £,2n-2 e 2n-2 (_ X + cBa )«-l ' 

n-1 



C6 2 "- 2 A 2 "- 2 (-l + £;dC*) 

y6 "- 8 - d 2„-2£2n-2 (_ X + ' 



E 2n - 2 (-1 + dCbf- 1 _ e 2n - 2 (-1 + DcBY 

b^-^-l+EdC)" 1 - 1 ' 2/611-9 ~ B 2n ~3 (-1 + eDc)' 



D 2n - 2 (-l + cBa) n - L _ d 2n ~ 2 (-1 + CbA) n ~ 

X6n - W ~ a^-H-l + DcBr- 1 ' y6n ~ W ~ A^-H-l + dCb)"- 1 ' 

where x-4 = a, x_3 = b, x_ 2 = c, ie_i = d, xq — e, y_4 = A, y_3 = B, y_ 2 
C, y-i = D, y Q = E. 
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Proof. For n = 1, the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. That is 



£6n-ll — 



2/671-11 = 



#677-12 — 



#677-13 



#6ra-14 



2/677-14 



#677-15 — 



#6n—16 — 



Cb 2n - 3 A 2n ~ 3 (-1 + EdC) 
cpn-3E 2n - 3 (-l + CbA) r - 

3 B 2n-3 (_l + e £) c ) 



77-2 



CO, 



2)1- 



77-2 



£277-3^77-3 (_! + cB( j)^ 



= 277-3 



(-1 + DcB) 



77-2 



£277-4 (_! + e£)c ) 

d 2 "- 3 (-l + Cb^) n ~ 2 
A 2 «- 4 (-l + dC&) 

-,277-4^271-4 



77^2 ' 2/677-12 - 



ca 



71-2' 2/677-13 
77-2 



(-1 + eDc) 



77-2 ' 

2 



D 2 "- 4 e 2 ™- 4 (-1 + cBa) 
Cb 2n " l A 2n - i (-1 + EdC) 
( pn-4E 2n - i (-l + CbA) n - 2 ' 
£, 2 "- 4 (-l + dC6)"~ 2 
& 277-5 (-i + EidC)" -2 
(-1 + cSa)' 



£277-4 f 1 , -n_\"-2 



2/677-16 



E 2n - 6 {-I + dCb) 



77-2 



6 2 ™- 4 (-l + J BdC) 
£2,7-3 + cBa y 

a 2 "- 4 (-l + DcS) 



77-2 ' 



77-2 ' 



o27l-4 



2/677-15 — 



{-1 + DcB) 



77-2 



a 2 ™- 5 (-1 + DcB) r 
From system (4), we obtain 

2/677- 13#677- 142/671-15 



B 2n-5 (_! + e £ c ) 
d 2n-4 + 
^277-5 (-l+rfCfe) 1 



77-2 ' 



77-2 



#677-10 — 



2/6t7-11#6t7-12 ( — 1 + 2/677-13#677-142/677-15) 



(-l+aBa)"~ 2 (-1+eDc)"' 2 (-l + DcB)'" 



(-1 + Dc.B 



£>2n-3(_ 1 + cBa )n-l (_ 1 + e£)c )n-2 

(-l+aBa)"~ 2 (-l+eflc)"~ 2 (-l+JcB)'" 



(-l+DcB) r 

DcB 



(-1+cSa)"- 2 (-1+eDc)" 



e Bq2n-3 (-l + £)cJ3) r ' 
£)2n-3 (_l + cBa )« 

£277-2 (_1 +C £ a ) 

a 2n_3 (-l + DcB) r 



(-1 + DcB) 



77-1 
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and 



Ven-io — 



£6ra-13y6n-14#6n-15 



£6ri-llJ/6n-12 ( _ 1 + ^6n-132/6n-142;6n-15) 
(-1+C&A)"- 2 (-1+EdCr- 2 (-1+dCb)"-'- 



dCb 



dCb 



(-1+rfCfe)"^ (-l+CbA) n ~ 2 (-l+EdC) r ' 
AA 2n - 3 b(-l+EdC) n ~ 2 (-1+dCb)"- 2 

<j2n-3(_ 1 + C . 6A )n-l (_ 1 + BdC )"-2 

(-1+CbA)"- 2 (-l+EdC) n - 2 (-1+rfCfe)" 



(-1+dCb)"- 2 (-l+CbA) n - 2 (-l+EdC) r ' 

dCb 

CbA^-3 (-1+dCb)"- 2 , " 
d 2„-2 + CbA )»-l 



A 2 "- 3 (-l + dCbf- 1 ' 

Similarly, one can prove the other relations. The proof is complete. I 

Corollary 6 System (4) has a periodic solution of period six iff e — B, E 
b, d — A, D — a, CEd — 2, ceD — 2 and will be taken the form 

/ (D, d) , (E, e) , (c, C) , (d, D) , (e, E) , (C, c) , (D, d) , (E, e) , (c, C) , 
\ (d,D),(e,E),(C,c),... 

Theorem 7 System (4) has a unique equilibrium point which is (0,0) and this 
equilibrium point is not locally asymptotically stable. 

Proof. The linearized system of (4) about the equilibrium point (0, 0) is given 

by 

f x n \ 

•En — l 
X n -2 
•En— 3 
x n—i 

Vn 
Vn-1 
Un-2 
Vn-3 
V Vn-4 ) 

The characteristic polynomial of Fj(0, 0) is given by 



where X n 



and Fj (0,0) 



{0,0)X n , 
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P (A) = x 



10 



3a; s - 3a; 



6 x 4 



1. 



(5) 



Note that since P (— 2) = — 1 < 0 and P {— 1) = 4 > 0, there exists a root of 
P (X) in the interval (—2, —1) . Namely, at least one of the roots of Eq.(5) has 
absolute value greater than one. Thus, the equilibrium point (0, 0) of system 
(4) is not locally asymptotically stable. ■ 
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5 The System x n+1 = ^-2^-3^-4 

X n -2y n -3Xn-4 



X n y n -l(l-Xn-2yn-3X n -4) 

In this section, we study the solutions of the system of difference equations, for 
n = 0,l,2,..., 

_ y n -2X n -3yn-4 _ X n ^ 2 y n -3X n -4 

X n +1 \ ? Vn+l /-. \ 1 

y n X n -l (1 - y n ~2X n -3yn-4) X n y n -\ (1 - X n ^ 2 yn-3Xn~4) 

(6) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. 

Theorem 8 Let {x n ,y n }^ = _ 4 be solutions of system (6). Then, for n = 
1,2,. 



Cb 2n-l A 2n-l 2n-^2 _ X + iEdC 
XfSn-5 - F2n-lJ2n-l \\ 



E 2n-l d 2n-l 1 = 1 -\ + (i + 1) CbA' 

ca 2n - 1 B' ln - x 2 «-2 -1 + ieDc 
yen-5 - ~ D2n _ X(?n _ x n _i + ( z + i) cBa ' 

e 2n-l 2n-^2 _J + WcB ^ E 2n-1 2n-2 _ X + idCb 

X6n - e ~ B 2 ^ /J 0 -1 + ieDc" V6n - 6 ~ "V 2 ^ 2 /J 0 -1+iEdC 

d 2n-l 2^-2 _! + iCbA ^ D 2n-1 2n-^2 _l + icBa 

x ^-7 - i = i _ 1+idCb ' y^n-r-^,- n _ 1 + iDcB > 

ca 2n - 2 B 2n - 22 ^ -I + ieDc 

X 6n-8 - - £ 2 „- 2e 2„- 2 n _l + ( 7 ; + l) CjBa ' 

C6 2n-2 A 2n-2 2^-3 _ X + ^ dC - 
2/6n-8 — lJT2n-2 J2n,-2 1 1 



E 2n - 2 d 2n - 2 t=o -l + (i + l)C6A' 

£2™-2 2^3 _! + idCb e 2n-2 2n-3 _J + i£ ) c £ 

x 6™-9 - -52^ 1 = 1 _i + i £ dC " y6 "- 9 " ^3 /J Q _l + ie £>c' 

X6 "- 10 " /Jo -l + i£>cB' y6 "- 10 ~ A 2 ^ /Jo ^T+^CT ' 

where X-4 — a, £-3 = 6, ai_2 = c, ie_i = rf, xq — e, y_4 = A, y_3 = _B, y_2 = 

C, y-i = A yo = 

Theorem 9 System (6) has a unique equilibrium point which is (0,0) and this 
equilibrium point is not locally asymptotically stable. 
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6 The System x n+i = ^-2^-3^4 

J n+i y n x n -i{-l-y n -2X n -3yn-4) ' 

X n - 2 y n -3Xn-4 



X n yn--l(-]--Xn-2yn-ZX n -i) 



In this section, we study the solutions of the system of difference equations, for 
n = 0,l,2,..., 

_ y n -2X n -3yn-A _ Xn-2yn-3Xn-4 

y n x n -i (-1 - y n -2X n -zy n ~i) x n y n -i (-1 - x„- 2 2M-3£™-4) 

(7) 

where the initial values are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. 

Theorem 10 Let {x n ,y n }™ = _ 4 be solutions of system (7). Then, for n = 



1,2,..., 



C6 2„-1 A 2„-1 (1 + EdC f-l ca 2n-l B 2a-l (1 + eD( .y 



e 2 "- 1 (1 + JcB)"' 1 _ j; 2 "- 1 (1 + dCbf- 1 

X6n - 7 ~ A*"-* (1 + dCbf- 1 ' ^ " a 2 - 2 (1 + DcBf- 1 ' 

CQ 2n-2 g 2n-2 Q_ + e£>c )n-l _ C ft2«-2^2n-2 (1 + EdC ^-l 

X6n ~ S ~ ^2„-2 e2n -2 (1 + cSa )«-l ' y6 "- 8 ~ d 2„-2 S 2„-2( 1+C7M )™-l ' 

^"^(l + rfCfr)"" 1 _ e 2 "- 2 (1 + Jeff)"' 1 

X6n - 9 ~ 6 2 -3 (1 + EdCf- 1 ' y6 "" 9 " B 2 -3 (1 + eDcf- 1 ' 
^"^(l + cga)"" 1 _ d 2n - 2 (1 + CM)"' 1 

X6n - W ~ a 2 -3 (1 + DcBf- 1 ' y6 "" 10 " A 2 -3 (1 + dCbf- 1 ' 

where X-4 — a, x_3 = b, .x_ 2 = c, ie_i = d, xq — e, j/_4 = A, y_3 = B, y_ 2 = 
C, = D, y 0 = E. 

Theorem 11 The following statements are valid: 

i) System (7) has a unique equilibrium point which is (0,0) and this equilibrium 

point is not locally asymptotically stable. 

ii) System (7) has a periodic solution of period six iff e = B, E = b, d = 

A, D — a and will be taken the form 

(a, A) , (E, e) , (c, C) , (A, a) , (e, E) , (-j+§^, -j^) , 
(a, A) , (£, e) , (c, C) , (A, a) , (e, £) , (-j+gg^, -j^) 
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Abstract 

In this paper we deal with the existence of solutions and the periodicity 
character of the following systems of rational difference equations with 
order four 

X " +1 = V„-2(±l±*»V„-3)' Vn+1 = x n _ 2 (±l±y n x n _ 3 )' 

with initial conditions are nonzero real numbers. 

Keywords: difference equations, periodic solution, system of difference equa- 
tions. 

Mathematics Subject Classification: 39A10. 



1 Introduction 

In recent years, rational difference equations have attracted the attention of 
many researchers for varied reasons. On the one hand, they provide examples 
of nonlinear equations which are, in some cases, treatable but whose dynamics 
present some new features with respect to the linear case. On the other hand, 
rational equations frequently appear in some biological models, and, hence, their 
study is of interest also due to their applications. A good example of both facts 
is Ricatti difference equations; the richness of the dynamics of Ricatti equa- 
tions is very well-known ( see, e.g., [5]), and a particular case of these equations 
provides the classical Beverton-Holt model on the dynamics of exploited fish 
populations [2]. Obviously, higher-order rational difference equations and sys- 
tems of rational equations have also been widely studied but still have many 
aspects to be investigated. The reader can find in the following books [5, 12], 
and the works cited therein. 

1 



179 



M. M. El-Dessoky et al 179-194 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO. 1, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



The periodicity of the positive solutions of the rational difference equations 
systems 

rr — ill — KM 

■'<n+l — yn , yn+1 — Xn _ 1 y n _ 1 > 

has been obtained by Cinar in [4] . 

The behavior of positive solutions of the following system 

_ Xn-i _ y„_i 

■><n+l - l +Xn _ lVn , yn+1 ~ l +y „_ lXn - 

has been studied by Kurbanli et al. [13]. 

Touafek et al. [17] studied the periodicity and gave the form of the solutions 
of the following systems 

y n x ri 

Xn+1 = z„-i(±l±y„) ' = y„_i(±l±a;„) • 

In [18] Yalgmkaya investigated the sufficient condition for the global asymptotic 
stability of the following systems of difference equations 

tn z n — 1 ~\~Q, i Z n t n — i j~Q 

Zn+1 ~ t n +Z n _ 1 ' - Z„+t„-l ' 

Similar to difference equations and nonlinear systems of rational difference equa- 
tions were investigated see [l]-[28]. 

In this paper, we investigated the periodic nature and the form of the solutions 
of nonlinear difference equations systems of order four 

_ X-n.V-n.-3 _ 

Xn+1 ~ y„-2(±l±z„y„- 3 )' yn+1 ~ x„- 2 (±l±y n x n - 3 )> 

with initial conditions are nonzero real numbers. 



2 System x n+1 - /f^l , : , Vn+i - Xn J(l+ y ~ n l n _ 3 ) 

In this section, we investigate the solutions of the system of two difference 
equations 

„ _ x n y n -3 _ VnXn-3 /l\ 

•t-n+1 — y n _ 2 (l+x n y n - 3 ) ' ~~ x n - 2 (l + y n x n -3) ' \ L ) 

where the initial conditions are arbitrary nonzero real numbers. 

Theorem 2.1. Assume that {x n ,y n } are solutions of system (1). Then for 

n = 0,1,2, ... 

<r„ „ - °- n h n "Fr 1 (l + (6i)de) _ C q"fr" "ff 1 (l + (6i+l)rfe) 

J-6n-3 — e " d »-i 11 (l + (6i+3)a/i) ' x 6"-2 ~ e r, d „ H (i + ( 6 i+4)ah) ' 
2= 0 i— 0 

_ ba"/i" "pr 1 (l + (6z+2)de) _ q'+'t" "pr (l + (6i+3)de) 

J-6n-l — e n d n 11 (l+(6i+5)ofc) ' -^Sn — e n d n 11 (l+(6»+6)oh) ' 
i=0 i=0 

a" +1 fe" +1 "n (l + (6i+4)de) a^fc^ "pf 1 (l + (6»+5)de) 

-<-6n+l g e n d"(l+a/i) 11 (l + (6i+7)ah) ' J '6n+2 / e "d"(l+2a/i) 11 (l + (6i+8)a/i) ' 

2=0 2=0 

, te , - d " e ", "ff 1 (jjjgjWO , te , - g rf " e " "tT 1 a + (Gi+l)ah) 

J/6n-3 — a™^"- 1 11 (l + (62+3)de) ' S«>n-2 ~ a "/i" 11 (l + (62+4)de) ' 

2=0 2=0 



Va , / d " e " "n (l + (6i+2)afr) m . - "p/ (l + (6i+3) a fe) 

</6n-l — a nfcn 11 (l+(6i+5)de) ' V^n — a n h n 11 (l+(6*+6)deV 
2=0 i=0 
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_ cT+V^ "pr 1 (l + (6i+4)afe) _ rf"+ 1 e"+ 1 (l + (6»+5)afe) 

</6r»+l — ca ™fcn(l+de) 11 (l+(6i+7)de) ' i /6ra + 2 — ha"h™(l+2<ie) 11 (l+(6»+8)de) ' 
z— 0 i— 0 

where x_ 3 = d, x_ 2 = c, z_i = b, x 0 = a, y_ 3 = h, y_ 2 = 5; = 
/ and yo = e. 

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. That is, 

_ feg"- 1 /!"- 1 "fr 2 (l + (6i+2)rfe) _ g"/!"' 1 "ff 2 (l + (6»+3)de) 

J-6n-7 — e n-i d «-i 11 (l + (6i+5)a/i) ' x 6n-6 — e n-i d «-i H (l + (6i+6)a/i) ' 
i=0 i=0 

n— 2 n— 2 

_ _ a"fe" TT l+(6»+4)de _ a"/t" TT l + (6»+5)de 

x 6n-5 g(ed)^- 1 (l+ah) 11 l + (6i+7)ah > ^671-4 — /(ed)"- 1 (l+2a/i) 11 l + (6i+8)ah ' 

z=0 i=0 

_ /d"-^— 1 "pr 2 (l + (6i+2)ah) _ d"-i e " " n 2 (l + (6i+3) a fe) 

ybn-7 — a „-i h r,-i 11 (l + (6i+5)de) ' J/6n-6 — a n-i h n-i 11 (l + (6i+6)de) ' 
i— 0 z— 0 

ri— 2 n— 2 

_ d"e" TT l + (6i+4)ah _ d"e" TT l+(6z+5)a/t 

</6n-5 — c(ah)"-!(l+de) 11 l + (6i+7)de ' f6n-4 — (,(„(,)»- 1 (l+2de) H l + (6i+8)de ' 

i=0 i=0 



Now it follows from Eq.(l) that 

6 ™ -3 2/6n-6(l+Z6n-4J/6n-7) 

a"h" TT 2 (l + (6i+5)de) \ / /d^~V^ ™- 2 (l + (6i+2)afa) \ 

/e"- 1 d"- 1 (l+2a/i) 11 (l + (6i+8)a/i) I I a"- 1 /!™- 1 .U (l + (6i+5)de) I 



/ .n-l n ™~ 2 
I a n-ll»-l n 
V i=0 



-2 

(l + (6i+3)ara) 
(l+(6i+6)de) 



n— 2 

i , a"fr" fd n - 1 e n - 1 tt (l + (6z+5)de) (l + (6»+2)ah) 

/e"- 1 d"- 1 (l+2a/i) a™- 1 /!"- 1 11 (l + (6i+8)ah) (l + (6i+5)de) 

i=0 

(l + (6n-4)a/i) _ g"fe" tt (l + (6i)de) 

a e 11 l + (6i+6)de \ L+ l + (6n-4)ah 



yen~3 - x 6n - e {l+ye n -iXe„- 7 ) 



d"e" 'tt" (l + (6»+5)a/i) \ I fca"-^"- 1 TT (l + (6i+2)de) 

ha"- 1 ?i"- 1 (l+2de) JUL (l + (6i+8)de) j ( e"-^"" 1 11 (l + (6i+5)a/i) 



n— 2 

a"^"- 1 TT (l+(6i+3)de) 
11 (i + (6i+6)aft) 
i=0 

n-2 



1 4- d"e" fca"- 1 ^"- 1 TT (l + (6i+5)afr) (l + (6i+2)de) 

1 " 1 " ba"- 1 h"- 1 (l+2de) e^d™- 1 H (l+(6i+8)de) (l + (6i+5)a/i) 

i=0 



e n d rl 



n-l 



(l + (6n-4)de) e "d" TT l + (6»)afe 

"-2 , ,„. „, . / N a"h"-! 11 l+(6i+3)de 1 

„n h »-i TT 1 +(6»+3)de / de \ i=0 k ' 

a h 11 .l + (6i+6)ah \ L+ l + (6n-4)de 



l + (6i+6)ah l + (6n-4)de 

Also, we see from Eq.(l) that 

_ X6„-3!/6r.-6 
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g"ft" TT (l + (6»)<fe) rf^-V» pf (l+(6»+3)gfc) 
e™^- 1 1 = 1 (l+(6i+3)oft) a™- 1 /!™- 1 1JL (l+(6i+6)de) 



d"e" Vr 2 (l + (6t+4)aft) f a "ft" d"~ 1 e" FT l + (6t)de Vr 2 l+(6j+3)afc ) 

cCa^^-^l+de) 1JL (l + (6i+7)de) ( i+ e"d"- 1 (aft)™- 1 1JL l + (6i+3)aft 1JL l + (6i+6)de j 



aft 



(l + (6»-3)aft) _ C g"ft" TT (l + (6i+l)de) 

d"e" "n ! + (6'+ 4 )^ ( u aft \ i=0 ( 1 +( 6i + 4 )«'0 ! 

ft^-ifl+de) 11 l+(6i+7)de I i+ l + (6n-3)aft J 



d"e" Vr 1 (l + (6i>ft) a"/!"' 1 pf (l + (6t+3)de) 
a"/!"- 1 1 = 1 (l + (6i+3)de) e™-^™- 1 11 (l + (6i+6)aft) 

a"ft" TT 2 l + (6i+4)de / d"e" a"ft" -1 "py 1 l + (6i)aft pf l + (6i+3)de \ 

gtedji-itl+aft) 11 l + (6i+7)aft I i+ a"ft"-! (ed)™- 1 11 l + (6i+3)de 1 = 1 l + (6i+6)aft I 



de n— 1 



_ (l + (6n-3)de) _ ge"d" TT (l + (6i+l)aft) 

a"ft" TT 2 l + (6»+4)de / de \ ""^ 11 (l+(«<+4)«fc) ' 

S e"- 1 d' l - 1 (l+aft) 1_1 l+(6i+7)oft l+(6n-3)de J l_U 

Also, we can prove the other relations. The proof is complete. 

The following Theorems can be proved similarly: 
Theorem 2.2. Assume that {x n ,y n } are solutions of the system 

Xn + 1 ~ Vn-2(l+x nVn - 3 )' _ x n - 2 {l-VnX n - 3 )- 

Then for n = 0,1, 2,..., 

_ a" ft" "rr 1 (l-(6i)de) _ eg" ft" "pf (l-(6i+l)de) 

J-6n-3 — e"d"-i 11 (l + (6i+3)aft) ' • L 6n-2 — e n d n H (l + (6j+4)aft) ' 
i=0 j=0 

_ . ba"ft" "rr 1 (l-(6^+2)de) _ a"+ 1 ft" "pf (l-(6»+3)de) 

■i6n-l — e n d r> 11 (l+(6i+5)ofc) ' J ' 6n ~~ e"d" 11 (l+(6i+6)aft) ' 
i=0 i=0 

a ^+i^+i "- 1 (i-( 6 i+4)de) _ a"+ 1 ft"+ 1 "pf (l-(6i+5)de) 

•*-6n+l ff e"d"(l+aft) 11 (l + (6i+7)aft) ' x 6n+2 — / e "d"(l+2aft) 11 (l + (6i+8)aft) ' 

2—0 i—0 

, - d"e" "pr 1 (l + (6Qaft) _ g d"e" "pf (l + (6t+l)aft) 

J/6n-3 — a™/!™- 1 11 (l-(6i+3)de) ' i/6n-2 — a „ h „ H (i_(6i+4)de) ' 
i=0 i=0 

, la - fd^l "n (l + (6»+2)»fe) „ - d-e^ 1 "pr 1 (l + (6»+3)aft) 

</6n-l — a „ fen 11 (i_(6i+5)de) ' i/6n — a^r. 11 (l-(6i+6)de) ' 
i—0 i—0 

_ d n+1 e n+1 "pr 1 (l + (6»+4)aft) _ rf^+V^ "pr 1 (l + (6»+5)aft) 

yOn+1 — ca ™ft™(l-de) 11 (l-(6i+7)de) ' S/6n+2 — 6a"ft"(l-2de) 11 (l-(6i+8)de) ' 

Theorem 2.3. Let {x n ,y n } are solutions of the following system 

^nVn— 3 _ Vn^n— 3 

Then for n = 0,l,2,..., 
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n—1 , , . . , n—1 , . . . 

.tv. „ - O (l + (6»)rfe) „ _ ca"/t" pr (l + (6i+l)de) 

J-6n-3 — e n d n-l 11 (l-(6i+3)a/i) ' x 6n-2 — e „ d r, 11 (l_(6i+4)ofc) ' 

i— 0 z— 0 

Tc , _ ba"fe" "tt 1 (l + (6»+2)de) _ a "+ 1 fe" "pr* (l + (6»+3)de) 

-A6n-1 — e n d n 11 (l-(6i+5)a/i) ' X &™ — e"d" 11 (l-(6i+6)a/i) ' 
j=0 i=0 

_ a" +1 fe" +1 "fr 1 (l + (6»+4)de) _ a"+ 1 fe"+ 1 "pr* (l + (6»+5)de) 

J-6n+l — g e id n (l-ah) H (l-(6i+7)ofc) ' x 6n+2 — f e n d n (l-2ah) H (l-(6*+8)ofc) ' 
i=0 i=0 

„ - "fr 1 (l-(6Qafe) _ gd"e" "pr 1 (l-(6i+l)afe) 

</6n-3 a^h"- 1 11 (l+(6i+3)de) ' w&™-2 ~ a n h n H (l+(6i+4)de) > 

_ fjV "pr 1 (l-(6i+2)afe) _ rf"e"+ 1 "pr* (l-(6i+3)afe) 

</6n-l — a n h n 11 (l+(6i+5)de) ' » fa " o"h" H (l+(6i+6)de) ' 
i=0 i=0 

,. d"+ 1 e"+ 1 "fr* (l-(6»+4)afe) _ d"+i e "+i "fr* (MgiljM) 

fora+l ca"/i"(l+de) 11 (l + (6i+7)de) ' f6n+2 6a"/i"(l+2de) 11 (l + (6i+8)de) ' 

i=0 i=0 

Theorem 2.4. The solutions of the following system 

x„y„- 3 y n x n -3 
Xn+1 Vn-2(l-x n y n - 3 )' x n - 2 (l-y„x n - 3 )- 

are given by the following formulae 

t„ „ a"fe" FT (l-(6*)rfe) _ ca'fe" "pr 1 (l-(6i+l)de) 

J-6n-3 — e^d™" 1 11 (l-(6i+3)ah) ' x bn-2 — e „ d r> H (l-(6 4 +4)a/i) ' 
i=0 i=0 

_ ba"fr" "fr 1 (l-(6i+2)de) _ a"+ 1 fe" "pr" (l-(6i+3)de) 

-A6n-1 — e n d r, 11 (i_(6»+5)o/i)' x 6n — e „ d „ H (i_(6»+6)oh) ' 
i=0 i=0 

_ a" +1 fe" +1 (l-(6'+4)de) _ a^ 1 ^ 1 "fr* (l-(6i+5)de) 

J-6n+l - ge n d n (l-ah) H (l-(6i+7)ofc) ' X(3 ™+ 2 ~ /e"d"(l-2a/i) H (l-(6i+8)o/i) ' 
i=0 i=0 

n—1 n—1 

_ d"e" pr (l-(6z)a/i) _ gd e -pr (l-(6z+l)afr) 

(/6n-3 — „"/,»-! 11 (l-(6i+3)de) ' Wn-2 — a „ h „ H (l_(6»+4)de) ' 

i=0 2=0 

„„ - /jV "n (l-(6i+2)afr) _ d"e"+ 1 "py 1 (l-(6i+3) a fe) 

</6n-l a « fen 11 (i_(6i+5)de) ' #6™ ~ a"/i" 11 (l-(6i+6)de) > 

i=0 i=0 

jH-i^+i "pr 1 (l-(6»+4)qft) _ d" +1 e" +1 "fr* (l-(6»+5)aft) 

ySn+1 — ca "/i"(l-de) H (l-(6i+7)de) ' Wn+2 — ha"h™(l-2de) 11 (l-(6i+8)de) ' 
i=0 i=0 

Example 1. We consider interesting numerical example for the difference 
system (1) with the initial conditions x_3 = —0.3, x_ 2 = 0.2, X-i = —0.13, 
.to = 0.52, j/_ 3 = 0.21, y_ 2 = 0.12, y_ x = -0.6 and y 0 = -0.32. (See Fig. 1). 



3 System x n+l = - 4ffi± y n+1 = 



y n - 2 (l+x n y n - 3 ) ' yfl+1 X n -2{-l+y n Xn-3) 



In this section, we obtain the form of the solutions of the system of two difference 
equations 

3/n-2(l+x„3/ n _ 3 ) ' — x n - 2 (-l+ynX n - 3 ) ' 



_ __£nJA;— 3_ _ , _ fO\ 

X n +1 — v „_,n+ x „ v „_,)i yn+1 — x „--,(-l+v„x„-,)> y > 
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plot of X(n+1 )=Y(n-3)X(n)/Y(n-2)(1 +Y(n-3)X(n)),Y(n+1 )=X(n-3)Y(n)/X(n-2)(1 +X(n-3)Y(n)) 




10 20 30 40 50 60 70 80 90 



Figure 1: 



where the initial conditions are arbitrary non zero real numbers with Xsyo ^ 1. 
Theorem 3.1. Let {x n , y n }n=-3 be solutions of system (2). Then for n = 
0,1,2,..., 



*^6n— 3 



■^6n — 1 



end 71 - 1 n-l 

Y\ (l+(6i+3)afc) 
i=0 

ba n h n 1 

e n d n n-i i 
J] (l + (6i+5)ah) 

1=0 

a n+l h n+l , 



1 _ ca n h n (-l+de) r ' 

j -LQn-2 — ,„» „_, 



(l + (6i+4)ah) 



a" +1 /i" (-1+de)" 
e n d n n-i J 
11 (l+(6*+6)oft) 



X 6n+1 — ge"d"(l+ah) n-1 ' 2: 6n+2 — / e "d™ (l+2a/i) n-1 ' 

[] (l + (6i+7)ah) [] (l+(6i+8)afc) 



V6n-3 



J] (l+(6i)afc) „_i 

i=0 



V6n-1 



fd n e n i=a 
a n h n 



(l + (6i+2)o/i) 



n-1 



( - W , 2/6„ = ^ n(l + (6i + 3)afc), 

i=0 



J/6n+l 



_,„., „, , n (l+(6i+4)afc) 



(-l+de) r ' 



— y 6 „+2 = I! (1 + (6* + 5)a/i), 



Proof: For n = 0 the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. that is, 



-1, n-1 



*^6n— 7 



XQn— 5 



gn-lrfn-l „_ 2 

J] (l+(6i+5)ah) 

i=0 



XR - - ""fr"- 1 (- 1 + de )'"' 



g(ed) n - 1 (l+ofe) "-2 

17 l + (6i+7)ah 

z=0 



II (l + (6i+6)ah) 

i = 0 

r „ _ a" fa" (-1+de)"- 1 

.^6n-4 — /( e d)"-i(l+2a/i) «-2 ) 

El l + (6i+8)a/i 
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2/6« -7 



i „_i II (l+(6»+2)ofc) 

e i=o 

a n-i h n-i (-l+de)" 



f — e "-7 r i_ 1+de)n -i , V6n-e = J^r n (1 + (6i + 3)ah), 



n-2 

U( 

i=0 
n-2 

n< 

i=0 



II (l+(6i+4)oh) 

V6n-5 = ca SC-L ' =0 (-i + de)^ . J/6n-4 = 6a n d -"C-l 11(1 + (6* + 5)oft), 

Now it follows from Eq.(2) that 

ff6rt-4?/6rt-7 

6 ™ _3 ~~ 2/6tl-6(l+Z6r.-43/6r.-7) 



o"ft r 



sn i , „ i II (l+(6»+2)ah) 



/ e ™-id"-i(l+2a7i) n-2 a r.-i /l r.-i (-l+de)"- 1 

n (l+(6i+8)oh) 



d »-lgt> n-2 
0 n-l fe n-l .11 l + (6l + 3)aft 



, , a n fc" (-l+de)"' 1 /(ed) 

i+ /(ed)"-i(l+2ah) r>- 



-1 11 l + (6i+2)aft 



Q (l+(6i+8)aft) 



(aft)"- 1 (-1+de)"- 



aft 

{l + {6n+2)ah) 



a"h" 



a"- 1 /!"- 1 II (l+(6i+3)oh) (l + (1 + (6 ^ +2 )aft) ) 

D6n-i x 6n-7 



n-l ' 

d»-i e " n l + (6i+3)aft 

i = 0 



Sih^-i "n (l+(6i+5)ofe) fc e g „"- 1 jl"- 1 — 

* =0 EI (l + (6»+5)oft) 

i = 0 



a" ft" 



(-l+de)" 



er ._l d „_l n _ 2 

]1 l+(6i+6)aft 



-i+k^ n n i+(^ +5 )aft b g ) r 1 „_ 2 1 — 

Y[ l+(6i+5)aft 



de 



n-l 



a"ft"- 1 (-l+de)"' 1 
e"- 1 d"- 1 "-2 

J] (l + (6i+6)aft) 



(-l+de) 



= a"ft-l(-l+de)" P(1 + (6«W 



i=0 



Similarly, we can prove the other relations. This completes the proof. 

We consider the following systems and the proof of the theorems are similarly 
to above theorem and so, left to the reader. 



„ X-n.V-n.-3 „ _ y n Xn-3 

Xn+1 ~ y n -2{i+x n y n - 3 )' Un+1 ~ x n ^{-l- Vn x n _ 3 )- 

X n y-n, — 3 Vn x n — 3 

Xn+1 = y„- 2 (l-^2/r.- 3 )' Vn+1 = x„_ 2 (-l+2/„x„_ 3 )- 

■ Ln+1 ~ y n -2{l-x n y n - 3 )' - a;„-2(-l-y„^„-3)- 



(3) 
(4) 
(5) 



Theorem 3.2. Let {x n ,yn} n =- 3 be solutions of system (3) and X-sHo 7^ ~ 1- 
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Then 

Xf . , - 1 X( . , - ca"ft" (-1-rfe)" 

«*<6n— 3 — e n d n-i n -\ i •*>6n—2 e n d n ™ — l ) 

]1 (l+(6i+3)afc) n (l + (6i+4)ah) 

i=0 i=0 

Xfi . - 1 XR - a " +lfe " 

J-6n-l - e n d „ „_i , 2 6 n — ,„ n _i , 

]1 (l+(6i+5)ofc) e " n (l+(6i+6)ofc) 

i=0 i=0 

a" +1 ft" +1 1 _ _ g"+ 1 h n + 1 (-1-rfe)" 

26n+l — ffe "d"(l+aft) n-l ; ^6n+2 — / e "d"(l+2a/i) »-i ' 

II (l + (Gt+7)ah) n (l+(6i+8)afc) 

i=0 i=0 

n n 1 (l+(6*)a/i) n_1 

j/ 6 „- 3 - g y-i <= (°-i-^)" ' y6„- 2 = ^n( 1 + ( 6l + 1 ) a/l )' 

i=0 

yan-i = <=0 (-i- de) n ■ y6„ = ^n( 1 + ( 6i + 3 ) a/i )' 

i=0 

,n+i „+i n n(l+(6i+4)afc) n+1 
2/6n+l = ea 4" '"(-l-dejn+l . 2/6n+2 = Rpfri || (1 + (6» + 5)ofe). 

i=0 

Theorem 3.3. Assume that {x„, j/„} are solutions of system (4) with 2-32/0 7^ 
1. Then 

x , , - _="_" 1 , - ca"h" (-1+de)" 

26rt-3 — e nd«-l Ti-l ) ^671-2 — e n d n „_i ) 

II (l-(6i+3)oh) II (-l+(6»+4)oh) 

t=0 »=0 

_ &a"/i" 1 _ _ a" +1 /i" (-1+de)" 

26n— 1 e n d n n-l i ^6n — e n d n n-l ' 

II (l-(6»+5)oh) n (-l+(6i+6)oh) 

«=0 i = 0 

_ g" +1 fe" +1 1 _ _ a"+ 1 / I "+ 1 (-1+de)" 

26n+l — ffe "d"(l-a/i) n-l ' • i 6n+2 — /e"d"(-l+2aW n-l i 

II (l-(6i+7)ofc) n (-l+(6i+8)ofc) 

«=0 i=0 

,„ „ n n\i-(ei)ah) n ™-i 

2/6n-3 = g „^-i ' ( °_ 1+(fe)n , 2/6n-2 = [[(I ~ (6* + l)a/l), 

i=0 



n (l-(6»+2)afc) 

lte n -i = J n „ h e „ <=0 ( _ 1+<te) „ — , yen = -5^11(1- (6* + 3)o/t), 

4=0 

+ 1 +1 n fl(.i-(6i+i)ah) +1 +1 "- 1 

V&n+l = d \jl n ' = (_ 1+de)n +l , ?/6n+2 = d " bg 4"„ ~ ( 6i + 5 )" fe )- 

Theorem 3.4. Suppose that {x n ,y n } are solutions of system (5) such that 
2-32/0 7^-1- Then 

, - 1 Xr , - =-__- (-l-rfe)" 

26n-3 — e^d"- 1 n-l ' • t 6n-2 — e n d n „_i , 

II (l-(6i+3)ofc) n (l-(6*+4)ah) 

«=0 i=0 

- fca"ft" 1 x _ q"+ 1 fe" (-1-ae)" 

26n-l — e n d n n _i , 26„ — e „ d „ re _j , 

II (l-(6t+5)ofc) n (l-(6i+6)oft) 

»=0 z=0 



n-l 
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Figure 2: 



_ a" +1 ft" +1 1 _ _ a"+ 1 / i "+ 1 (-1-de)" 

■l>6n+l — ge n d n (l-ah) n-i ' -^6n+2 — f (l-2ah) n-i ■ 

II (l-(6i+7)o/i) n (l-(6i+8)a/t) 

«=0 i = 0 



V6n-3 



II (l-(6i)oh) 
»=o 

a"/!"- 1 (-1 



— y6n-2 = g J£l[(l-(6i + l)ah), 



i=0 

^ — 1 



]1 (l-(6i+2)ofc) 

i=0 



, n+1 „ +1 n (l-(«+4)ah) 

y 6n+ i = d c J h : ^=3^ ■ 2/6n +2 = ^4^- II (1 ( 6 * + 5 W 



Example 2. See Figure (2) when we take system (3) with the initial con- 
ditions x_3 = 0.14, x-2 = 0.17, x-i = -0.13, x 0 = 0.12, y_ 3 = 0.19, 
= 0.16, y-i = -0.17 and y 0 = 0.124. 



The following cases can be treated similarly. 



4 System x n+1 - yn _ 2 ^ 1+Xnyn _ 3) , Vn+i - Xn _ 2 (i+ ynXn _ 3 ) 

In this section, we get the solutions of the system of the difference equations 

^nVn—S yn^n—S r n \ 
x n+l = r -j— r, Vn+1 = 7T- C, (6) 

where the initial conditions are arbitrary nonzero real numbers with 2o2/-3 7^ 1- 
Theorem 4.1. If {x n ,y n } are solutions of difference equation system (6). 
Then 

x 6n - 3 = xjt-l 7- 1+ah)n , ^ ri _ 2 =^n( i+ ( 6i+i ) de )' 

i=0 
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, „,„ n (l+(6i+2)«fc) n+ 

S6n-1 = ^ <= °(-l+«/0" ■ X *» = V^n( 1 + ( 6l + 3 ) de )' 

i=0 



II (l+(6i+4)de) 



n-l 



i=0 



d"e" 1 

n-l ■ 
II (l+(6»+3)de) 
«=o 



— 9 rf e (-1+ah) 
</6n-2 — an/l ™ n-l ' 
II (l + (6i+4)de) 

i=0 



n-l 



2/6n-l = 



J/6n+l — 



_ /d"e" 



a nfcn n-l ' 
II (l+(6»+5)de) 
>=o 

d" +1 e" +1 1 

ca™Wl+de) n-l 

II (l+(6i+7)de) 

1=0 



n (-l+a/t)" 
(l + (6i+6)de) • 

j=0 



_ d" +1 e" +1 (-1+aft)" 
</6n+2 — h a r. ftn ( 1+ 2d e ) „-i : 
ft (l + (6i+8)de) 
«=o 



Theorem 4.2. If {x„,j/„} are solutions of the following difference equation 

■•■- 3 U^x,-,) . with x- 3 y 0 * -1. 



system x n+1 - y „_ 2( _i +x „ !/ „_3 ) , J/n+i 



Then for n = 0,1, 2,..., 



x 6 „-3 - e ^-i i= ( °-i + a»)~ > san-2 = ^ II(l-(6i + l)de), 

z=0 



^6n— 1 



. „.„ n (l-(6i+2)de) n-l 

' x 6n = ^£ n(l-(6i + 3)de), 

i=0 



e n d n (-1+a/i)"" 



^6n+l 
2/6n-3 



„„+!,„+! nd-(6i+4)de) „ l 

W "(-l+a^^l ■ *6n+2 - E[ C 1 (& + 5)de), 

(=0 



1 



a^h'n-l n-l ! 

II (l-(6i+3)de) 

1=0 



2/6n-l = 



2/6n+l 



_ /d"e" 



a n h n n-i ■ 
II (l-(6i+5)de) 

i=0 

d"+ 1 e™+ 1 1 



„„ „ - gd"e" (-1+afeT 
</6n-2 — a n h n „_i ■ 
II (l-(6*+4)de) 

»=0 

n-l 

d"e" +1 TT (-l+nfe) n 



n 



2/6n — a n h n 11 (l-(6i+6)de)- 
i=0 



*h n {l-de) 



II (l-(6»+7)de) 
«=o 



2/6n+2 



d" +1 e*H 



(-l+ah)" 



l Wl-2de) n-l 

II (l-(6i+8)de) 

1=0 



Theorem 4.3. If {i n ,y„} are solutions of the difference equations system 
= x nV n - 3 = ^"~ 3 7 , where a;_ 3 y 0 ¥= 1- Then 



„ tn n (l+(6*)de) 

i=0 



3?6n— 1 



, ,., „ n (l + (6i+2)de) n-l 



(-l-a/i)" ' 



i=0 
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x 6n+1 = a J dn '7_ 1 _ afe) „ +1 , x 6ri+2 = <^J^ n (1 + (« + 5)de), 

W( , , - 1 „ - g rf " e " (-1-a/i)" 

ilbn — 3 — a n/jn-i „_i ; ilbn— 2 a"/i" ™-i ' 

II (l+(6i+3)de) n (l+(6»+4)de) 

i=0 z=0 

n-1 

_ /jV 1 „ _ d"e" +1 TT (-1-afe)" 

f/6n-l — a nfcn „_i , Ubn — a » h „ || (l + (6i+6)de) ' 

n (l+(6i+5)de) 4=0 

1=0 

_ d" +1 e" +1 1 „ _ d" +1 e" +1 (-1-afe)" 

,y6n+l — ca"h"(l+de) ™-i ' OTn+2 — banWi-^de) »-i 

II (l+(6»+7)<fe) n (l+(6i+8)de) 

«=o t=0 

Theorem 4.4. Assume that {x„,y„} are solutions of the system x n+ \ = 
l Xn J Jn - 3 T , y n+1 = Vjfji^ w ith x_ 3 |/ 0 ^ -1. Then 

x 6 „-3 - e^-i'T-!-^ , a:an-2 = ^ n(l-(6« + l)de), 

i=0 



n (l-(6i+2)de) 

*6»-i = ^ ' =0 ( -i-a^)" ■ ^6„- n(l-(6* + 3)de), 

i=0 



n+1 , n+1 n (l-(6i+4)«fc) n+Un+l 

x 6n+ i = ° ge „ d " ^i+hrffi ■ - n (1 " (« + 5)de), 

i— 0 

</6n-3 — a^h"- 1 n-i > i/6n-2 — a r lftn „_i , 

II (l-(6i+3)de) n (l-(6*+4)de) 

i=0 z=0 

_ /d"e" 1 _ d"e" +1 rr (-1-afe) 

</6ra-l — anhn n _i , </6n — a nfcn 11 (l_(6i+6)de) ' 

II (l-(6i+5)de) i=0 v v 

i=0 

_ d"+ 1 e"+ 1 1 „ _ g+^+i (-1-aft)" 

</6n+l — ca"h™(l-de) «-i i i/6n+2 — han/l „ ( 1 _ 2c ie) 1 ' 

II (l-(6»+7)de) n (l-(6i+8)de) 

i=0 4=0 

Example 3. Figure (3) shows the behavior of the solution of the system (6) 
with x_3 = -0.18, x_ 2 = 0.12, x_i = 0.13, x 0 = 0.19, y_ 3 = -0.17, y_ 2 = 
-0.16, y_i = -0.107 and y 0 = 0.14. 



5 System x n+1 - ^^fg^y , Vn+i - Xn _ 2 ^i+ V lx n ^) 

In this section, we get the form of the solutions of the system of the difference 
equations 

~ 2/„-2(-l+^2/„- 3 )' yn+1 ~ x n _ 2 (-l+y n x n ^ 3 )' \') 

where the initial conditions are nonzero real numbers with xqV-3, #-3?/o ^ 1. 
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plot of X(n+1)=Y(n-3)X(n)/Y(n-2)(-1+Y(n-3)X(n)),Y{n+1)=X(n-3)Y(n)/X(n-2)(1+X(n-3)Y(n)) 




Figure 3: 



Theorem 5.1. If {x n ,y n } are solutions of difference equation system (7). Then 

ba n h n 



*£6n— 3 

XQn — 

VGn-3 = 

V6n = 





a' 


h" 


c 




-l+ah) n 


a ' 




-1+de)" 




e r 


d n 




d' 




a' 




-1+de)** 


d' 


, e »+i ( 


-l+ah)" 



ca n h n (— 1+de) 71 

e ndn j #6n-l — e n d n (-l+ah) n ' 



a n h n 



1 ^6n+l — g e™d™(-l+a/i.)»+ 1 ' x 6n+2 — / e "d" 

- - gd"e"(-l+afr)" /d"e" 

' Hon-2 — a n^n , yWl—1 ~ a n h n (-l+de) n ' 

__ _ d" + 1 e"+ 1 (-l+afe)" 

, J/6n+l — ca ™/i™(-l+de)™+ 1 ' OTn+2 — ba™7i™ 



Now, we consider the following systems 

~~ u„_of-l+a;„j/„_^ 



Xn+l 



XnVn-3 

y n -2(-l-x n y n -3) 



Vn+1 



x n y n —3 



B„_ 2 (-l- 




-3) 




i-3 




x„_ 2 (-14 




-3) 




X— 3 




ir„_ 2 (-l- 




-3) 



(8) 
(9) 
(10) 



Theorem 5.2. Let {x n , y n } be solutions of system (8) and xoys ^ 1, xsyo 
-1. Then 



a n h 7 ' 



2/6n 



e r 




\-ah) n 


a 7 


t+1 /^(-l 


-de)" 




e n d n 






d n e n 




a 7 




-de)" 


d 1 


» e «+i(_l_ 


Fa/i)™ 




a n h n 





£6n-2 



_ ca n h n (— 1 — de)' 1 



„ _ ba n h n 

^6n-l — e"d"(-l+a/i)" ' 



, J-6n+l — S e«d™(-l+a?i)"+ 1 ' • i 6n+2 — /e"d" 

gd n e n (— l+ah) n fd n e n 

, y6n-2 — , 2/6n-l — a "/i"(-l-de)™ ' 

"+ 1 e" + 1 (-l+aft.)" 



V6n+1 



d n+l en+ l 

ca"/i"(-l-de)™+ 1 ' 2/6ra+2 



ba n h n 



Theorem 5.3. Assume that {x n ,y n } are solutions of system (9) with Xoys ^ 
-1, X-32/o ^ 1- Then 



XQn— 3 
2/6n-3 

yen 



a n h n „ 

e"d"- 1 (-l-a?i)" ' A 6n-2 



a T1+1 ft,"(-l+de)'"' 



ca n h n { — 1+de)" 
e^d 71 



XQn— 1 



e n d n (-l-ah) n ' 



a™fc"-i(-l+de)™ ' 2/6n-2 
rf"e" +1 (-l-ah) 



ge™d"(-l-ah)™+ 1 ' X 67i+2 
gd n e n (— 1— a/t) 



^-l+de)" 



/e"d" 



rf"+i e "+i 

, 2/6n+l — C a"/i™(-l+de)™+ 1 ' 2/6n+2 



; J/6n-l — a"7i"(-l+de)™ ' 

^" +1 °" +1 (-l-a/i)" 
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Theorem 5.4. Suppose that {x n ,y n } are solutions of system (10) such that 
xoV-3, x-3Vo + -1- Then 

_ ca"ft"(-l-de)" _ ba"ft" 

n-2 — end „ , J-6TI-1 — e™d"(-l-aft)™ ' 

_ ; . _ a"+ 1 /i"+ 1 _ _ g" +1 ft" +1 (-l-de) n 



a"ft™ 




-ah) n 




-de)™ 


e™d™ 




d"e" 






-de)" 


d"e n+1 (-l- 


-a/l) n 



j . „ _ gd"e"(-l-aft)" _ /jV 

</6n-3 — a "h n - 1 (-l-de) n > y6n-2 — a n h n , _6n-l — _"fc n (-l-de)" ' 

■_. _ d" +1 e" +1 _ d"+ 1 e"+ 1 (-l-aft)" 

2/6n — a n/,n 7 2/6n+l — C a"/i"(-l-de) 7l + 1 ' «6n+2 — 6a" ft™ 

Lemma 1. The solutions of systems (7)-(10) are unbounded except in the 
following cases. 

Theorem 5.5. System (7) has a periodic solution of period six iff ah = de = 2 
and it will be taken the following form {x n } = jd, c, b, a, y , y , d, ... j , {y n } = 
{h,g,f,e,^,f,h,...}. 

Proof: First suppose that there exists a prime period six solution {x n } = 
{d,c,b,a,!f,!f,d,c,b,a,...}, {y n } = {h, g,f,e, f , f,h, g, f,e, ...} of system 
(7), we see that 

j _ a n h n _ ca"ft"(-l+de)" , _ hg"ft" 

« e"d"- 1 (-l+o/i)" ' L e"d" ' " e"d n (-l+aft)" ' 

a" +1 /t"(-l+de)" aft. _ a"+ 1 fe"+ 1 aft. _ a" +1 ft" +1 (-1+de)" 

U e"d" ' g ge"d"(-l+aft)"+ 1 ' / fe n d n ' 

/, d"e" _ gd"e"(-l+aft)" ,• _ /d"e" 

a"ft"- 1 (-l+de)" ' » a"ft™ ' J a"ft"(-l+de)™ > 

. d"e"+ 1 (-l+aft)" de d"+ 1 e"+ 1 de = d" +1 e" +1 (-1+aft)" 

a"ft" ' c ca"ft"(-l+de)™+ 1 ' 6 ha"ft" 

Then we get de = ah, —l + de= —l + ah= l.Thus de = ah = 2. Second 
assume that de = ah = 2. Then we see from the form of the solution of system 
(7) that 

XQn-'A = d, X(i n -2 = C, X(i n -1 = b, X(j n = a, XQ n+ i = y , X(j n+ 2 = y, 

yen-3 = h, y Gn -2 = g, yen-i = /, yen = e, y 6n+1 = ^f, y G n+2 = x- 

Thus we have a periodic solution of period six and the proof is complete. 
Theorem 5.6. System (8) has a periodic solution of period six iff ah = 2, de = 

—2 and it will be taken the following form {x n } = jd, c, b, a, y, y, d, ...j , 
{y n } = {h,gj,e,^,f,h,...}. 

Theorem 5.7. System (9) has a periodic solution of period six iff ah = 
—2, de = 2 and it will be taken the following form {x n } = j<i, c, 6, a, y , y , d, ... j , 
{y n } = {h,g,f,e,^,f,h,...}. 

Theorem 5.8. System (10) has a periodic solution of period six iff ah = de = 
—2 and it will be taken the following form {x n } = jc£, c, b, a, y , y , d, ...j , 
{y n } = {h,g,f,e,^,f,h,...}. 
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plot of X(n+1 )=Y(n-3)X(n)/Y(n-2)(-1 +Y(n-3)X(n)),Y(n+1 )=X(n-3)Y(n)/X(n-2)(-1 +X(n-3)Y(n)) 
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Figure 4: 
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Figure 5: 



Example 4. We consider numerical example for the system (7) when we put 
the initial conditions X- S = —0.18, X-2 = 0.12, X-\ = 0.13, xq = 0.19, ys — 
-0.17, y- 2 = -0.16, y_i = -0.107 and y 0 = 0.14. See figure 4. 



Example 5. Figure (5) shows the solution of the system (7) with the initial con- 
ditions x_ 3 = 3, x-2 = —5, x-i = —1, xq = 5, y_3 = 0.4, y_ 2 = 0.16, y_i 
7 and yo = 2/3. 

Example 6. Figure (6) shows the behavior of the solution of the system (10) 
with the initial conditions a;_3 = 3, x_2 = —5, x_i = —1, Xq — 5, y_3 = —0.4, 
y_ 2 = 0.16, y_i = -7 and y 0 = -2/3. 
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On the solutions and periodic nature of some 
systems of rational difference equations 

M. M. El-Dessoky 1 ' 2 and E. M. Elsayed 1 - 2 
x King Abdulaziz University, Faculty of Science, 
Mathematics Department, P. O. Box 80203, 
Jeddah 21589, Saudi Arabia. 
2 Department of Mathematics, Faculty of Science, 
Mansoura University, Mansoura 35516, Egypt. 
E-mail: dessokym@mans.edu.eg, emmelsayed@yahoo.com. 

Abstract 

In this paper, we deal with the existence of solutions and the periodic- 
ity character of the following systems of rational difference equations with 
order two 

^n|/n-l ynXn — 1 

Xn+1 = T , Vn + 1 = T , 

Vn-1 ± Vn Xn-1 ± X n 

where the initial conditions x~i, xq, y-\ and yo are nonzero real numbers. 

Keywords: difference equations, recursive sequences, stability, periodic so- 
lution, solution of difference equation, system of difference equations. 
Mathematics Subject Classification: 39A10. 

1 Introduction 

Recently, rational difference equations have attracted the attention of many 
researchers for various reasons. On one hand, they provide examples of non- 
linear equations which are, in some cases, treatable but their dynamics present 
some new features with respect to the linear case. On the other hand, rational 
equations frequently appear in some biological models. Hence, their study is of 
interest also due to their applications. A good example of both facts is Ricatti 
difference equations because the richness of the dynamics of Ricatti equations is 
very well-known ( see, e.g., [8]), and a particular case of these equations provides 
the classical Beverton-Holt model on the dynamics of exploited fish populations 
[6]. Obviously, higher-order rational difference equations and systems of ratio- 
nal equations have also been widely studied but still have many aspects to be 
investigated. The reader can find in the following books [3, 16, 17], and works 
cited therein, many results, applications, and open problems on higher-order 
equations and rational systems. 

1 
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There are many papers that are related to the difference equations systems. 
For example, the periodicity of the positive solutions of the rational difference 
equations systems 

m py n 

X n +1 = 1 Vn+l = , 

Un ^n—lVn—l 

has been obtained by Cinar in [7] . 

Din et al. [9] studied the equilibrium points, local asymptotic stability of 
an equilibrium point, instability of equilibrium points, periodicity behavior of 
positive solutions, and global character of an equilibrium point of a fourth-order 
system of rational difference equations of the form 

ax n -3 aiJ/n-3 

Xn+l ~ -5— , Vn+l = "5 ; • 

P + 72M2M-12M-22M-3 Pi + llX n Xn-lXn-2X n -3 

The behavior of the positive solutions of the following system 

Xn—1 Vn—l 
x n+l = T ~. , Vn+l = T~ • 

l + x n -iy n l + y n -ix n 
has been studied by Kurbanli et al. [18]. 

Mansour et al.[20] investigated the behavior of the solutions of the difference 
equations systems 

Xn — 5 Vn—5 

X n +1 — 1 . > Un+1 — Ti T ' 

-1 + X„_ 5 y„_2 ±i-±y n -5X n -2 

In [21] Ozban studied the positive solutions of the rational difference equations 
system 

1 Vn 

X n +l — , Vn+l — • 

Un—k Xji—Tjiyn—m—k 

Touafek et al. [23] investigated the periodic nature and got the form of the 
solutions of the following systems of rational difference equations 

_ X n - 3 _ yn-3 

Xn+l 1 -1 1 ' Un+1 111 

±1 ± x n - 3 y n -i ±1 ± y n -3x n -i 

In [25]- [26] Yalgmkaya investigated the sufficient conditions for the global as- 
ymptotic stability of the following systems of difference equations 

_t n z n -i+a _z n t n - 1 +a 

z n+l — — — — , tn+l — — , 

<*n ~t~ Zn— 1 %n < ^n— 1 

and 

Xn Vn—l Vn ~t~ X n — i 

X n +1 = T, Vn+l 



Xnyn—1 ynXn—1 ^ 

Zhang et al. [29] studied the dynamics of a system of the rational third-order 
difference equation 

x n -2 y n -2 

Xn+l - , Vn+l — -j— ; ■ 

B + y n y n -iy n ~2 A + XnXn-lXn-2 
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Similarly, difference equations and nonlinear systems of the rational difference 
equations were investigated see [l]-[33]. 

In this paper, we investigate the periodic nature and the form of the solutions 
of some nonlinear difference equations systems of order two 

X n +1 = j j Vn+1 



_i_ j yn+L — I i 

Un—1 ^ Vn X n —\ ^ X n 

where the initial conditions X-\, xq, y_i and yo are nonzero real numbers. 

2 On The Solution of the System: x n+i = XnVn ^ , 

gU+1 - X n -!+X n 

In this section, we investigate the solutions of the two difference equations sys- 
tem 

Xn+1 = , Vn+1 = , (1) 

yn—1 ~r 2/n X n — \ -f- X n 

where n G No and the initial conditions X-\, x 0 , y-i and y 0 are arbitrary 
nonzero real numbers 

The following theorem is devoted to the form of system (1) solutions. 

Theorem 1 Assume that {x n ,y n } are solutions of system (1). Then for n = 
0, 1, 2, we see that all solutions of system (1) are given by the following for- 
mulas 

„ U "tT (/2n-2tt + /2n-lfc)(/2r.-lrf+/2r.e) _ "j-J ( / 2 „ a+f 2n + 1 &) ( / 2 „ - 1 d+f 2n &) 

X2n-1 - 0 11 (/ 2 „_ 1 a+/ 2 „6)(/ 2 „d+/ 2 „ + 1 e) ' X 2n - a H (/ 2 „ +1 a+/ 2 „ +2 &)(/ 2 „d+/ 2 „ +ie 



and 



, — ^"rf 1 (/2n-m+/2ni>)(/2n-2d+/2n-ie) — A "iV {1*2 = 1 g±Z=« fc ) L== d + ./W 1 g) 

f/2n-l - e 11 (/ 2n0+ / 2n+1 6)(/ 2n _ 1 d+/ 2n e) ' i/2n - « H (/ 2n a+/ 2n+1 6)(/ 2n+1 d+/ 2n+2 e) ' 

J=0 4=0 

w/iere X-i = b, x Q = a, = e, y 0 = d and .{/m}m = _ 2 = i 1 ; °> 1> 1> 2 : 3 : 5 > 8 > 13 > ■•■} 

Proof: For n — 0 the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. that is, 

L "l-f 2 (/2n-2a + /2r.-lfc)(/2n-lti+/2ne) _ Vf 2 (/ 2tl a+/ 2 n + 1 6) (/ 2 r» - 1 rf+/2n g) 

X2n-3 - 0 11 (/ 2rl _ ia+/2 „ 6 )(/ 2 „ d+ / 2 „ + ie ) , ^2n-2 - « H (/ 2n+1 a+/ 2 „ +2 fc)(/ 2 „d+/ 2 „ +1 e) ' 

1 = 0 2=0 

and 

_ "FT 2 (/2n-l° + /2nfe)(/2n-2rf+/2n-ie) , _ J Vf 2 (A. - 1 " + /2n jO (A. rf+/2r» + 1 g) 

#2n-3 - e 11 (/ 2n0+ / 2n+1 6)(/ 2n _ 1 d+/ 2 „e) ' S/2n-2 - « 11 (/ 2n a+/ 2n+ i&)(/ 2n+ id+/ 2n+2 e) • 

1=0 4=0 
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Now we find from Eq.(l) that 



X2n-1 



2/2n-3 + Vln 



a n 



U2»'+f2n+]li)(f2„-l'+f2,') 



£j- 0 (/2n + l° + /2n + 2 6 )(/2n £i + /2Ti + l e ) 



(fen 



°-+i 2n b)(f 2n _ 2 d+f 2n 



e ^ (j2„«+/2„ + l')(/2„-l''+/2„e) 



e n 



(/2 n -l° + J2 n t)(/2 n -2' i + /2n-l') 
(/2n a + /2n+l b )(/2i l -l d +/2i l ») 



+ H n 



(fen-l a + fen b )(fen d +fen+l e ) 
(fen a + fen + l b )(fen + l d + fen + 2 e ) 



a n 

1=0 



(/2 ra a+/2n + lb)(/2 7 i-l(i+/2ne) 

(/2n + ia + /2„ + 2b)(/2nd+/ 2 „ + ie) 



(/2nd+/2n + ie)(/2„-ld+/ 2 „e) 
(/2n-2<i+/2„-ie)(/2„ + ld+/2„ + 2e) 



d n 

i=0 



(fen» + fen+l b )(fen-l rf + fen°) 
/J-g (fen + l c ' + fen + 2 b )<fen<i+fen + l<0 



a n 



a n 



(/2n° + /2»+l'')(/2n-l' i +J2»') 



^ (/2n + l»+/2n + 2 t K/2 n 'i+/ 2 „ + ie) 



a n 



(/2n-4<i+/2n-3 e )(/-l d +/0 e ) \ 
. (/-2<i+/-l<=)(fe„-3<i + fen-2e) / 

(fen» + fen + l b )(fen-ld + fene) 
(fen4-l a + fen + 2 b )(fen d +fen + l e ) 



e(fen-4<*+fen-3<=) N 



a n 



^(fen-3 d +fen-2e)/ 
(fenO+fen+l&Xfen-ld+feri 



(fen + l a +fen+2 b )(fen< i +fen + l e ) 



1 + 



(fen — 4 d +fen — 3 e ) 
(fen-3 d +fen-2 e ) 



(fen-2 d + fen-l e ) 



ft J-J- (/2na+/2n+ife)(/2n-lrf+/2ne) 



-3 d + f2n — 2 e ) 



(f 2 n+ia + f2n + 2b)(f2n,d+f2n + ie) \ (/ 2 „ _ 2 d+ f 2n - 1 e) ^ 

(/2„-2a+/2„-lfc)(/2„-ld+/2„e) 

(/2n-l£t + /2 re b)(/2nli+/2n + ie) ' 



2/2TJ-1 = 



J/2n-2 a; 2ri-3 
^2ri-3 + £2n-2 



."ff 2 lf2.-l°+/2»'')(J2»<'+/2n+l') \ / . "ff 2 (fen - 2 " + fen - 1 b ) (fen - 1 d +fen e) 
/J- 0 (fenf + fe„ + lf>)(fe„ + ld+/ 2 „ + 2 < ! ) J I ^ (/2»-l»+/2»i>)(/2»J+/2n+l«) 

■ "fr 2 (/2 n -2° + /2n-l b )(/2n-l'i + /2r 1 °) \ , f "f, 2 ( fen " + fen+ 1 b ) ( fen - 1 d + fe„ e) 
/Jq (fen-l" + fen b )(fen<i+fen + l.= ) 1 + 1° .U (fe„ + 1 a + / 2 „ + 2 b)(/ 2 „d + / 2 „ + 1 e) 

n — 2 

j'Vr 2 (fen-l" + fen b )(fent'+fen + l<!) TT (fen - 1 " + fen b ) < fen d + fen + 1 e) 

^ }J 0 <fe„»+fe„ + li.)(fe„ + l d +fen + 2e) _ 3 1 = 1 (fenO + fen + lfXfen + l^+fen + se) 



"-2 << „if lw, M \ i , (a (fen-4 a + fen-3 b )(/-l a + /0 ! ') " 



n— 2 n— 2 

J TT (/2n-ia+/2nh)(/2nd+/2n + ie) j TT (/ 2 n - 1 a + /2n ft) (/2 n d+ / 2 n + l e) 

u 11 (fo„a+fo„+ib)(f?„,id+fo„,,e) U 11 



„ (/2na+/ 2 „ + ib)(/2n+l<i+/2n+2e) H (/ 2 „ a+/ 2 „+ 1 6) ( / 2 „ + 1 d+/ 2 n+2 e) 

1=0 4=0 



1 , (/2n-4tt+/2n-3fc) (An-2»+/2n- 1 i>) 

(/2n-3a + /2n-2&) (An - 3 a+/ 2 n -2 6) 

n— 2 

^ TT (/2n-ia+/2nb)(/2nd+/2n + ie) (/ 2 n - 3 °+/2» - 2 i>) 

11 (/2na + /2„4-lb)(/2n + l(i+/2„ + 2e) (/ 2 „ _ 2 a+/ 2 „ _ 1 £>) 
2=0 

n — 1 

TT (/2n-ia + /2nb)(/2n-2d+/2n-ie) 

|1 (/2na + /2n + l6)(/2n-l<i+/2ne) 
i = 0 
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Also, we infer from Eq.(l) that 

X2n-lV2n-2 



X2n 



V2n-2 + 2/2n-l 



b n 



(/2 n -2° + /2 n -l 6 )(/2„ 



(/2n-l» + /2ni>)(/2n<i+/2, 



+ 1 



n 



(/2 t .-l° + /2r.i>)(/2n''+/2n + l°) 



l Jn (/2 n <* + / 2 „ + 1 f,)(/ 2 „ + 1 d+/ 2 „ + 2 e) 



"fT (/2„-l° + J2.l')(/2-'i + f2n + l') 
/J- 0 (/2„f + / 2 „ + li')(/2„ + l<i + /2„ + 2'!) 



1 + 



+ e n 



1 (/2n-l« , + /2n'>)(/2»-2«i+/2n 



e) 

</2n" + /2n+l i >)(/2n-l ci +/2n=) 

l» + /2 n i>)(/2r,<i + /2^+ie) 



, Vr 1 (/2n-2«+/2n-l»)(/2»-l«i+/2««) 

6 



n 



(/2»-l«+'2» i )(/2 n 



-2 J +J2ti-l e ) "i-r (/2n a + /2ra + l b )(/2r 1 + l d + /2T 1 + 2 e ) 
..-l^ + ^o) -Ln <^ n -l« + /2„!')(/2 n <' + /2„ + l=) 



i=0 



(/2Ti-2n+/2n-lb)(/2n-lrf+/2ne) 

(hn-ia+f2 n b)(f2 n d+f 2n+ ie) 



1 + 



e(/_ 2 d+/-ie) 
d(/_id+/ 0 e) 



n 



(/gn-ia+jjnj) 



(/ 27 ia+/ 2 n+lfe) 



(/ 2 „a+/2„+ib) .I! (/ 2n _ia+/ 2 „6) 



i=0 



& n 



1 (/2n-2°+J 2 n-l'')(/2T.-l' i + /2T.°) 
l/2»-l»+/2n')(/2n>'+/2 n +ie) 



& n 



1 (/2n-2°+/2n-l'')(/2T.-l d +J2r.«) 
(/2n-l a + /2n b )(/2n< i +/2n + l <! ) 



i=0 



1 -L- ( d2n-3 a + -f2 
+ \(f2n-2"- + i2r l -l>>)) 

(/2n-2a+/2T»-lfc)(/2n~ld+/ 2ra e) 
(/2n-ia + /2nb)(/2n<2+/2„ + ie) 



7 (7i 
l(/2„ 



(/2„-l«+/2«») 



-2«+/2, 



(/2n-2°+/2ii 
(/2n-ia+/ 2 „ 



ib)A 



TT (/2na + /2n + lb)(/2n-lrf+/2 n e) 
I A (/ 2 n + ia+/2n + 2f>)(/ 2 r.<M-/ 2 n + ie) ' 

1=0 



and so, 

2/2n = 



2/271-1^271-2 

^271-2 + a;27i-i 

(/2n-l»+/2»S)(/2n-2'l+/2n-l«) 



e n 

i=0 



(/2n»+/2n+ll)(fen-lii+/2n«) 



(f2.°+f2,+l*)(f2»-l-'+f2»') 
'Jb ^2n + l a + /2n + 2 il )</2n< i +/2r»+l e ) 



n 



(/2n'+f2Hl t )(J2n-l''+/2n') 
/Jg (/2™+l" + /2r l +2'>)(/2n<l+/2n + l<') 



a n 



+ 6 n 



(f2»-2° + f2n-lM(/2.-l'l+f2»') 
(/2«-l» + /2nW/2n<i+/2„ + l«) 



"ff 1 (/2»-l'+f2»t)(/2»-2''+/2»-l I ) 
6 1 i (/2„» + /2„ + li>)(/2„-l<i + /2„=) 



1 + 



n 



1 <J2n.-2'* + f2 n -l b )(f2„ 



U2„ 



1 a + / 2 „6)(/ 2 „ C i + / 2 



l<*+/ 2n f) ™ n (/2 n +l°+/2^+2 t )(/2n'i+J2 n +l') 
I .L 1 . (/2r 1 a + /2r 1 + l i >X/2n-l d + /2n'=) 



"pr 1 (/2n-l° + /2.l')(fati-2'i + /2 n -l') 
6 /Jg </2T>' 1 +/2T l + l!')(/2 n -l< i +/2n<!) 



1 + 



■<;-l« + /0») V (/2n-2d + /2„ 



"fr (f2»-l°+/2»t)(J2»-2'i+f2 n -l') 
/J- 0 (/2 n « + /2r, + l , ')(/2 n -l< i +/2n e ) 
7 (/ 2n -l<i+/2„e) \ 
V (/2n-2J+/2»-l«)j 



TT (/2n-in + / 2 n&)(/2n-2d+/2n-ie) / ( fan - 2 ^+ fen - 1 e) \ 
11 (/2r l a+/2n + lb)(/2n-l<i+/2ne) \ ( " 1 d +f^ e) / 



(/2n-in + / 2 nb)(/2n-2d+/2n-ie) 

(/2na+/ 2 „ + i6)(/2„-id+/ 2 „e) 



7=0 
71-1 

7=0 

n— 1 

J TT (/2n-ia + /2nb)(/2nti+/2n + ie) 

A \ (/2na + /2n + lb)(/2n + ld+/2n + 2e) ' 
7=0 



(/2n-2d+/2n-ie) 
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The proof is complete. 

Lemma 1. Let {x n , y n } be a positive solution of system (1), then every solution 
of system (1) is bounded and converges to zero. 
Proof: It follows from Eq.(l) that 

Un—1 t Un — 1 t x n 

Then the subsequences {x2 n ~i}^o, { x 2n}^Lo are decreasing and so are 
bounded from above by M — max{i_i, xq}. Also, the subsequences {j/2n-i}J^Lo' 
{y2n}^Lo are decreasing and so are bounded from above by M = max{j/_i, tjq}. 
Example 1. For confirming the results of this section, we consider numerical 
example for the difference system (1) with the initial conditions x_i = .9, 
.t 0 = —-2, y-i — — .5 and y 0 = -18. (See Fig. 1). 



plot of X(n+1)=Y(n-1)X(n)/Y(n-1)+Y(n),Y(n+1)=X(r>1)Y(n)/X(n-1)+X(n) 

, x(n) 




14 16 18 20 



Figure 1. 



3 On The Solution of the System: x n+ \ = XnVn 1 

tJn ~\~ 1 nr i — T 

^n—l 

In this section, we obtain the form of the solutions of the two difference equations 
system 

Xn+1 = , Vn+1 = , (2) 

Un—1 < Vn %n—l x n 

where n € No and the initial conditions x_i, xq-, y-i and yo are arbitrary non 
zero real numbers with x_i 7^ xq. 

Theorem 2 Let {x n , y n }n=-i be solutions of system (2). Then {x n }n=-i an d 
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{y n } n =-i o,re given by the formula for n = 0, 1, 2, 

-abde(a-b) 



(j2 n -2a-f2 n b)(f2n-ia-f 2n + lb)(f2n-ld-\-f2n-2e)(f2nd-\-f2 n -ie) ' 



— abde(a-b) 

X ^+l - (/ 2 „_ 2 a-/ 2 „6)(/ 2rl _ 1 a-/2„ + ib)(/2„d+/ 2 „_ ie )(/ 2 „ +1 d+/ 2 „e)' 

— abde(a-b) 

X ^ + 2 (/ 2n _ 1 a-/2„ + l6)(/ 2 „a-/2n +2 6)(/2„d+/2n-ie)(/2„ + ld+/2ne) ' 

— abde(a-b) 

%4n+3 — (/ 2 „_ia-/ 2 „ + ib)(/ 2 „a-/ 2 „ +2 6)(/ 2 „ + id+/ 2 „e)(/ 2 „ + 2 d+/ 2 „ + ie) ' 



and 



. _ (}ln-ia- Jinb)(f2 n d+ fi n -ie) _ (/ 2 „_ia-/ 2 „ + ib)(/ 2r id+/ 2 „_ie) 

«4n — ( a _ b ) ! </4n+l — " " " " ( a _ b ) ) 

_ (/ 2 n-ia-/ 2 n+lfe)(/ 2 n + ld+/ 2 „e) _ (/ 2 „ a- f 2n + 2 6) ( / 2 „ + 1 d+/ 2 „ e) 

2/4n+2 — ( a _ b ) , ?/4n+3 — ( a _ b ) j 

wAere {/ ro }~ = _ 2 = {1, 0, 1, 1, 2, 3, 5, 8, 13, ...}. 

Proof: For n — 0 the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. that is, 

_ — abde(a-b) 

Xin-4 — (/ 2 „_ 4 a-/ 2 „_ 2 6)(/ 2 „_ 3 a-/ 2 „_i6)(/ 2 „_3ci+/ 2 „_4e)(/ 2 „_ 2 d+/ 2 „_3e) ' 

_ — abde(a — b) 

x 4n-3 — (/ 2 „_ 4 a-/ 2 „_ 2 b)(/ 2 „_3a-/ 2 „_i6)(/ 2 „_ 2 d+/ 2 „_ 3 e)(/ 2 „_id+/ 2 „_ 2 e) ' 

— abde{a— b) 

X 4n-2 ~~ (/ 2 „- 3 a-/2„-lb)(/ 2 „- 2 a-/ 2 „&)(/ 2 „- 2 d+/ 2 „- 3 e)(/2„-lrf+/ 2 „- 2 e)' 

—abde(a-b) 

4n ~ 1 ~ (/ 2 „- 3 a-/ 2 „_ib)(/ 2 „_ 2 a-/ 2 „b)(/ 2 „_id+/ 2 „_ 2 e)(/ 2 „d+/ 2 „_ie) ' 

and 

_ (/ 2ra -4a-/2n- 2 b)(/ 2 n- 2 d+/ 2 „- 3 e) _ (/ 2 n- 3 a-/ 2 n-ib)(/ 2 n- 2 rf+/ 2 „- 3 e) 

</4n-4 — ( a _ b ) , </4n-3 — ( a _ b ) j 

,, _ (/ 2 n- 3 n-/ 2 n-lb)(/2„-lrf+/ 2 „- 2 e) _ (/ 2 n- 2 a-/2nb)(/ 2 n-ld+/ 2 n- 2 e) 

</4n-2 — ( a _ b ) , ^4n-l — (a _ b ) 

Now, we obtain from Eq.(2) that 

_ x 4n-iy4n-2 

x 4n 

U4n-2 + V4n-1 

I -abde(a-b) \ / ( Sin - 3 " - Sin - 1 i») ( Sin - 1 d + Sin - 2 ■=) ' 

V (/2n-3°-/2 n -l'')(/2 n -2°-J2»l')(/2n-l'i-ff2n-2')(/2 n W2n-l')/l {*->>) , 

~~ I (/ 2 n-3 a -/ 2 n-l b X/ 2 7i-l ti + / 2 n-2 <! ) "\ . I ( / 2 ra - 2 a ~ /2ii 6 ) ( Sin - 1 d + Hn - 2 c ) "\ 

I <^o J + l <^o J 

((/ 2 ^- 3 °-/2^-l b )(/2„-2°-/2tS(%T,-l d +/2r,-2^)(/2n»i+/2„-l°)) (/2 "- 3a ~ /2 "- lb) 

(/2n-30-/2n-l6) + (/2n-20-/ 2 n6) 
/■ -abd e (a-b) \ 

V (f2n-2°-/2n>)(/2n-l'' + /2n-2')(/2nW2 n -lg)j 

(/2»-l"- /2n + lb) 
—abde(a-b) 

~ (/ 2 n- 2 a-/ 2 „b)(/ 2 „_ia-/ 2 „ + ib)(/ 2 „_id+/ 2 „_ 2 e)(/ 2 „d+/ 2 „_ie) ' 
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2/4n 



y4, n -l x 4n-2 

x 4n—2 x 4n— 1 
I (/2n-2«-/2n')(/2»-li+/2n-2e) 



(0-6) 



)( 



— abde(a — b) 

(f2n-3 a -f2n-l b )(f2n-2 a -f2n b )(f2n-2 d +f2n-3 e )(f2n-l d +f2n-2 e ) , 



( 



— abde(a-b) 



( 



(/2n-3a-/2n-lf>)(/2n-2a-/ 2 „6)(/2„-2rf+/2n-3e)(/2n-lrf+/2n-2e) 

(— abde(a — b) 
(/2n-3a-/2n-lfc)(/2n-2a-/2nb)(/2n-lrf+/2n-2e)(/2„d+/ 2 „_ie) ^ 



(/2n-2a-/2nb)(/2n-l(i+/2 71 -2e) 

(a-6) 



)_( 



f2» t )(/2n-l' i + f2n-2 = 
(a-t) 



1 _ ( f2n-2d+f 2n -3e \ ( 
1 \ f2nd+f 2n -ie J V 

( (/2n-2a-/2Tib)(/2n-ld+/2n-2e) \ 

V ) 

( /2n-lrf+/2Ti-2e \ 
\ /2nd+/2n-ie ^ 



/2n d + /2Ti - 1 e ~/2Ti-2 d ~/2Ti- 
/2n<i+/ 2 „_ 1 e 



(f2n-2a-f2nb)(f 2n d+f2n-ie) 

(0-6) 



Also, we 



d+/ 2 n-ie 

see from Eq.(2) that 

^inUin— 1 



2/4«-l + J/4n 



_ ( 



-aMe(g-li) 

(/2n-2"-/2n'0(/2n-l»-/2n + l'')(/2n-lrf + /2n-2<0(/2 ra <i + .f2r 



( 



-/2„»)(/2, 



(/2n-2°-/2»l-)(fen-lJ-|-/2n-2') S 
(a-6) 



(0-6) 

(-abde(a-b) \ 
(f 2n - 2 a-f 2n b)(f 2n _ 1 a-f 2n + 1 b)(f 2n d+f 2n _ 1 e) J 

{f2n-ld + hn-ie) + (f 2n d + f2n-ie) 
— abde(a-b) 

(/2n-2<J-/2nt')(/2n-lQ-/2n + lb)(/2n<i+/2n-ie)(/2„ + l(i+/2„e) ' 



l<* + / 2 „ 



•f2„ 



-/2n i, )(/2n d + /2n-l e )^ 



(a-b) 



J/4n+l — 



X4n—1 
/(/2n-2 



^4n 

-/2n!>)(/2n<*+/2n-l e ) 



)( 



"/2r. 



L b )(/2r, 



- abde(a — b) 



-/2n^)(/2Ti-l d + /2Ti-2 e )(/2n^+/277 



-abde(a-b) 



( 



-( 



(/2n-3a-/ 2 „-l6)(/2n-2a-/2n6)(/2n-ld+/2n-2e)(/ 2n d+/2„-ie) / 
abde(a — b) 



(f 2 n- 2 a-f2 n b)(f2n-ia-f2n+ib)(f2 n -id+f2 n - 2 e)(f 2n d+f 2n -ie) 



(h n -2a-f2-nb)(f 2n d+f 2n -ie) 
(a-b) 



)_( 



(f 2n -2a-f2 n b)(f 2n d+f 2n _ l e) " 



(a-b) 



\ (hn-ia-hn+ib) ) 
{hn-\a - f2n+lb)(f 2n d + f 2n -ie) 



(/2n-l« — /2n + lb) 



(a-6) 

Also, we can prove the other relations. This completes the proof. 

Lemma 2. Let {x n ,y n } be a positive solution of system (2), then {x n } is 

bounded and converges to zero. 

Example 2. We assume that the initial conditions for the difference system 
(2) are X-i = -.24, x 0 = -.7, y_i = .19 and y Q = -.8. (See Fig. 2). 
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plot of X(n+1)=Y(n-1)X(n)/Y(n-1)+Y(n),Y(n+1)=X(n-1)Y(n)/X(n-1)-X(n) 




0 2 4 



Figure 2. 



4 On The Solution of the System: x n+i = XnVn ~ 1 , 
yn+1 T . i T 

In this section, we obtain the form of the solutions of the two difference equations 
system 

•KnVn—l ynXn—X /q\ 

x n+l — , Un+1 — — i I-Jj 

Vn—l Un X n —\ i X n 

where n £ No and the initial conditions x_i, Xo, y~i and yo are arbitrary non 
zero real numbers with y_i ^ yo. 

Theorem 3 Suppose that {x n ,yn}n=-i are solutions of system (3). Then 
{^nln^-i an d {lJn}n=-i are g^en by the following relations for n — 0, 1, 2, 

_ _ (f 2 - n .- 2 d-f 2 „e)(f 2 „a+f 2 „- 1 b) _ (f 2n ^id~ f 27l+1 e)(f 2n a+f2 n -lb) 

X4n — ( d _ e ) , — ( d _ e ) , 

„ _ (hn-ld-f 2n+ ie)(f 2n+1 a+f 2n b) _ ( f 2n d~ f 2n+2 e) (jjn-j- 1 a+f 2n b) 

XAn+2 — ( d _ e ) j *Mn+3 — ( d _ e ) > 



-abde(d-e) 



and 

Vin 
Vin+l 
Vin+2 
yin+3 

Lemma 3. Let {x n ,y n } be a positive solution of system (3), then {y n } is 
bounded and converges to zero. 
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Example 3. Wc consider numerical example for the difference system (3) with 
the initial conditions X-i = —4, xq — 7, y_i = 9 and yo — 8. See Figure (3). 



, 1( £lot of X(n+1 )=Y(n-1)X(n)/Y(n-1)-Y(n),Y(n+1)=X(n-1)Y(n)/X(n-1)+X(n) 




10 12 14 16 1f 



Figure 3. 



5 Periodicity of the System: x n+ i = XnVn _ 1 ; y n +\ 



Vn-l—Vn 



In this section, we get the form of the solutions of the difference equations 
system 

•^nVn—l / .\ 

Xn+1 = , Vn+l = , (4) 

Un—l Un ^n— 1 3*71 

where n = 0, 1, 2, ... and the initial conditions xq, y~i and yo are arbitrary 
nonzero real numbers with Xq ^x^i, J/o 7^ 

Theorem 4 If {x n ,y n } are solutions of difference equation system (4-)- Then 
all solutions of system (4) are periodic with period six and for n = 0, 1, 2, 



, /; _ e(b— a) _ d(b—a) bd 

%6n—l — 0) ^6n — a 7 X6n+1 — e—d ' ^6n+2 — (d—e) ' *^6n+3 — (rf— e) ' *^6n+4 — <i— e ; 

and 

t bd b(e—d) a(e—d) ae 

ySn-l — e, yen — «, 2/6n+l — 53^, 2/6n+2 — ( Q _ 6 ) , 2/6n+3 — ( a _ 6 ) , J/6n+4 — (a=F) • 

Example 4. See Figure (4) where we take system (4) with the initial conditions 
x-i = -2, x 0 = .7, = -.3 and y 0 = 5. 



d(b-a) 
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plot of X(n+1)=Y(n-1)X(n)/Y{n-1)-Y(n),Y(n+1)=X(n-1)Y(n)/X(n-1)-X(n) 




-3 ' 1 1 1 1 1 1 1 1 

0 5 10 15 20 25 30 35 40 
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Figure 4. 
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Two global iterative methods for ill-posed 
problems from image restoration* 
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In this paper, we mainly focus on applying the global CGLS and GMRES 
methods for computing numerical approximate solutions of large-scale linear 
discrete ill-posed problems arising from image restoration. As is well known, 
global Krylov subspace methods are very popular iterative methods for solving 
linear systems of equations with multiple right-hand sides. These methods are 
based on global projections of the initial matrix residual onto a matrix Krylov 
subspace. It is shown in this paper that when equipped with a suitable stopping 
rule based on the discrepancy principle, the two global methods act as good 
regularization methods for ill-posed image restoration problems. To accelerate 
the convergence of the global methods, we project the computed approximate 
solutions onto the set of matrices with nonnegative entries before restarting. 
Some numerical examples from image restoration are given to illustrate the 
efficiency of the global methods. 

Keywords: Image restoration; Global method; Krylov subspace; Project; 
Regularization 

1 Introduction 

Image restoration is one of the most important tasks in image processing. This 
problem is to infer, as best as possible, an original image from a blurred and 
noisy one. The problem is ubiquitous in science and engineering and has right- 
fully received a great deal of attention by applied mathematicians, statisticians 
and engineers [1, 2, 3, 4, 5]. 
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Tech. Research Project (2012GZX0080), Nature Science Foundation of Jiangsu Province 
(BK20131209), Postdoctoral Research Funds (2013M540454, 1301064B). 
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Under the assumption of linear space-invariant image formation, the noise- 
free image restoration problem is the convolution of a point spread function h 
with an original image F, i.e., 

oo oo 

G(x,y)= J2 E Kx~k,y- l)F(k,l), (1) 

k— — oo / — — oo 

where G(x,y) is the blurred image, F(x,y) > 0 is the original image, h(x,y) is 
the space- invariant point spread function (PSF). In this work, the PSF is as- 
sumed to be known, but it can also be satisfactorily estimated from the degraded 
image [13, 14, 21]. 

For a bandlimited image degradation, one must make full use of not only 
the image in the Field of View (FOV) of the given observation but part of the 
scenery in the area bordering it as well. Given some assumptions of the values 
outside FOV known as boundary conditions (BCs), (1) could be expressed in 
the matrix-vector equation as 

Hf = g, (2) 

where H is an n 2 x n 2 matrix associated with the known PSF and with the 
imposed BCs, / = vec(F) is an n 2 -dimensional nonnegative vector representing 
the original image and g = vec(G) is an n 2 -dimensional vector representing the 
blurred image. Here x — vec(X) with X £ R nxn is an n 2 x 1 vector obtained 
by stacking X's columns. 

As we all know, the exact structure of the blurring matrix H depends on 
the imposed boundary conditions. In various applications, boundary conditions 
are often chosen for algebraic and computational convenience. Further details 
on boundary condition problems can be found in, e.g., [3, 17, 20, 24, 27, 28]. 

In many applications of image restoration, the noise-free vector g is not 
available. Instead, the vector g — g + rj is known, where 77 represents the additive 
noise vector. Therefore, we would like to approximate the exact solution /* > 0 
of the noise-free linear system of equations (2) by computing an approximate 
solution of the available linear system of equations of the form 

Hf = g. (3) 

Note that since the singular values of H gradually decay to and cluster at zero, 
it is severely ill-conditioned. Hence, the exact solution of the system (3), if it 
exists, is not a meaningful approximation of /* even when the noise 77 is small. 

In general, a regularization method can address this problem efficiently One 
may employ it to compute the approximate solutions that are less sensitive 
to noise than the naive solution. Some popular direct methods such as trun- 
cated SVD, Wiener filtering method and Tikhonov regularization method as 
well as other direct filtering methods can get an approximate solution of /* 
[3, 6, 16, 19, 30, 33, 34]. However, it is generally infcasiblc to calculate the 
QR factorization or the singular value decomposition (SVD) of H explicitly 
when H is very large. In this way, direct methods become computationally 
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impractical. As an alternative to direct methods for large-scale ill-posed prob- 
lems, iterative methods may be more attractive. As is well known, iterative 
methods such as CGLS and GMRES equipped with a suitable stopping rule, 
are some of the most popular and powerful iterative regularization methods 
[7, 8, 9, 11, 32, 5, 43]. For the purpose of presentation, define the Krylov sub- 
spaces JC m (H, g) = span{<7, Hg, • • • , iJ m_1 g}. In fact, the GMRES method with 
an initial approximate solution f 0 finds approximate solutions f m to the mini- 
mization problem \\Hf — g\\ in the Krylov subspaces JC m (H 7 g) for m = 1, 2, • • •, 
while the CGLS method with the same initial guess to compute approximate 
solutions that lie in the Krylov subspaces lC m (H T H, H T g) for m = 1, 2, • • •. For 
these iterative methods, the iteration number can be thought of as a regulariza- 
tion parameter. For a regularization parameter k, in the first k iterations, the 
methods converge to the solution /* , and then suddenly start to diverge and the 
noise begins to dominate the solution. Hence, at this stage the iterations should 
be stopped to avoid interference from the noise components. There are different 
methods for finding this regularization parameter, such as the discrepancy prin- 
ciple, the L-curve and generalized cross validation. There are advantages and 
disadvantages to each of these approaches especially for large-scale problems. 
For instance, it is necessary to have information about the noise for the use of 
the discrepancy principle. In the case of generalized cross validation, efficien- 
t implementation of Tikhonov regularization requires computing the singular 
value decomposition of the coefficient matrix, which may be computationally 
impractical for large-scale problems. For the L-curve, it has been advocated 
for many applications where no prior information about the noise is available. 
But it may be necessary to solve the corresponding linear systems for several 
regularization parameters. 

The main aim of this paper is to use the global iterative regularization meth- 
ods to solve the large-scale ill-posed problems arising from image restoration. 
For simplicity of our analysis, we first consider the case where the horizontal and 
vertical components of the PSF h is separable. In this case, h can be expressed 
as a product of a column vector with a row vector h = cr T , where r represents 
the horizontal component of h and c represents the vertical component. In case 
of a separable PSF, the blurred matrix H can be written as a Kronecker product 
of two smaller matrices H = Ai® B\. Hence, the available linear system (3) 
can be written as a matrix equation 

B X FA\ = G, (4) 

where F is the original image to be recovered and G is the observed image. 
It is straightforward to see that / = vec(F) and g = vcc(G). Define a linear 
operator £ : X e R nxn -> B 1 XAj and C T : X <E R nxn -> A\XBj , then the 
computation of the approximate solution to (3) is equal to solving the following 
matrix equation 

CF = G. (5) 

Global methods are first introduced by [23] for solving matrix equations (linear 
systems of equations with multiple right-hand sides). Their theoretical analy- 

3 



221 



Xiao-Guang Lv et al 219-237 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



sis and numerical experiments have shown that global iterative algorithms are 
good matrix Krylov subspace methods. Some further results and applications 
about global methods can be found in [10, 12, 41, 42]. However, little is known 
about the behaviors of the global methods when they are applied to the solu- 
tions of ill-posed problems that arise from image restoration. In this work, we 
are concerned with the global CGLS and GMRES methods to compute a mean- 
ingful approximate solution of the large discrete ill-posed problem (5). In this 
research, we employ the discrepancy principle for determining a suitable value 
of the regularization parameter. Equipped with a stopping rule based on the 
discrepancy principle, the iterations with each iterative method are terminated 
as soon as an approximate solution F m of (5) has been determined, such that 
the associated residual error 

||BiF„X - G\\ F < ad, \\B x F m -^ - G\\ F > ad, 

where S is the 2-norm of the noise, i.e., S — \\rj\\2 and a > 1 is a fixed constant. 

However, as the iteration proceeds, global iterative algorithms will become 
increasingly expensive and require more storage, because the number of the 
basis of the matrix Krylov subspace increases. It can be restarted, but with the 
dimension of the subspace limited, the convergence slows down. To accelerate 
the convergence of the global methods, we project the obtained approximate 
solution to the set of non-negative matrices before restarting the algorithms, 
since the desired solution F* of (5) with vec(F*) = /* is known to have only 
non-negative entries. For some discussion about other projected nonncgative 
methods and their applications, we refer to, e.g., [15, 25, 26, 40]. 

It should be noted that global methods are also suitable for unseparablc 
cases. If the PSF h is not separable, we can still compute h = Y% =1 Cirf , and 
therefore, get H — T,\ =1 Ai ® Bf, see [19] for details. After defining a new 
linear operator C : X e R nxn -> 17 i=l BiXAj , we know that, all results about 
separable image restoration problems may be easily extended in a nature way to 
unseparable problems. In addition, one can get an optimal Kroncckcr product 
decomposition H = A\ ® B\ and employ it for solving many image restoration 
problems; see [22, 24, 27] for more details. 

The outline of the paper is as follows. In the next section, we recall some 
results and give some notations. In Section 3, we present the global CGLS 
and GMRES algorithms for large-scale discrete ill-posed problems from image 
restoration. For nonncgative constrained image restoration, projected restarted 
global iterative schemes are proposed in Section 4. Detailed experimental results 
reporting the performance of the proposed algorithms are given in Section 5. 
Finally, Section 6 contains concluding remarks. 

2 Preliminaries and notations 

Throughout the paper, all scalars, vectors and matrices are assumed to be real. 
Let ~# = K" x " denotes the linear space of n x n matrices. For two matrices 
X and Y of J£ ', we define the inner product < X, Y >f= trace(X T y) where 
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trace(iv) denotes the trace of the square matrix Z and X T the transpose of the 
matrix X. It should be noted that the associated norm is just the well-known 
Frobenius norm denoted by || • \\f- With the inner product, two matrices X and 
Y is said to be F-orthogonal if tra,ce(X T Y) = 0. 

For a matrix V G the matrix Krylov subspace 

AC m (£, V) = span{T/ CV, ■ ■ • , £ m ~ V} 

is the subspace of M generated by the matrices V, £V, • • • , £ m_1 F. Notice that 

Z G /C m (£, V) «• Z = S^/ajrY, a, G K, 

In other words, /C m (£, V) is the subspace of ^# of all n x n matrices which can 
be written as Z = P(C)V, where P(-) is a polynomial of degree not exceeding 
m — 1. Let J„ be the n x n identity matrix and a^ m ^ = (ao, • • • , a m -i) T - Then, 
we have 

s^o'^^y - [v, rv, • • • x^vKa^ ® /„). 

The global Arnoldi process constructs an F-orthonormal basis Vi , V2 , • • • , V m 
of the matrix Krylov subspace )C m (C, V), i.e., it holds for the matrices V\, V 2 , • • • , V r 
that trace(T^ T Vj) = 0 for i ^ j, i,j = l,---,m and trace(l^ T t^) = 1 for 
i = 1, • • • , m. The algorithm is described as follows: 

Algorithm 1. Global Arnoldi process 

Input: C and V. 

Output: an F-orthonormal basis V\, V2, ■ ■ ■ , V m . 
P=\\V\\f; Vx = V/p; 
for j = 1, 2, • • • , m do 
U = CVj; 

for i = 1,2, • • • , j do 
/ijj = trace (/7 T T/i); 

end do 

^j+ij = II^IIf; if = 0 stop; 

Vj+i = U/hj+ij; 
end do 

Note that a breakdown occurs in the algorithm if /ij+ij = 0 for some j. Let 
ff m be an (to + 1) x m upper Hessenberg matrix arising from the global Arnoldi 
process and H m be the to x to matrix obtained from H m by deleting its last 
row. We may immediately obtain that 

C[V u ---,V m ] = [V ir --,V m ]{H m ®I n ) 

+ [O n , • • • , O n , V m+ i] 

and 

C[Vu ■ ■ ■ , V m ] = [V u ■ ■ ■ , V m , V m+1 ](H m ® /„), 
where O n denotes the n x n zero matrix. 
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3 Global CGLS and GMRES methods 

In [23], the authors first introduced a global approach for solving matrix equa- 
tions and derived the global FOM and GMRES methods. They are generaliza- 
tions of the global minimal residual method proposed by [39] for approximating 
the inverse of a matrix. These global methods are also effective, as compared 
to block Krylov subspace methods, when applied for solving general large-scale 
matrix equations [10, 41, 42]. Here we consider the performance of the glob- 
al CGLS and GMRES methods when they are applied to the computation of 
approximate solutions of linear systems of equations with an ill-conditioned ma- 
trix. Linear systems with such matrices frequently arise in image restoration. 

One of the most powerful and popular global methods is certainly the global 
CGLS method. The CGLS method is equal to the CG method applied to the 
norm equation of the linear system (5) with the initial approximate solution 
Fo to compute approximate solutions of the linear system (5) that lie in the 
Krylov subspaces JC m (£ T £,£ T G) for m = 1, 2, • • •. Let F m be an approximate 
solution of CF = G at the mth iteration and R m = G — CF m be its associ- 
ated residual. We have the global CGLS solution F m = argmin^||£F — G\\f, 
s.t., F m E K. m (C T C, C T G). With the discrepancy principle, the global CGLS 
method determining an approximate solution of a discrete ill-posed problem can 
be described as follows: 

Algorithm 2. Global CGLS algorithm with the discrepancy principle 

Input: C, G, Fo, a and S. 

Output: an approximate solution F m . 

Start: 

i?o = G — CFq\ Dq = i?oj "5*0 = Ro] m=0; 
iterate: 
while 1 1 R m 1 1 f > aS do 
m — m + 1; 

m £Dm — 1 , 

a m = tTace(S m _ 1 S m -i)/tTace(Q m Q m ); 

F m Fm—1 ~\~ CXmDm—li 

R-m — Rm—1 (%mQmi 
q _ rT n . 
^m rt mi 

j3 k = tra,ce{S m S m )/tra,ce{S m _ 1 S m - 1 ); 
D m = Sk + f3 m D m —i; 
end do 

In order to describe the global GMRES method, we further let 2J m denote 
the n x nm block matrix: 23 m = [ V\ , • • • , V m ] . Assume that m steps of the 
global Arnoldi algorithm have been carried out, then the global GMRES method 
generates a new approximation F m such that 

F m = Fo + 2J m (a (m) <£>/«), 
R m = R 0 -mm(a^(g)I n ), 

where the m-dimcnsional vector a {m ^ is determined by imposing a given criteria. 
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The global GMRES method is characterized by selecting a(™) in such a 
way to minimize the Frobcnius norm of the residual at each m-th step, i.e., 
||i? m ||F = min||_R 0 — &8m{o^ m ^ ®In)^F- Taking into account the F-orthonormal 
basis {Vi, • • • , V m } of the subspace JC m (£, V), obtained from the global Arnoldi 
process, we can transform the above minimization problem into a minimization 
problem with / 2 -norm. So we can determine by computing the solution of 

mm\\\\R 0 \\ F e 1 -H m a^\\ 2 . (6) 

To improve the efficiency of the GMRES algorithm, it is necessary to devise a 
stopping criterion which does not require the explicit evaluation of the approxi- 
mate solution F m at each step. This is possible, provided that the upper Hesscn- 
berg matrix H m is transformed into an upper triangular matrix U m £ R(rn+i)xm 
with u m +i, m = 0 such that Q^Um — H m , where Q m is a matrix obtained as 
the product of m Givens rotations. Then, since Q m is unitary, it is easy to see 
that min|| ||i? 0 ||Fei — H k a^ m "> || 2 =min|| ||i?oll-FQmei ^U m a^\\ 2 - It can also show 
that the m + 1-th component of ||-Ro||F<3mei is, in absolute value, the Frobenius 
norm of the residual at the m-th step. Hence, we terminate the computations 
as soon as the Frobenius norm of an residual is smaller than a5 for the ill-posed 
problems. It means that the residual satisfies the discrepancy principle and an 
suitable approximate solution has been determined. Therefore, equipped with 
a stopping rule based on the discrepancy principle, the global GMRES method 
determining an approximate solution of a discrete ill-posed problem takes the 
following form: 

Algorithm 3. Global GMRES method with the discrepancy principle 

Input: £, G, F 0 , a and S. 

Output: an approximate solution Fk- 

Start: 

R 0 = G- £F 0 ; p = \\Ro\\f; Vi = R 0 /p; m=0; 
iterate: 
while ||i? m ||_F > aS do 
to = m + 1; 

compute the mth basis matrix V m and update H m by Algorithm 1; 
construct the QR-factorization of H m , and compute ||-R m ||F = P e m+iQmei; 
end do 

form the approximate solution: 
F m ^F 0 + ^ m (a( m ^I n ). 



4 Projected restarted global methods 

The global methods entail a high computational effort and a large amount of 
memory, unless convergence occurs after few iterations. But, one can remedy 
two drawbacks by restarting the global methods periodically. Given a fixed 
A, the restarted global methods compute a sequence of approximate solutions 
Fi until Fi is acceptable or i = N. If the solution is not found, then a new 
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starting matrix is chosen on which the global methods are applied again. Often, 
the global methods are restarted from the last computed approximation, i.e., 
Fq = Fn to comply with the monotonicity property even when restarting. The 
process goes on until a good enough approximation is found. 

In order to compute regularized nonnegative solutions to (5), in the present 
work, here we consider the projected restarted global methods. The methods are 
based on the following approach. A few steps of a global iterative method (global 
CGLS or global GMRES) are applied to the available matrix equation (5), and 
then the computed approximate solution is projected onto the set of matrices 
with non-negative entries. If the projected approximate solution satisfies the 
discrepancy principle, then we accept the projected approximate solution as an 
approximate solution of the available matrix equation (5). Otherwise we restart 
the associated iterative method, replacing the initial guess with the projected 
approximate solution. 

We define P + by the projector onto the set of nonnegative matrices. That 

is, 

P+(X) = X + , 

where X — (x^j) and X + = {{x + )ij) satisfy that (x+)ij = x^ for Xij > 0 and 
(x + )ij = 0 for others. The projected restarted global iterative scheme with a 
stopping rule based on the discrepancy principle is summarized as follows: 

Algorithm 4. Projected restarted global method 

Input: £, G, F 0} a, 8 and N; 

Output: an approximate solution F m+ \. 

Start: 
R 0 = G- CF 0 ; m=0; 

Solve: 

Let R m = G — LF m . Compute an approximate solution F m of the system 
CF = R m with a given global iterative algorithm. When either the discrepancy 
principle is satisfied or the maximum number of consecutive iterations, N, has 
been carried out, terminate the iterations. 
Project: 

Fm+i = P+(F m )', 
Check: 

if ||i? m +i||F > otd, then let m = m+1 and go to the first step; if F m+ i < aS, 
then exit with an approximate solution of (5). 

It should be noted that the projected restarted global methods can be looked 
as a inner-outer iteration scheme. In the inner iteration, we apply a given global 
method (Global CGLS or Global GMRES) to solve the available matrix equation 
(5). In this process, the iterations are terminated as soon as an acceptable 
solution that satisfies the discrepancy principle has been determined , or the 
maximum number of consecutive iterations N has been carried out. The outer 
iteration is just the projected process. If the projected approximate solution 
satisfies the discrepancy principle, then we accept it as an approximate solution 
of (5). The projected restarted global methods differ from the restarted global 
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Table 1: Relative errors and number of iterations with different BCs. 



BC 


Method 


Relative error 


It.s Original error 


Reflexive 


Global CGLS 


0.0804 


10 


Global GMRES 


0.0843 


4 


Antircflcxivc 


Global CGLS 


0.0793 


12 0.1726 


Global GMRES 


0.0858 


4 


Zero 


Global CGLS 


0.1306 


10 


Global GMRES 


0.1260 


4 



methods in that the projected global methods are restarted with the orthogonal 
projection as an initial iterate. 

5 Numerical examples 

In this section, we provide some experimental results of using the global CGLS 
and GMRES methods to solve large scale linear discrete ill-posed problems that 
arise from image restoration. All the experiments given in this paper were 
performed in Matlab 7.0. The results were obtained by running the Matlab 
codes on a Intel Core(TM)2 Duo CPU (2.93GHz, 2.93GHz) computer with 
RAM of 2048M. In all tests, the black image (zero matrix) is the initial guess and 
the iteration process is terminated if the stopping criterion of the discrepancy 
principle or the maximum number of iteration is met. In the first two numerical 
tests, we hope that the natural boundary elements would contribute to these 
blurring. So we need to perform the blurring operation on larger images, and 
cut out their central parts. Then using the built-in MATLAB function randn, 
we add Guassian white noise to the blurred data for generating these blurred 
and noisy images. 

The first test data we use is shown in Figure 1. In the true image, the 
FOV is delimited by white lines. The 192-by-192 blurred and noisy image 
shown on the right side of Figure 1, has been cut out from the larger 256-by- 
256 image. In this test, the separable blur we consider is given by the mask 
3^(1,1,1,4, 1,1, 1) T (1, 1,1, 4, 1,1,1) arising from [28, 29]. In this test, we add 
0.02 Gaussian white noise to the blurred pixel values. 

In Table 1, we report relative errors and the numbers of iterations (regular- 
ization parameters) under the reflexive boundary condition , the antircflexive 
boundary condition and the zero boundary condition. The relative error is de- 

1 1 Fi, — F 1 1 2 

fined by \\F t tT \\p > wnere -Ftrue = F* is the original image and the Fk is the 
computed solution with the global methods at the &;th iteration. The corre- 
sponding computed restorations by the global methods are shown in Figure 2. 
In this test, we choose a = 1. We observe from Table 1 and Figure 2 that 
the global CGLS and GMRES methods are very effective for separable image 
restoration problems under different boundary conditions. 

In Test 2, we are dealing with a strongly nonsymmetric PSF h arising from 
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' I 1 

41 > 

' i v * - 


0 , J 





(a) True image (b) Blurred and noisy image 

Figure 1 : True image and blurred image with noise of Test 1 . 



2& 



(a) Global CGLS with the re- (b) Global GMRES with the (c) Global CGLS with the an- 
flexive BC reflexive BC tircflexive BC 



(d) Global GMRES with the (e) Global CGLS with the ze- (f ) Global GMRES with the 
antircflexive BC ro BC zero BC 



Figure 2: Computed restorations with three different boundary conditions 
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ii 




(a) True image (b) Unseparable blur (c) Blurred and noisy image 

Figure 3: True image, PSF and blurred image with noise of Test 2. 

Table 2: Relative errors and Number of iterations with two different BCs. 

BC Method Error It.s Original error 

Global CGLS 0.2446 9T~ 



Reflexive 



Global GMRES 0.2097 11 Q 2Q6Q 



\ ■ n • Global CGLS 0.2096 15 
Antircflcxivc 



Global GMRES 0.2310 9 



wavefront coding, where a cubic phase filter is used to improve depth of field 
resolution in light efficient wide aperture optical systems [35, 24, 27]. The data 
of Test 2 is given by Figure 3. In the true image, the FOV is also delimited by 
white lines. The 128-by-128 blurred and noisy image shown on the right side of 
Figure 3, has been cut out from the larger 256-by-256 image. In this test, 0.2% 
Gaussian white noise was added to the blurred pixel values. It is not difficult 
to see that the PSF h in this test is not separable. So we need to compute a 
rank-one approximation of h by computing the SVD of h, and then construct 
A\ and B x as described in section 1 by using a method in [19]. That is, 

h « biaj =$> H f» Ai® B x . 

In fact, one can get an optimal Kronecker product decomposition H = A\ (£> B\ 
[22, 24, 27]. The results about relative errors and the number of iterations are 
given in Table 2 for a = 1.5. Corresponding computed restorations are shown in 
Figure 4. These results clearly show the satisfactory efficiency of global CGLS 
and GMRES for unseparable image restoration problems. 

The aim of the third test is to give evidence of the efficiency of projected 
restarted global methods. The third test data we use is shown in Figure 5. In 
this test, the symmetric separable truncated Guassian blur we consider is given 
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(a) Global CGLS with the re- (b) Global GMRES with the 
flexive BC reflexive BC 




(c) Global CGLS with the an- (d) Global GMRES with the 
tireflexive BC antircflexive BC 



Figure 4: Computed restorations with two boundary conditions 
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(a) True image 



(b) Truncated Guassian blur (c) Blurred and noisy image 



Figure 5: Original image, PSF and blurred image with noise of Test 3. 



where c is the normalization constant such that J^ij^ij = see Figure 5. 
After blurring, we add 0.01 Gaussian white noise to the blur data. 

In Test 3, we apply the projected restarted global methods and the restarted 
global methods with the maximum number of inner iterations N — 10, the 
maximum number of outer iterations M = 7 and a = 1.2. The outer iterations 
were terminated where the discrepancy principle is satisfied or the maximum 
number of outer iterations is reached. Figure 6 plots the relative errors in 
unconstrained and nonnegative constrained computed solutions at end of each 
outer iteration. Figure 7 displays the computed approximate solutions using 
projected restarted global methods and the restarted global methods under the 
zero boundary condition. 

In the fourth experiment, we compare the performance of the global CGLS 
and GMRES methods with that of the other two popular regularization methods 
(truncated singular value decomposition and Tikhonov regularization) in 3D 
image restoration under the zero BC. The true image is 128 x 128 x 27 simulated 
MRI of a human brain, available in the the Matlab Image Processing Toolbox. 
Restoration of this image was used as a test problem in [36, 38]. To produce 
the distorted image, we build an out-of-focus PSF using the function psfDefocus 
with dim = 11 and R = 5 in [3], and convolve it with the MRI image, then 
add 5% Gaussian noise to the result. The test data is shown in Figure 8. The 
original relative error of the blurred and noisy image for Test 4 is 0.3555. 

Since the PSF used in Test 4 is not separable, we construct the approximate 
Kronecker product decomposition H = A\ (8 B\. We build the two matrices 
A\ and B\ under the zero BC. A comparison of relative errors and CPU time 
with four different methods based on the Kronecker product decomposition is 



by 
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Table 3: Relative errors and CPU time with different methods for Test 4. 



Method 


rel. error 


CPU time 


Global CGLS 


0.2750 


0.1866 (s) 


Global GMRES 


0.2750 


0.1312 (s) 


TSVD 


0.2895 


0.2351 (s) 


Tikhonov 


0.2956 


0.5053 (s) 



given in Table 3. We choose a = 1 in the global methods. The regularization 
parameters of the TSVD and Tikhonov regularization methods are chosen by 
the generalized cross validation method. It is not difficult to see that the relative 
errors of our global methods are smaller than these of the TSVD and Tikhonov 
regularization methods. It cost less CPU time for the global methods obtaining 
the approximate restored images than the two other widely used regularization 
methods. It is mainly because that the main operations of in the global meth- 
ods is the matrix-vector product which theoretically require 0(n 2 \ogn) floating 
point operations while the TSVD and Tikhonov regularization methods need 
the singular value decompositions of two smaller matrices A\ and B\ which 
require 0(n 3 ) floating point operations. 

The corresponding restored images using the four different methods under 
the zero BC are shown in Figure 9. The restored image in Figure 9(a) is de- 
termined after 10 steps of the global CGLS method and the restored image in 
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(a) CGLS restored image (b) CGLS restored image 
with nonnegative constraint 




(c) GMRES restored image (d) GMRES restored image 
with nonnegative constraint 



Figure 7: Restarted restored images of Test 3. 




(a) True image (b) Blurred and noisy image 



Figure 8: True image and blurred image with noise of Test 4. 
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Figure 9(b) is determined after 9 steps of the global GMRES method. The 
two restored images are obtained with a stopping rule based on the discrepancy 
principle. 

6 Conclusion 

In this paper, we present the global CGLS and GMRES methods for comput- 
ing approximate solutions of large-scale ill-posed problems arising from image 
restoration. For constrained problems, we propose the projected restarted glob- 
al methods. The global iterative algorithms presented exhibit semiconvergence 
on unregularized problems. Thus, rcgularization can be achieved by early ter- 
mination of the iterations. Several numerical examples are used to show that 
the global methods are very effective for image restoration problems. 
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Abstract : In [9], we studied the second kind twisted (h, g)-Euler numbers and 
polynomials. By using these numbers and polynomials, we give some interest- 
ing relations between the power sums and the the second kind twisted Euler 
polynomials. 

Key words : the second kind Euler numbers and polynomials, the second kind 
twisted Euler numbers and polynomials, twisted Euler numbers and polynomi- 
als, the second kind twisted (h, g)-Eulcr numbers and polynomials, alternating 
sums 

1 Introduction 

Euler numbers, Euler polynomials, q-Euler numbers, g-Euler polynomials, the 
second kind Euler number and the second kind Euler polynomials were stud- 
ied by many authors (see for details [1-9]). Euler numbers and polynomials 
posses many interesting properties and arising in many areas of mathematics 
and physics. In this paper, by using the symmetry of p-adic g-integral on Z p , we 
give recurrence identities the second twisted (h, g)-Euler polynomials and the 
power sums. 

Throughout this paper, we always make use of the following notations: 
N = {1,2, 3, •••} denotes the set of natural numbers, Z p denotes the ring of 
p-adic rational integers, Q p denotes the field of p-adic rational numbers, and 
C p denotes the completion of algebraic closure of Q p . Let v p be the normal- 
ized exponential valuation of C p with \p\ p = p~ u p(P) = We say that / is 
uniformly differentiable function at a point a € Z p and denote this property by 
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g G UD(Z p ), if the difference quotients 

g{x)-g{y) 



F g {x,y) = 



x-y 



have a limit I = g'(a) as (x,y) — > (a, a). For g e f77?(Z p ), the p-adic invariant 
integral on Z p is defined by Kim as follows(see [1,2]): 

7_i = lim Ug) = [ g{x)d l x. 1 {x) = lim V </(a;)(-l) x . (1.1) 

(J— 5-— 1 JV— >oo * — ' 

If we take gi(x) — g(x + 1) in (1.1), then we easily see that 

I-i(gi) + I-i(g) = 2. 9 (0). (1.2) 

TV" 

Let T p = Un>iC p n = limTv^ooCpN, where C p N — {u\u} p = 1} is the cyclic 
group of order p N . For w e T p , we denote by (p^ : 7L p — > C p the locally constant 
function x i — >• w x . 

In [9], we introduced the second kind twisted (ft, g)-Euler numbers E^q t0J 
and polynomials E^q iU (x) and investigate their properties. 

Let us define the second kind twisted (ft, q)-Euler numbers E^q iU and poly- 
nomials E^q } u(x) as follows: 

J-i(^(y)g h »c^ 1 )*)= / iW^W^.d/)^^,^. (1-3) 

J-i(^(l/)g hB e( 2 » +1+ ^) = / My)« hw e< 2 » +1+ *>*d/i_i(tf) 

,„ (1-4) 

n=0 

The following elementary properties of the second kind twisted (ft, g)-Euler num- 
bers E^n)q^ and polynomials E^)q tUJ {x) are readily derived form (1.1), (1-2), (1.3) 
and (1.4)( see, for details, [9]). We, therefore, choose to omit details involved. 
By (1.3) and (1.4), we obtain the following Witt's formula. 

Theorem 1. For uj eT p and ft € Z, we have 

/ ^(x)q hx (2x + l)"d/i-i(aO - fi^, 

Uv)q hv (2y + 1 + *) n <*M-i(y) - tjWj*). 



Theorem 2. For any positive integer n, we have 

i — k 



2 
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2 The alternating sums of powers of consecu- 
tive (h, q)-odd integers 

In this section, we assume that q G C, with \q\ < 1 and h <G Z. Let u> be the 
p N -th root of unity. By using (1.4), we give the alternating sums of powers of 
consecutive (h, g)-intcgcrs as follows: 

00 + n 9 t 
V E^ — = — 



'n\ uq h e M + l 



2^T(-l) n uj n q nh e {2n+1)t . 



n=0 

From the above, we obtain 



_ ^(-1)™ ui n q nh e ( 2 "+ 2fe + 1 ) t -|- y^(-l)"~ fc u;"~ fc (jt"~ fc ) /l e (2 " +1 ^ 

n=0 n=0 
fc-1 

_ ^^^-_2yt-fc a; w-fc^(n-fc)fe e (2n+l)t 
n=0 

By using (1.3)and (1.4), we obtain 

oo I \ j 

= {-l)- k u~ k q- kh ^{-l) n uJ n q nh {2n + l) j -. 

3=0 V n=0 ) 3- 

V 

By comparing coefficients of — in the above equation, we obtain 

.?! 

fc-1 (l\k+l,.,k n kh w (h) rt u , RW 



(-i) fc + l w v h ^. w (2fc) + ^:; 

2 



n=0 

By using the above equation we arrive at the following theorem: 

Theorem 3. Let A: be a positive integer and q e C with \q\ < 1 and u> be 
the p^-th root of unity. Then we obtain 

fc-i 



n=0 

_ (-l)^ W fe g^j2fc)+4^ 
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Remark 4. For the alternating sums of powers of consecutive odd integers, 
we have 

fe-i 

i. ; „ \n ' I - ! ,.i (ill '■ 

g->l 



n=0 

2 

where Ej iU (x) and £j iW denote the second kind twisted Euler polynomials and 
the second kind twisted Euler numbers, respectively. 

3 The symmetry property of the g-deformed 
fermionic integral on Z p 

In this section, we assume that q £ C p and u £ T p . We obtain recurrence 
identities the second twisted (h, q)-Eu\cr polynomials and the alternating sums 
of powers of consecutive (h,q)-odd integers. By using (1.1), we have 

n-1 

j_i( ffn ) + (-i)"- 1 /-!^) = 2^(-ir i - t 5 (fc), 

fc=0 

where n £ N,g n (x) = g(x + n). If n is odd from the above, we obtain 

n-1 



I-M +1^(9) =2^(-ir'- fc #) (see [1], [2], [3], [5]). (3.1) 

fc=0 

It will be more convenient to write (3.1) as the equivalent integral form 

n— 1 

/ g{x + n)d l i_ 1 {x) + g(x)d M _ 1 (x) = 2^(-l)"- 1 -'\g(fc). (3.2) 
Jz p Jz p k=0 

Substituting g(x) — ^ q hx e ( 2x + 1 ) t into the above, we obtain 

f w x+T, g A(x+n) e (2(x+ n )+l)t d/i _ i ^ + f w »g'»* e (2x+l)*d/i_ 1 (a;) 



n-1 

= 2^(-l)V^ e W+ 1 ) t . 

After some elementary calculations, we have 
f w x^x e (2x+l)t d/U _ i(a;) = - v 



(3.3) 



uiq h e 2t + 1 ' 

w *+„^(*+n) e (2(x+n)+l)t d (x) = wn ^m e 2nt_J^ _ 

Ljq' l e zt + 1 



(3.4) 
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By using (3.3) and (3.4), we have 

f Lu x + n q h(x+n '>e {2(x+n)+1)t dn- 1 (x)+ f uf*q hx e ( ' 2x+1)t dii- 1 (x) 
Ji p Jz p 

_ 2e t {l+uj n q hn e 2nt ) 
ujq h e 2t + 1 

From the above, we get 

f Lo x+n q h( - x+n \^ {x+n ^ t d^ 1 {x)+ f wV x e (2x+1) *d/i_i(a;) 
Jz p Jz p 

2j Zp Lj x q hx e^ x+1 '> t d^ 1 {x) (3 ' 5) 
~~ ^uj nx q hnx e* ntx d[i- X {x) 

By substituting Taylor series of eS 2x+1 ^ into (3.3), we obtain 
£ (/ LO x+n q h(x+n) (2x + l + 2n) m d^ 1 (x)+ j LU x q hx {2x + l) m d^ 1 {x) 

m=0 \^ z p / 



oo / n— 1 



J2 2^(-l)W J '(2j + l) T 

m=0 \ j=0 



t m 

ml 



t m 

By comparing coefficients — r in the above equation, we obtain 

mi 



"V" J2 ( T f)(2n) m - k f UJ x q hx (2x + l) k dfl- 1 (x)+ [ uj x q hx {2x + l) m d^{x) 



k=0 
n-1 

= 2£(-l)W J '(2j + l) 



By using (2.1), we have 

wV V W (2n) m - k j u x q hx (2x + ifd^x) 
fc=0 W H p 

+ / W V a; (2x + l) m d M _ 1 ( a ;)-2T^(n-l). 

By using (3.5) and (3.6), we arrive at the following theorem: 
Theorem 5. Let n be odd positive integer. Then we obtain 



(3.6) 



2 J^LU x q hx e ( - 2x+1 ') t d^ 1 (x) 



EKU-C' (3-7) 
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Let w\ and w 2 be odd positive integers. By using (3.7), we have 

J J u} (wix 1 +w 2 x 2 ) qh(w 1 x 1 +w 2 x 2 ) e (wi(2x 1 + l)+w 2 (2x2 + l)+w 1 w 2 x)t ^^^^ (#1 )ci/i_i (#2) 
2 e w l t e w 2t e wiw 2 xt^ u} w 1 W2qhw 1 W2 e 2w 1 w 2 t _|_ ^ 

(lo Wi q hw i e 2wit + \)(ui W2 q hw i g 2w 2t _|_ ^ 

' ? (3-8) 
By using (3.7) and (3.8), after elementary calculations, we obtain 



/2 ^Lo w ^q hW2X2 e^ X2+1 ^ w ^d^i{x 2 y 

X y J z UJ w 1 w 2 x q hw 1 w 2 x e 2w 1 w 2 tx ( l^_ 1 ^ 



m 



m=0 

(3.9) 

By using Cauchy product in the above, we have 



i 

(3.10) 



oo / m / \ 

E E(7)4^^(^w^ 

By using the symmetry in (3.9), we have 

1 2 J Zp W u,lXl g /lWlXl e( 2xi + 1 )( u ' lt )d/i_i(a;i)\ 

X y f z UJ wiw 2 x q hw 1 w 2 x e 2w 1 w 2 tx ( l^_ 1 ^ J 

2 E ^^("-^k^ 2 E r £U,<-i(«2 - ix^ • 

m=0 '/ V m=0 "/ 

Thus we have 



00 / m / \ 

a = E E (7)4?-,— (w 2 ~ i) W ? 

m=0 V 3=0 ^ ' 



.m 



(3.11) 

By comparing coefficients — - in the both sides of (3.10) and (3.11), we arrive 
at the following theorem: 
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Theorem 6. Let W\ and u> 2 be odd positive integers. Then we obtain 
m / \ 

E yjj w T~ 3w 2 E j%2, u ^A w i x ) T !n-j, g ^,^ ( w 2 - 1) 



3=0 

n / _\ 

n{h) 



frn\ 

= E ( A ) W i W ^~ 3E j^,^A w 2X)T^ jiqW2 u)W2 ( Wl - 1), 

where E^ qu {x) and Tm\,u>{k) denote the second kind twisted (/i, q)-Euler poly- 
nomials and the alternating sums of powers of consecutive (h, g)-odd integers, 
respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 7. Let w\ and be odd positive integers. Then we obtain 

m j 



EE (7) {^ k )<- k ^ j - k E^ 2 ^T^ 1) 

= EE (7) (^^"V-^^rW^^^ - 1). 



By using (3.8), we have 



a 



J z coWi™2Xqh™iu>2X e 2wiW2tx d(l-i(x) I 



X 



Wi — 1 

X ( 2 £ (_l)J a; «'2j ? t«2/y' e (2j + l)(u>2/) 

j=0 

( w 2 \ 

W ^ . . t . f , ( 2xi+l+«; 2 x+(2j+l)— )( Wl t 

3=0 

OO / W\ — 1 



%L_" , /" , \2x 1 + l+w 2 x+(2j + l) (wit) 



n=0 \ j"=0 



n! 

(3.12) 
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By using the symmetry property in (3.12), we also have 

wWa x ag fc TOa x ae (2x a + l)io a t dAi _ l ( a . 2 j j 



(1 WnV 2 xt f 
2 k 



X 



(2 / w™ lK V™ lXl e (2xi+1)(,,,lt) ci/X-i(xi)\ 

I / z ioWiu>2Xqhw 1 w 2 x e 2w 1 w 2 tx ( l fl _ 1 ( x j I 
Igtoitoaxt y w io a x ag fct Ua x ae (2x ! , + l)u; a t dAi _ i ^ a . 2 j 

«>2 — 1 

2 \^ ^_^)J w «'iJg«'i^ e ( 2 J+ 1 )(«'it) 



U) 2 — 1 



/" I 2x 2 + l+w 1 x+(2j + l) }(w 2 t) 

J2(-iyu WlJ q Wl J / W^^g^^eV ^2/ 
^ J2 (-l) j " Wli q Wlhj E^ 2 ^ 2 Wl x + (2j + 1)^1 



n=0 \ j=0 



(3.13) 

By comparing coefficients — in the both sides of (3. 12) and (3.13), we have the 
following theorem. 

Theorem 8. Let w\ and u>2 be odd positive integers. Then we obtain 

wi — 1 



W!-l , \ 

V (-ly^q^E^ uW1 w 2 x + (2j + 1)— W 



j=0 

Substituting wi = 1 into (3.14), we arrive at the following corollary. 
Corollary 9. Let W2 be odd positive integer. Then we obtain 

3=0 
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In this paper, we explore two types of Hausdorff intuitionistic fuzzy met- 
rics on compact sets, and prove that they are identical. Also, we prove that 
if two intuitionistic fuzzy metric spaces induce the same topology, then the 
corresponding Hausdorff intuitionistic fuzzy metric topological spaces coincide. 

Keywords: Intuitionistic fuzzy metric space, Hausdorff intuitionistic fuzzy 
metric space, Topology, Continuous, Uniformity. 

AMS Subject Classifications: 54A40, 54E70, 54E35 

1 Introduction 

Motivated by the importance of obtaining an appropriate notion of a fuzzy 
metric space to fuzzy topological spaces, many authors have introduced several 
notions of fuzzy metric in different ways [4, 5, 9, 10]. In particular, George 
and Veeramani [5] gave a definition of fuzzy metric with the help of continu- 
ous t-norms and proved that the topology induced by this fuzzy metric is first 
countable and Hausdorff. On the other hand, Atanassov [1] defined and studied 
the notion of intuitionistic fuzzy sets, and later much progress in the study of 
intuitionistic fuzzy sets can be found in [1, 6, 9]. Using the idea of intuitionistic 
fuzzy sets due to Atanassov, Park [12] presented a notion of an intuitionistic 
fuzzy metric space as a generalization of a fuzzy metric space gave by George 
and Veeramani. Furthermore, some known results of metric spaces including 
Uniform limit theorem and Baire's theorem for intuitionstic fuzzy metric spaces 
are proven in [12]. Saadati and Park [15] studied some properties of intuitionistic 

* Corresponding author. 
This work was supported by Natural Science Foundation of Fujian (No. JA13198), the foun- 
dation of Minnan Normal University (No. SJ1118). 
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fuzzy metric spaces as completeness, precompactncss and compactness. There 
have been other more contributions in the study of intuitionstic fuzzy metric 
spaces by many authors [7, 8, 11, 13]. 

In [2] , Beer studied three consistent types of Hausdorff metrics on compact 
sets. Gregori et al [7] gave a definition of Hausdorff intuitionistic fuzzy metric on 
compact sets, which corresponds to the first type of Hausdorff metric due to Beer 
[2]. It is a natural problem to explore other corresponding types of Hausdorff 
intuitionistic fuzzy metrics on compact sets. This is done in the present paper. 

We construct another type of Hausdorff intuitionistic fuzzy metric on com- 
pact sets, which corresponds to the second type of Hausdorff metric due to Beer 
[2]. Also, we study some continuities on an intuitionistic fuzzy metric space. 
Using these continuities, we show that the two types of Hausdorff intuitionistic 
fuzzy metrics on compact sets coincide. Moreover, we prove that if two intu- 
itionistic fuzzy metric spaces induce the same topology, then the corresponding 
Hausdorff intuitionistic fuzzy metric topological spaces coincide. 

2 Preliminaries 

In the section we recall some concepts and auxiliary results. Our basic refer- 
ence for general topology is [3] . 

Definition 2.1 [16] A continuous t-norm is a binary operation * : [0, 1] x 
[0, 1] — > [0, 1] which satisfies the following conditions: 

(a) * is associative and commutative; 

(b) * is continuous; 

(c) a * 1 = a for all a € [0, 1]; 

(d) a*b < c * d whenever a < c and b < d, and a, b,c,d e [0, 1] . 

The following are examples of t- norms: a*b — a ■ b; a*b — min{a, b}. 

Definition 2.2 [16] A continuous t-conorm is a binary operation o : [0, 1] x 
[0, 1] — > [0, 1] which satisfies the following conditions: 

(a) o is associative and commutative; 

(b) o is continuous; 

(c) a o 0 = a for all a € [0, 1] ; 

(d) aob < cod whenever a < c and b < d, and a, b,c,d <E [0, 1] . 

The following are examples of i-conorms: aob — min{a + fe, 1}; a o b = 
max{a, b}. 

Definition 2.3 [12] An intuitionstic fuzzy metric space is 5-tuple (X, M, N,*,(}) 
such that X is an arbitrary set, * is a continuous i-norm, o is a continuous t- 
conorm and M, N are fuzzy sets on X x X x (0, oo) satisfying the following 
conditions for all x,y,z E X and s, t e (0, oo): 

(a) M(x,y,t)+N(x,y,t) < 1: 

(b) M(x,y,t) > 0; 

(c) M(x, y, t) = 1 if and only if x = y; 

(d) M(x,y,t) = M(y,x,t); 

2 
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(e) M(x, y, t) * M(y, z, s) < M(x, z,t + s); 

(f) the function M(x 7 y, •) : (0, oo) — > [0, 1] is continuous; 
{g)N(x,y,t)<l; 

(h) N(x, y, t) = 0 if and only if x = y, 

(i) N{x,y,t)=N{y,x,t); 

(j) N(x, y, t)ON{y, z, s) > N(x, z,t + s); 

(k) the function N(x,y, •) : (0, oo) — > [0, 1] is continuous. 

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions 
M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of non- 
nearness between x and y with respect to t, respectively. 

Remark 2.4 [12] In intuitionistic fuzzy metric space X, for every x,y G X, 
M(x, y, •) is non-decreasing and N(x, y, •) is non-increasing. 

Definition 2.5 [12] Let (X, M, N, *, <0) be an intuitionistic fuzzy metric space, 
r G (0, 1), t > 0 and x G X. The set 

B {MiN) (x,r,t) = {y e X\M(x,y,t) > l-r,N(x,y,t) < r} 

is called the open ball with center x and radius r with respect to t. 

Obviously, {-B(m,jv) i x , r , *)} forms a base of a topology on X. The topology 
is denoted by T(m,jv) an d known to be metrizable (see [7]). 

Example 2.6 [12] Let (X, d) be a metric space. Denote a * b = ab and 
a<C>6 = min{l,a + b} for all a,b E [0, 1] and let Md and iV^ be fuzzy sets on 
X x X x (0, oo) defined as follows: 

M d(^y^)-TT^ T, V' N d {x,y,t) = 



ht n + md(x , y) ' ' ' kt n + md(x 7 y) 

for all ft-, fc, m, n G R + . Then (X, M^, A^, *, (}) is an intuitionistic fuzzy metric 
space. 

Lemma 2.7 [15] Let (X,M,N,*,Q) be an intuitionistic fuzzy metric space 
and t (m,n) the topology on X induced by the intuitionistic fuzzy metric. Then 
for a sequence {x n } ne ^ in X, x n converges to x if and only if M(x n ,x,t) — > 
0(n -> oo). 



3 Hausdorff intuitionistic fuzzy metric spaces 

Given an intuitionistic fuzzy metric space (X, M, N, *, Q), we shall denote 
by V(X) and IC(X), the set of nonempty subsets and the set of nonempty 
compact subsets of (X,t^ mn ^), respectively. For each B G V(X), a G X 
and t > 0, let M(a,B,t) := supM(a, &,i) and N(a,B,t) := inf N(a,b,t) (see 

Definition 3.2 of [15]). By conditions (d) and (i) in Definition 2.3, we observe 
that M(a,B,t) = M(B,a,t) and iV(a, B, t) = N(B,a,t). Let B {MiN) (B ,r,t) := 
U B( MtN ){b,r,t). 

beB 
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Definition 3.1 [7] Let (X, M, N, *, <0) be an intuitionistic fuzzy metric space. 
Define two functions Hm,Hn ■ K-(X) x K{X) x (0,oo) — > [0,1] as follows, 
respectively: for each A,Be JC(X) and t > 0, 

H M (A,B,t) = min{inf M(a,B,t), inf M(A,b,t)} 

aSA beB 

and 

H N (A, B, t) = max{sup N(a, B, t), sup N(A, b, t)}. 

aeA beB 

It was proved in [7] that (/C(X), Hm, Hn, *, 0) is an intuitionistic fuzzy 
metric space. (Hm,Hn) is called the Hausdorff intuitionistic fuzzy metric on 
K{X). 

By Proposition 1 of [14], the next lemma can be obtained immediately. 

Lemma 3.2 Let (X, M, N, *, be an intuitionistic fuzzy metric space. Then 
M and N are both continuous functions on X x X x (0, oo). 

Lemma 3.3 Let (X, M, N, *, <0>) be an intuitionistic fuzzy metric space, a£l 
and B G V(X). Then t M> M(a,B,t) and t i-» N(a,B,t) are a continuous 
nondecreasing and a continuous increasing function on (0,oo), respectively. 

Proof We will verify that 1 1— > M(a, B, t) is a continuous nondecreasing function 
on (0, oo). 

By Lemma 2.4, for every beB and i 2 > h > 0, we have M(a, 6^2) > 
M(a, 6, ii). So M(a, B, t 2 ) > M{a, B, ti), which means that t M> M(a, B, t) is a 
nondecreasing function on (0,oo). 

Next, we are now going to prove that 1 1-> M(a, B, t) is continuous on (0, 00). 

Let t 0 e (0, 00) and {ti}i S N be a nondecreasing sequence in (0, 00) with 
lim ti = to. Put M(a, B,ti) — > r$(i — > 00). Observe that ti < to for every 

i— >-oo 

ieN. It follows that M(a,B,ti) < M(a, B,t 0 ). Hence r 0 = lim M(a,B,ti) < 

i— foo 

M(a, _B, io)- On the other hand, since lim tj = to? w e can choose an i„ > n such 

that ti n > t 0 - \ for every n > [^ ] + 1. Note that for every b E B, t n- M(a, 6, 
is continuous on (0, 00). Then, for each e > 0, there exists an m > [^] + 1 such 
that M(a, 6, t 0 - ^) > M(a, 6, t 0 ) - e. Hence 

M(a,B,U ) > M(a,B,t 0 - — ) > M(a 7 b,t 0 - — ) > M(a,b,t 0 ) - e. 

m to 

Therefore, passing to the limit as e — > 0, we obtain 

r 0 = lim M(a,B,t lm )= lim M(a, B,t lm ) > M(a,b,t 0 ). 

Hence r 0 > sup M(a, 6, t 0 ) = M(a, B, t 0 ). Analogously, we can obtained the case 

beB 

of a nonincreasing sequence {£i}i<=N in (0, 00) with lim ti = t 0 . 

i— >oo 

A similar argument as above show that t >-> N(a,B,t) is a continuous in- 
creasing function on (0, 00). We are done. 



250 



Chang-qing Lia et al 247-254 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Lemma 3.4 Let (X,M,N,*,(}) be an intuitionistic fuzzy metric space, A E 
V{X) and t > 0. Then x i-> M(x, A, t) and x M> N(x, A, t) are both continuous 
functions on X. 

Proof We only need to verify that x M> M(x, A, t) is continuous on X. The 
proof of the continuity of x \— > N(x, A, t) is similar. 

Let xq E X , t > 0 and e E (0,i), and let {x„}„ £ n be a sequence in X with 
x n converges to x 0 . Since {M(x n , A, i)}„ £ N is a sequence in (0,1], there is a 
subsequence {x„ m } meN of {x„} nS N such that the sequence {M(x nm , A, i)} m£ N 
converges to some point of [0,1]. Then 

M(x ntn ,A,t) > M(x nm ,a,t) > M(x nm ,x 0 ,e) * M(x 0 ,a,t- e) 

for every a E A. By the continuity of *, we obtain 

M(x nm ,A,t)> M(x nm , x 0 , e) * sup aeA M(x 0 , a,t-e) 

> M(x nm ,x 0 ,e)*M(x 0 ,A,t-e). 

It follows from Lemma 2.7 that 

lim M(x nm ,A,t)> lim M(x nm ,x 0 ,e) * M(x 0 , A,t - e) 

= 1 * M(x 0 , A,t-e) = M(x Q ,A,t-e). 
So, according to Lemma 3.3, we get lim M(x n ,A,t) > M(xo, A,t). On the 
other hand, we have 

M(x 0 ,A,t + e) > M(x 0 ,a,t + s) > M(x 0 , x nm , e) * M(x nm , a, t). 
Thus, by the continuity of *, we obtain 

M(x 0 ,A,t + s) > M(x 0 ,x nm ,e) *sup aeA M(x nm ,a,t) 
= M(x 0 ,x nm ,e)*M(x nm ,A,t). 

It follows from Lemma 2.7 that 

M(x 0 , A,t + e) > lim M(x 0 , x Hm , e) * lim M(x nm ,A,t) 

= 1* lim M(x„ m ,A,t)= lim M(x nm ,A, t). 

Due to Lemma 3.3, we get M(xq, A, t) > lim M(x nm , A, t). Hence 



lim M(x„ m ,A,t) = M(x 0 ,A,t). 



We finish the proof. 



Lemma 3.5 Let (X, M, N,*,<$) be an intuitionistic fuzzy metric space. Then, 
for every a E X, t > 0 and B E fC(X), there exist 61,62 <= B such that 
M(a, B, t) = M(a, b\,t) and N(a, B, t) = N(a, b 2 , t), respectively. 

Proof By Lemma 3.2, we deduce that {M(a,b,t)\b E B} and {N(a, b, t)\b E B} 
are both closed subsets of [0,1]. Hence supM(o, b, t) E {M(a,b,t)\b E B} 

beB 
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and sup N(a, b, t) G {M(a,b,t)\b G B}. Thus, there exist 61,62 G B such that 

beB 

sup M(a, b, t) = M(a,bi,t) and sup N(a, b,t) = N(a,b 2 ,t), that is, M(a,B,t) = 

beB beB 

M(a,b!,t) and N(a, B, t) = N(a, b 2 , t). We are done. 

Theorem 3.6 Let (A, M, N, *, <0) be an intuitionistic fuzzy metric space. 
Then, for every A,B G /C(A) and t > 0, there exist ai,a 2 G A and 61,62 G -B 
such that HM{A,B,t) = M(ai,b\,t) and H^(A, B,t) = A(a 2 ,6 2 ,i), respec- 
tively. 

Proof Without loss of generality, we assume that Hm {A, B, t) — inf M(a,B,t). 

aeA 

According to Lemma 3.4, we conclude that {M(a, B,t)\a G A)} is a com- 
pact subset of [0,1]. Then there exists an a\ G A such that M{a\,B,t) = 

inf M(a, B, t). Also, by Lemma 3.5, we can find a 61 G B such that M(a\, b%, t) = 
aeA 

M(fli, B, t). Hence Hm(A, B, t) = M(a\, b\, t). To prove that there exist a 2 G A 
and 6 2 G B such that H^{A 1 B,t) = A r (a 2 ,6 2 ,i), we use the similar argument 
as above. The proof is finished. 

Proposition 3.7 [7] If (A, M, N, *, 0) is an intuitionistic fuzzy metric space, 
then so is (X, M N , N, *, 0), where M N is dehned on X x X x (0, 00) by M N (x,y,t) = 
1—N{x,y 1 t) and * is the continuous t— norm defined by a-kb = 1— [(1— a)^)(l— 6)]. 

Definition 3.8 Let (A, M, N, *, 0) be an intuitionistic fuzzy metric space. 
We define two functions H' M ,H' N : /C(A) x JC(X) x (0, 00) — > [0,1] as follows, 
respectively: for every A,B G /C(A) and t > 0, 

H' M (A,B,t) = l-M{r\B c B (M;JV) (A, r, t),4cB (M , # )(B,r, t)} 

and 

H' N (A, B, t) = inf{r|B C B {Mn ,n) (A, r,t),A C B (Mn ,n) {B, r, t)}. 

Theorem 3.9 Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then 
H M (A,B,t) = H' M (A,B,t),H N (A,B,t) = H' N (A,B,t). 

Proof Now, we are going to prove H M (A, B, t) = H' M (A, B, t). Put H' M (A, B, t) = 
1— r 0 . TakcrG (?"o,l)- Then we get B C B(m,n){A, r, t) and A C B^m,n) (B, r, t). 
This show that M(A,6,t) > 1 - r and M(a,B,t) > 1 - r for every 6 G B 
and a G A. Hence inf M(A6,t) > 1 - r and inf M(a,B,t) > 1 - r. So 

min{inf M(a,B,t), inf M(A,6,t)} > 1 - r, i.e., Hm(A, B, t) > 1 - r. By tak- 

ing the limits when r — ¥ r 0 , we obtain HM(A,B,t) > 1 — r 0 = H' M {A 1 B 1 t). 
Assume that H M (A,B,t) > H' M (A, B, t). Put Hm(A, B, t) = 1 - n. Then 
we can choose an r 2 G (ri,r 0 ), which implies that 1 — ri > 1 — r 2 > 1 — r$. 
Since inf M(a, B,t) > 1 - r x and inf MM, 6, t) > 1 - n, we have M(a, B, t) > 

aeA beB 

l—r\ > 1— r 2 and M(A, 6, i) > 1— r\ > 1— r 2 for all 6 G B and a G A. According 
to Lemma 3.5, we can find b 0 G B and ao G A such that M(a, 60, t) = M(a, £>, t) 
and M(a 0 ,b,t) = M(A,b,t). Hence N(a,B,t) < N(a,b 0 ,t) < 1 - M(a,b 0 ,t) < 

6 
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r 2 and N(A, 6, t) < N(a 0 , b,t)<l- M(a 0 , b, t) <r 2 . Thus B C B (m ,jv) (A r 2 , t) 
and A C B (M . N) {B,r 2 ,t). So H' M (A,B,t) > 1 - r 2 > 1 - r 0 = H' M (A, B, t), 
which is a contradiction. Consequencely, Hm(A, B,t) = H' M (A,B,t). 

A similar argument shows that H N (A, B, t) = H' N (A, B, t). We are done. 

Remark 3.10 Obviously, {K.{X), H' M , H' N , *, <0) is an intuitionistic fuzzy met- 
ric space. 

Theorem 3.11 In two intuitionistic fuzzy metric spaces (X, Mi, N i7 *j, = 
1,2), the topology induced by the uniformity Ui on X coincides with T(m 4 ,jv 4 )j 
where i=l,2. If t (Mi ,n 1 ) = T(m 2 ,n 2 ), then (K.(X),t {Hmi , Hni) ) coincides with 

Proof For each n G N, we define 

U n = {{x,y) EX x X\M!(x,y,-) > l--,N!(x,y,-) < -} 

n n n n 

and 

V n = {(x,y)eXx X\M 2 (x,y,-) > 1 - -, N 2 (x, y, -) < -}. 

n n n n 

Due to Lemma 2.6 of [15], {U n \n G N} and {V^|n G N} are a base for U\ and 

a base for U 2 , respectively. Since tjm^jv,) = T(m 2 .n 2 )i we deduce that for each 

n G N, there exist k,l € N such that Vk C U n and ?7; C V n . Therefore, for 

every C G V{X) and n G N, there exist k, I G N such that Bi M2tN2 \{C, £) G 

^(Mi,jVi)(Ci n' n) and ^W^O^T'l) C B(M 2 ,iV 2 ) (C ± , ±). Let A G /C(X) 

and n G N. Then there exists a k G N such that 



11 1 1 

B(m 2 ,n 2) (A, -, -) G S (MliJVl) (A, — , — ). 

1 1 \ r- D f /I 1 1 ' 



Hence A G B (Hm ^ Hn ^(A^^) G -, -). In fact, take B G 

b (h M2 m N2 ){A, \,\)- Then, by Theorem 3.9, we have 



H M2 (A,B, \) = l-inf{r|^ C B {MatNa) (B,r, J),Bc B (M2 , N2) (A,r, h} > 1- ! 



k 

l 

+ 1 ' n+l - 



So A C B (M2tN2) (B, |, i) andB C B (M2;JV2 )(A |, i). Hence A C B {MuNl) (B, ^ 1 
and B G B (MliJVl) (A, ^). Thus H Ml (A,B, -L) > 1 - It follows 
that 

ff Ml (A, B, -) > H Ml (A, B, — j— ) > 1 - — |— > 1 - -. 

n n+l n+l n 

Moreover, By Remark 3.10, we get H Nl (A,B, £) < 1 - H Ml (A,B, ±) < ±. So 

^ e b (Hm2iHjV2) (A, i) g S (J?MiiHjVi) (A, i, i). 

Similarly, we can obtain that for every D G /C(X) and n G N, there exists 
an I G N such that 

D G B (ffMiiifjVi) (A y, y) G B {HMaiHNa) (D, i i). 

We finish the proof. 
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4 Conclusion 

We have proven that two types of Hausdorff intuitionistic fuzzy metrics on 
compact sets are identical. Moreover, we have proven that if two intuitionistic 
fuzzy metric spaces induce the same topology, then the corresponding Hausdorff 
intuitionistic fuzzy metric topological spaces coincide. 
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Abstract 

In the paper, the authors introduce a notion "(a, m)-GA-convex functions" and establish 
some integral inequalities of Hermite-Hadamard type for (a, m)-GA-convex functions. 

2010 Mathematics Subject Classification: Primary 26A51; Secondary 26D15, 26E60, 41A55. 

Key words and phrases: integral inequalities of Hermite-Hadamard type; m-convex function; 
(a, m)-convex function; (a, m)-GA-convex function; Holder inequality. 

1 Introduction 

In [TU1 [T5], the concepts of m-convex functions and (a, m)-convex functions were introduced as 
follows. 

Definition 1.1 ( 15]). A function / : [0, b] — > K is said to be m-convex for m £ (0,1] if the 
inequality 

f(ax + m(l - a)y) < af(x) + m(l - a)f(y) (1.1) 
holds for all x, y £ [0, b] and a £ [0, 1]. 

Definition 1.2 ([TO]). For / : [0, b] -> R and (a,m) £ (0, l] 2 , if 

f(tx + m(l - t)y) < t a f(x) + m(l - t a )f(y) (1.2) 
is valid for all x, y £ [0, b] and t £ [0, 1], then we say that f(x) is an (a, m)-convex function on [0, b]. 

Hereafter, a few of inequalities of Hermite-Hadamard type for the m-convex and (a, m)-convex 
functions were presented, some of them can be recited as following theorems. 

1 
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Theorem 1.1 ([31 Theorems 2.2]). Let J D Mg = [0,oo) be an open interval and let f : I — > E be 

a differentiable function on I such that /' € L([a,b)) for 0 < a < b < oo, where L([a,b]) denotes 
the set of all Lebesgue integrable functions on [a,b]. If\f'{x)\ q is m-convex on [a,b] for some given 
numbers m £ (0, 1] and q > 1, then 



1 



< 



f(x)dx 



\f(a)\« + m\f(b/m)\« 



m|/'(o/m)|« + 



1/9 



(1.3) 



Theorem 1.2 (|3J Theorem 3.1]). Let I D [0, oo) be an open interval and let f : I — > (— oo, oo) be a 
differentiable function on I such that f € L([a,b\) for 0 < a < b < oo. // [/'(a;)! 9 is (a,m)-convex 
on [a, b] for some given numbers m, a £ (0, 1], and q > 1, then 



f(a)+f(b) 



1 



f(x)dx 



< 



b - a fl 



where 



x mm 



1 



v 1 \f'(a)\' 1 + V2m 



1-1/9 



11 1/9 



f 



1/9 



Vl 



(a + !)(« + 2) 



1 

2" 



and v 2 



(a + l)(a + 2) 



a z + a 



1 

2" 



(1.4) 



(1.5) 



For more information on Hermite-Hadamard type inequalities for various kinds of convex func- 
tions, please refer to the monograph [5], the recently published papers [H [21 HI IH1 IH1 El LSI LTH LEI 
[T71 [TH] , and closely related references therein. 

In this paper, we will introduce a new concept "(a, TO)-geometric-arithmetically convex function" 
(simply speaking, (a, m)-GA-convex function) and establish some integral inequalities of Hermite- 
Hadamard type for (a, m)-GA-convex functions. 



2 A definition and a lemma 

Now we introduce the so-called (a, m)-GA-convex functions. 
Definition 2.1. Let / : (0, 6] — > K and (a,m) € (0, l] 2 . If 



(2.1) 



for all x,y £ (0,6] and A € [0, 1], then /(a;) is said to be a (a, TO)-geometric-arithmetically convex 
function or, simply speaking, an (a, m)-GA-convex function. If (2.1 1 is reversed, then f{x) is said 
to be a (a, m)-geometric-arithmetically concave function or, simply speaking, a (a, m)-GA-concave 
function. 



Remark 2.1. When m = a = 1, the (a, m)-GA-convex (concave) function defined in Defintion 2.1 
becomes a GA-convex (concave) function defined in [TT1 [12] . 
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To establish some new Hermitc-Hadamard type inequalities for (a, m)-GA-convex functions, we 
need the following lemma. 

Lemma 2.1. Let f : I C R + = (0, oo) — > R be a differentiable function and a, b G / with a < b. If 
f e L([a, 6]), £/ien 

6 2 /W-a 2 /(«) f b xfix)da = ^b-taa f 1 a «i-t)y* f dt (2 . 2) 



Proof. Let x = a 1 ^* for 0 < t < 1. Then 



o 



(Inft-lna) / a 3 ( 1 - t V t /'(a 1 ~*&')dt= / x 2 f'(x)dx = b 2 f(b)-a 2 f(a)-2 x/(x)dx 



Lemma 2.1 is thus proved. 



□ 



3 Inequalities of Hermit e-Hadamard type 

Now we turn our attention to establish inequalities of Hermite-Hadamard type for (a, m)-GA-convex 
functions. 

Theorem 3.1. Let f : M. + — > R be a differentiable function and f £ L([a, b]) for 0 < a < b < oo. 
If \ f'\ q is (a, m)-GA-convex on (0, maxja 1 / 1 ™, b}] for (a, to) £ (0, l] 2 and g > 1, i/ien 



& 2 /(6)-a 2 /(a) 



xf(x) dx 



^ lnb-lna [£(a 3^ 3)]1 - 1/9 



x {m[l,(a 3 ,6 3 )-G(a,3)]|f (a 1 /™) | 9 + G(a, 3)|/'(o)r (3.1) 



where 



for £ > 0 and for x, y > 0 wi£/i i^y. 



G(a,£)= t a a l{1 - l) b H dt and L{x,y) = 



In y — In x 



Proof. Making use of the (a, TO.)-GA-convexity of l/'l 9 on (0, max 
inequality yields 



(3.2) 



and Holder 



b 2 f(b) - a 2 f(a) 



xf{x) dx 



< lllb - lna J o a^%^\f(a^V)\dt 



< 



In b — In a 



i^ l ~% 3t dt 



1-1/9 r /■! 



j3(l-*) 6 



3t 



-1 1/9 



dt 



< 



lnb-lna / b 3 ~ a 3 N 1-1/9 
2 I In & 3 - In a 3 



a 3 < 1 -*V*(t Q |/'(&)|9 + to(1 - t a )\f (a}/ m )\ q ) dt 



1/9 



In & — In a , 



L(a 3 , & 3 )] 1 - 1/9 {TO[L(a 3 , fe 3 ) - G(a, 3)] |/'(a 1/m ) I' + G(a, 3)|/'(6)|*} 



As a result, the inequality (|3.1| follows. The proof of Theorem |3.1|is complete. 



□ 
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Corollary 3.1. Under the conditions of Theorem 3.1 , if q = 1, then 



b 2 f{b) - a 2 f(a) 



xf(x) dx 
In b — In a 



< 



{m[L(a\ b 3 ) - G(a, 3)] (/'(a 1 /™) | + G(a, 3)|/'(6)|}. (3.3) 



Corollary 3.2. Under the conditions of Theorem \3.1\ if a = 1, then 

(b 3 - a 3 ) 1 ^ 9 



b 2 f(b) - a 2 f(a) 
2 



< 



xf(x) Ax 

x {m[L(a\ b 3 ) - a 3 ] |/'(a 1/m ) T + [* 3 - M<A & 3 )] \f (b)] 9 }^ ■ (3-4) 



Proof. This follows from the fact that 

g( i,3)= r^Pit^-W'*}. 

v ' J 0 3(ln6-lno) 
The proof of Corollary |3.2| is complete. 

Corollary 3.3. Under the conditions of Theorem\3.1\ we have 



□ 



b 2 f{b) - a 2 f{a) 



xf(x) dx 



< 



In b — In a ( 1 



a + 1 



i/'/ 



x [L(a 3 ! 6 3 )] 1 - 1/9 {m[( a + l)L(a 3 ! 6 3 )-6 3 ]|/'(a 1 /-)| 9 + 6 3 |/'(6)r} 1/9 (3.5) 



and 



& 2 /W " « 2 /(a) 



xf(x) dx 



<^-^L (a 3, 6 3 )|m| . 



(3.6) 



Proof. Using (^) 3t < (^) 3 for t £ [0, 1] in Q gives 



G(a,3) =a 3 / i a 



i / 6 x3t 



a + 1 



Substituting this inequality into (3.1) yields (3.5). 
Utilizing t a < 1 for i e [0, 1] in (|3.2[) reveals 



G(a,3) < / a 3 ( 1 ^6 3t df = J L(a 3 ,6 3 ). 



Combining this inequality with (3.1) yields (3.6). Corollary 3.3 is thus proved. 



□ 



Theorem 3.2. Let f : R + — > K fee a differ entiable function and f <G L([a, b}) with 0 < a < 6 < oo. 
■Vl/'l 9 * s ( a ; rn)-GA-convex on (0, maxja 1 /™, 6}] /or (a,m)E(0, l] 2 andq>l, then 



4 
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b 2 f(b) - a 2 /(a) 
2 



xf(x) dx 



< 



In fe — In a / 1 



i/'/ 



2 V a + !, 

x [L{a**'<*- 1 \ fe 3 ^" 1 ))] 1-1/9 [|/'(6)|« + am|/'(a 1/m ) H 1/9 , (3.7) 



where L is defined as in (|3.2 



Proof. Since is (a, m)-GA-convex on (0, max{a 1//m , 6}] , from Lemma 2.1 and Holder inequal- 
ity, we have 



fe 2 /(fe) - a 2 f(a) 



xf(x) dx 



< 



In b — In a 



< 



In 6 — In < 



< 



In 6 — In < 



0 35/(g-l)(l-t) 6 3<r/(?-l)i di 

&3g/(g-l) _ a 3g/(g-l) 
lnfe 3 '?/(9- 1 ) - lna 3 ?/^" 1 ) 



- 1-1/9 


[/' 







'di 



In 6 — In < 



1 1- 


1/9 








[I 


1/9 


1 




a - 


-1 



(i a |/'(6)|« + m(l-t Q )|/V /m )r)d* 



i/'/ 



[L( a 39/(9-D j fe 3g/(g-l))] 1-1/9 _±_\ fl( fi\ q + \ f , ( fl l/m) |9 



The proof of Theorem 3.2 is complete 



□ 



Corollary 3.4. Under the conditions of Theorem\3.S\ if a = 1, iften 



fe 2 /(fe) - « 2 /(a) 



xf(x) dx 



< 



In 6 — In i 

2i+i/9 



x [I^a 3 ^- 1 ), fc 3 ^" 1 ))] 1-1/9 + m|/'(a 1/m ) | 9 ] (3.8) 

Theorem 3.3. Let / : M. + —> M fee a differentiate function and f £ L([a, fe]) /or 0 < a < 6 < oo. 
^7I/'I 9 * s (a, m)-G.A-con«e2: on (0, maxja 1 /" 1 , fe}] /org > 1 and (a,m) £ (0, l] 2 , i/ien 



fe 2 /(6)-a 2 /(a) 



xf(x) dx 



< 



In fe — In a 



x {m[L(a 3 «,b 3 «)-G(a,3q)]\f> (a 1 /™) | 9 + G(a, 3q)|/'(fe)r } 1/9 , (3.9) 
where G and L are respectively defined as in (|3.2|) . 



Proof. Since is (a, m)-GA-convex on (0, max{a 1//m , fe}] , from Lemma 2.1 and Holder inequal- 
ity, we have 



b 2 f(b) - a 2 /(a) 



xf(x) dx 



< 



In fe — In a 



/pi \ 1-1/9 




a id< ) 


/" a 3g(l-t) b 3gi 




Jo 



f'((a 1/m ) 



m{l-t), t 



1/9 



< ln& 2 lna [mL(a^, b^)\f(a^)\ q + G(a, 3q) (|/'(6)| 9 - m|/'(a 1/m ) D] 



di 



The proof of Theorem |3.3| is complete 



□ 
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Corollary 3.5. Under the conditions of Theorem 3.3. if a — 1, then 



b 2 f(b) - a 2 /(a) 



xf(x) dx 



„ (lno-lna) 1 " 1 / 9 / 1 \ 
: 2 \3q) 



1/'/ 



x {m[L(a 3 «,b 3 «) -a 3 ?]|/'(a 1/m )r+ [b 3q - L(a 3q ,b 3q )]\f (b)\ q } 1/q . (3.10) 



Proof. From 



Corollary |3.5| follows 



Z" 1 , b 3q — L(n 3q b 3q ) 

G(l,3?)=/ ta 3 g (i-*) b 3 gtcU= & H a ' ft J 



□ 



Theorem 3.4. Let / : M. + — > M fee a differentiate function and f £ L([a, b)) for 0 < a < b < oo. 
l/'l 9 * s ( a i m)-G^4-conuea; on (0, max{a 1/,m , 6}] for q > 1, q > p > 0, and (a, m) £ (0, l] 2 , i/ien 



& 2 /(6) " a 2 f(a) 



xf(x) dx 



< 



In b — In < 



[Z,(a 3(<,_p)/(?_1) , & 3 (9-3>)/(g-i)")] 1-1/9 



x {m[L(a 3 P, b 3 P) - G(a, 3p)] (/'(a 1 /" 1 ) | 9 + G(a, 3p) | /'(&) ^ } (3.11) 
where G and L are respectively defined as in (13 . 2h . 



Proof. Since \ f'\ q is (a, m)-GA-convex on (0, max{a 1//m , 6}] , from Lemma 2.1 and Holder inequal- 
ity, we have 



& 2 /(6)-a 2 /(a) 



xf(x) dx 



< 



In 6 — In a 



a 3(«-p)/(g-l)(l-*) & 3(g-p)/(g-l)i d £ 



1-l/g 



a Sp(l-t) b 3pt 



/'((« 



l/m\ m (H> t 



dt 



< 



In 6 — In a 



b 3(q-p)/(q-l) _ a 3(q-p)/(q-l) 1 ^ I q 

m fr3(9-p)/(9- 1 ) - l na 3(g-p)/(g-i) 



0 



a 3p(l-t) b 3pt^ a ^^ q + m Q _ t a )\f'(a 1/m )\ q ) dt 



1/9 



In b — In a 



[L( a 3 (9-P)/(9-l) ! 53(9-30/(9-1))] 1_1 /9 



x [mL(a 3 ^ b 3 v)\f'{a^)\ q + G(a, 3p)(\f(b)\ q - m|/'(a 1/m ) \ q )] 1/? . 
The proof of Theorem |3.4| is complete. □ 
Corollary 3.6. Under the conditions of Theorem \3.J\ if a — 1, then 

(lnfe-lna) 1 - 1 /? / 1 \ 1/q { 



6 2 /(6) -a 2 /(a) 



xf(x) dx 



< 



5 3( ? - P )/( 9 -l))] 1-1/9 r m [ L ( a 3 P;6 3 P ) _ fl 3 P ] |/'( a V"»)|« + ^3 P _ L (a 3 P, & 3 *)] |/'(6)|«} V9 . 
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Proof. By 



Corollary 3.6 can be proved easily. □ 



Theorem 3.5. Let f,g : R + ->• R 0 and fg G L([a,b]) for 0 < a < b < oo. If f q is (ai,mi)- 
GA-corraerz; on (0, max{a 1//mi , 6}] and g q is (a 2 , m 2 )-GA-convex on (0, maxja 1 /" 12 , 6}] for q > 1, 
(ai, mi) € (0, l] 2 , and (a 2 , m 2 ) € (0, l] 2 , £/ien 

6 

/(j:)j(i)di < (In 6- \TLa)[L{a,b)] 1 - 1/q {m 1 m 2 [L{a 1 b) - G(a>x,l) - G(a 2 , 1) 

+ G(aj + a 2j l)]/«(a 1 / ,ni )5*(o 1/ma ) + mi[G(a 2 , 1) - G(<*i + a 2 , l)}f q (a 1 ^)g q (b) 

+ m 2 [G( ai , 1) - G( ai + a 2 , l)}f q (b)g q (a 1 ^ 2 ) + G(ai + a 2 , 1)/" (% 9 (6)} 1/? , 



where G and L are respectively defined as in (3.2) 



Proof. Using the (ai, mi)-GA-convexity of f q and the (a 2 , m 2 )-GA-convexity of g q yields 

/"(a^V) < t ai f q {b) + mi (l - t ai )f q (a 1/mi ) 

and 

5»(o 1-t 6*) < i Q2 .g 9 (&) + m 2 (l - t a2 )g q (a 1/m2 ) 
for 0 < t < 1. Letting x = a 1_t 6' for 0 < t < 1 and using Holder's inequality figure out 

/(i)(/(i)di = (In 6 -In a) / a 1 - t b t f(a 1 - t b t )g(a 1 - t b t )dt 

Jo 

1-1/9 r /-i ^ V« 



< (In 6 - In a) (£ a^dt) '{ jf* a 1 "*^ [/(a 1 "^)^ 1 - V)] 9 dt 
<(ln6-lna)^ a^Vdt^ a 1 "^' [i Ql / 9 (&) 



^ 1/9 

+ mi(l-t ai )/ 9 (a 1/mi )] [i Q2 5 9 (6) +m 2 (l -^^^(a 1 /" 12 )] dt ^ 

= (ln6-lna)[i(a,6)] 1 - 1/9 |jj a 1 "*^ [i ai+a2 / 9 (o)<? 9 (&) 

+ m^ 2 ( 1 - t ai ) /« (a 1 /" 11 ) o 9 (6) + m 2 t Ql (1 - t Q2 )/« (6) o« (a 1 /™ 2 ) 

1 1/q 

+ mim 2 (l — t ai )(l — t a2 )f q (a 1 l mi )g q (a 1 / m2 )\ dt\ 

= (ln&- lna)[L(a, 6)] 1 - 1 /«{m 1 m 2 [L(a, 6) - G(ai, 1) - G(a 2 , 1) 
+ G(ai + a 2 , l)]/'(fl 1/mi ).g'(« 1/m2 ) + mi[G(a3, 1) - G(a x + a 2 , (a 1 /™ 1 )^ (6) 
+ m 2 [G( ai , 1) - G(ai + a 2) l)]f q (b)g q (a 1 ^ 2 ) + G(«x + a 2 , l)/<W(&)} 1/? - 
The proof of Theorem |3.5| is complete. □ 
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Corollary 3.7. Under the conditions of Theorem 3.5, ifq — 1, then 



f(x)g(x) di < (In b — \na){mim 2 [L(a, b) — G(a\, 1) — G(a; 2 , 1) 

+ G(oi + a 2 , l)]/(a 1 / mi ) 5 (a 1 /" 12 ) + mi[G(a 2 , 1) - G(«i + a 2 , l)]/(a 1/mi )ff(&) 

+ m 2 [G(a l7 1) - G(ai + a 2 , l)]/(6) 5 (a 1 /™ 2 ) + G(e*i + a 2 , l)f(b)g(b)}; (3.12) 

if q = 1 and ct\ = a 2 = mi = to 2 = 1, then 
,6 x 

/ f(x)g(x)dx < — — { 2£(a,6) - a(ln&- In a) - 2a /(aWa) + [a + & 

J Q In 6 - In a 

- 2L(a, b)] [f(a)g(b) + f(b)g(a)} + [2L(a, b) + &(ln b - In a) - 2&]/(%(&)}; (3.13) 
if ai = a 2 = mi = m 2 = 1, then 

f" f(x)g(x) dx< -^g^-^ { [2L(a, 6) - a(ln b - In a) - 2o]/« (a) 5 «(a) + [a + 6 



2i(a,6)][/ 9 (a) 5 9 (6) + r(% 9 (a)] + [2L(o, 6) + &(ha& - In a) - 2b]f q (b)g q (b)} 



i/'/ 



Theorem 3.6. Let f, g : W.+ -> K 0 and /g € £([a, &]) /or 0 < a < 6 < oo. I// 9 is (aa, toi)-GA- 
convex on (0, max {a 1 /™ 1 , 6}] andgil^' 1 ^ is {a 2 ,m 2 )-GA -convex on (0, max {a 1 /" 12 , 6}] /org > 1, 
(ai, mi) 6 (0, l] 2 , and (a 2 ,m 2 ) € (0, l] 2 , f/iera 



/WffWdi < (hi 6 - lna){ mi /' (a 1/mi )i(a, 6) + G(a X) 1) [/ 9 (6) - mj'ta 1 /"-)]} 1 '' 

x {ma^'- 1 ' (a 1 / m2 )L(a, 6) + G(a 2 , 1) (6) - m a ff« /( *- 1) (a 1/m2 )] (3.14) 



where G and L are respectively defined as in (3.2). 

Proof. By the (ai, mi)-GA-convexity of f q and the (a 2 , m 2 )-GA-convexity of g q ^ q ~ 1 \ it follows 
that 

/"(o^V) < t ai f q {b) + mi (l-t ai )f q (a 1/mi ) 

and 

ff 9/(«-l)( 0 l-*ft*) < t a2 g q ^ q - 1 \b) + m 2 {l-t a2 )g q /'- q ^(a 1 ^) 
for i € [0, 1]. Letting x = a 1_t 6* for 0 < t < 1 and employing Holder's inequality yield 



f(x)g(x)dx < 



f q (x)dx 



i/'/ 



gll (9-1) (jpj da . 



1-1/9 



= (In 6 — In a) 



< (In 6- ln< 



r L 1 1 / 9 r r 1 

/ a 1 - t b t f q (a 1 - t b t )dt / a^bV^-^a 1 "'^)^ 
Jo J Uo 



1-1/9 



a 1 -^'^" 1 /'^) +mi(l -t ai )f q (a 1/mi )] dt 



1/9 
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(i 



o 



1-1/9 

l - t b t [t a2 g q /( g -V(b) + m2(l-t a2 )g q tt q - 1 )(a 1/m2 )] dt 



= (ln& - lna){m 1 f q (a 1 ^)L(a, b) + 1} [ /9(6) _ mi /«( fl V>n.)] J 1 / 9 

x |m 25 9/(«- 1 ) (a 1 /'™ 2 )L(a, 6) + G(a 2) 1) [g q/{q ~ 1] {b) - m 2 g q '^ (a 1 /™ 2 )] }^ 1/q . 
The proof of Theorem |3.6| is complete. □ 
Corollary 3.8. Under the conditions of Theorem \3.(\ if u\ =0.2 = mi = 1TI2 = 1, then 

^ f(x)g(x)dx < {f q (a)[L(a, b) - a] + [b - L(a, 

x {g q ^ q - 1 \a)[L{a 1 b) - a] + [b - L(a,b)]g q ^ q - 1 \b)} 1 ' 1/q . (3.15) 

Theorem 3.7. Let f,g : R + ->• R 0 and fg G L([a, b]) for 0 < a < b < 00. If f is (ai,m,i)-GA- 
concave on (0, maxja 1 /" 11 , 6}] and g is (0:2, ^2) -GA-concave on (0, maxja 1 /™ 2 , 6}] for (ai,mi) € 
(0, l] 2 and (a2,m 2 ) € (0, l] 2 , £/ien 

f{x)g{x) dx > (In & — lna)|mim2[ij(a, b) — G(a\, 1) — G(a 2 , 1) 

+ + a 2 , l)]/(a 1/mi )5(« 1/m2 ) + m 1 [G(a 2 , 1) - G(ai + a 2 , l)]/(a 1/mi )s( 6 ) 

+ m 2 [G( ai , 1) - G(ai + a 2 , l)]/(6)g(a 1 /" 12 ) + G(ai + a 2 , l)f(b)g(b)}, (3.16) 

where G and L are respectively defined as in (13 . 2h . 



Proof. Since / is (ai, mi)-GA-concave on (0, maxja 1 /" 11 , 6}] and 5 is (a 2 , m 2 )-GA-concave on 
(0, maxja 1 /™ 2 , 6}] , we have 

f{a 1 - t b t ) >t ai f(b)+ mi (l-t ai )f(a 1/mi ) and g{a 1 ~ t b t ) > t a2 g{b) + m 2 (l - t a2 )g{a 1 /" 12 ) 

for t G [0, 1]. Further letting x = a 1_ *6* for 0 < t < 1 and utilizing Holder's inequality reveal 

,1 

f(x)g(x)dx= (mb-lna) / a 1 ' t b t f(a 1 ~ t b t )g(a 1 ~ t b t )dt 

Jo 

> (ln6- Ino)| jf a 1 -^* [t Ql /(&) + OTi(l - t ai )/(a 1/mi )] [ r2 5( & ) + TO a(l ~ t a2 )g(a^ ni2 )] dt 
= (ln&-lna) / a 1 ^* [t ai+a2 f(b)g(b) + n»i(l - t ai )t a2 f(a^ mi )g (b) 



0 



+ m 2 t ai (l - i Q2 )/(%(a 1 / m2 ) + mim 2 (l - i Ql )(l - t a2 ).g(a 1/m2 )/(a 1/mi )]dt 
= (ln& — lna){mim 2 [i(a, 6) — G(ai, 1) — G(a 2 , 1) 

+ G(a x + a 2 , l)]f{a 1 l m ')g{a 1 l m2 ) + mi[G(a 2| 1) - G(ai + a 2 , l)]/(a 1 /" ll ).g(6) 
+ m 2 [G(ai, 1) - G(ax + a 2 , l)]/(6)g(a 1/m2 ) + G(a x + a 2 , l)/(%(&)}. 

The proof of Theorem |3.7| is complete. □ 
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Corollary 3.9. Under the conditions of Theorem 3.7. if ai =012 = m\ = mi = 1, we have 

rb 1 

f(x)g(x)dx > — — j — {[2L(a,b) - a(lno-lna) - 2a]f{a)g(a) + [a + b 

- 2L(a, b)] [f(a)g(b) + f(b)g(a)} + [2L(a, b) + 6(ln b - In a) - 2b]f(b)g(b)}. (3.17) 
Remark 3.1. This paper is a slightly revised version of the preprint [TJ. 
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Differential Equations with Distributed Delay 
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Abstract 

This article contains some sufficient conditions for the existence of nonoscillatory solutions for the 
systems of higher order neutral differential equations. The Banach contraction principle is used to prove 
results and examples are given to illustrate applicability of results. 

Keywords: Neutral equations, Fixed point, Higher-order system, Nonoscillatory solution. 



1. Introduction 

In this article, we consider the following systems of higher-order neutral differential equations with distributed 
deviating arguments 



[x(i) + P(t)x(t-r)]W + (-l) 



\n+l 



J a\ J a?, 



(i) 



[x(t) + Bx(t-r)]W + (-l) 



\n+l 



rbi 
I 



Qi(*,Ox(*-ode 



J a-. 



Q 2 (t,0x(*-0d£ 



= 0, 



(2) 



f>>3 
' 0,3 

\n+l 



x(t)+ / PU- W.i - o< 

J a 

+ (-1) 



l(n) 



f 1 Q 1 (t, e)x(i - - f 2 Q2 (t, ox(* - o# 



= o 



and 



Ja 3 



(n) 



-(-1) 



n+1 



/ bl Qi (t, e)x(t - 0^ - / * Q 2 (t, 0x(i - £R 

«/ ai «/ 02 



(3) 



(4) 



where n ^ 1 is an integer, r e (0, oo), &j > a, > 0, i = 1, 2, 3., P € C([tn, oo), R), P G C([i 0 , oo) x [a 3 , 6 3 ], R), 
x e R™, Qi is continuous nx n matrix on [t 0 , oo) x [ai,^], i = 1,2., and P is nonsingular constant nx n 
matrix. 

In recent years, the problem of the existence of nonoscillatory solutions of neutral differential equations has 
been studied by many authors [1-8]. However, there has been a few studies concerning with the problem of 
the existence of nonoscillatory solutions for system of neutral delay equations [9,10]. In this article, we extend 
the results of Candan [10] to distributed deviating arguments case. We refer the reader to [11-16] for related 
books. Four theorems for (1), two theorems for (2) and (3), and one theorem for (4) are given according to 
the value of P(t), ||P|| and \\B~ 1 \\. 

Let mi = max{r, bi, b 2 }. By a solution of (1) (or (2)) we mean a function x e C([ii — mi,oo),R™), for 
some t\ to, such that x + P(t)x(t — r) (or x + Px(t — r)) arc n times continuously diffcrcntiablc on [t 1; oo) 
such that (1) (or (2)) are satisfied for t ^ t\, respectively. Similarly, let m,2 = max{&i, 62, 63}. By a solution of 
(3) (or (4)) we mean a function x e C([ti — m 2 , 00), R"), for some t\ > to, such that x(i) + J^ 3 P(t, £)x(i — 
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(or x(t) +B J a ^ x(f — £)g?£) are n times continuously differentiable on [t 1 , oo) such that (3) (or (4)) are satisfied 
for t^ti, respectively. 

As is customary a solution of (l)-(4) is said to be oscillatory if it has arbitrarily large zeros. Otherwise, it 
is called nonoscillatory. 

2. Main Results 



Theorem 1. Assume that 0 < P(t) < p < \ and 



/>00 f-Oi 

/ s"- 1 / \\QM\W, 

J to J ai 



S < OO, 2 = 1,2. 



(5) 



Then (1) has a bounded nonoscillatory solution. 
Proof. It follows from (5) that we can choose a t\ > t 0} 

t 1 ^t 0 + max{r, b x , b 2 } 

sufficiently large such that for t ^ ti 



(n 



—^J t ( s -v n ~ 1 [J a \\Q^o\\^+j a \\Q2(s,mdUds^ 



Co 



(6) 



(7) 



where b is a constant vector, C\ and C 2 are positive constants such that 

P C 2 + C\< ||b|| < 2||b|| < C 2 + Ci. 

Let denote the Banach space of all continuous bounded vector functions defined on [t 0 , 00) with the sup 
norm. We consider the subset A of as 

A = {xe n : Ci < ||x(t)|| < C 2 , t^t 0 }. 

Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 

' b - P(t)x(t - t)+ 



Jn^Ty. f t °°{s IT- 1 (ill Qi(*>ZM* 0« - III <M*,0*(* - 0^) ds, t > tl 
(Tx)(ti), t 0 <t<*i. 



(Tx)(t) = < 

Clearly Tx is continuous. For t > ti and xe A, using (7) we have 



IICTx)(t)|| 



b-P(t)x(t-r) 



+ (n^l)li {s ' t)n ^[J Qi( s '0x(s-eK- y Q 2 (s,0x(s-eKj^ 

< ||b||+p||x(t-T)|| 

1 /-oo / /-hi ^62 \ 

+ (^-Iji y t {s ' t)n ^[J a \\QiM<s-om + J a \\Q2{s,Ox{8-o\\dt\d8 



(n - 



2 
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and 



IICTx)(t)|| 



b - P(i)x(i - r) 



i roo / /-fci rb 2 \ 

:(*-r)|| 

/ (s-tr- 1 / Qi(*,ox(«-o^- / q 2 m*(s-£R 

J £ ai y 



^ ||b||-p||x(t-T 

1 



(n-1)! 



b|| - P C 2 --J^J^s-t)"- 1 (j" 1 ||Qi( a ,OI|de + IIQ2MRJ 



which shows that T maps ^4 into itself. Next, we show that T is a contraction mapping on A. For xi, x 2 € A 
and t^tx, 



||(T Xl )(t)-(Tx 2 )(t)|| < P(t)|| Xl (i- r )- X2 ( t _ T ) 



+ 



+ 



1 



(s-ty 



||Qi(*,0lll|xi(«-0-X2(a-0K 



(n 



ri)T /°°( s - *) n_1 ( / 2 H^(«, Oil l|xi(« - 0 - x 2 ( s - OKI 



^3i)iy t {s - t)n ^[j a ikms,ok+/ o iiq.mrU 



or using (7), we obtain 

|(Txi)(t)-(rx 2 )(t)| < ||xi-x 2 

X 

< gi||xi-x 2 ||, 

where qi < 1. This implies with the sup norm that 

||Txi - Tx 2 || < Qi||xi - x 2 ||, 

i.e., T is a contraction mapping on A. Therefore there exists a unique solution xei with ||x|| > 0 of Tx = x. 
The theorem is proved. □ 

Theorem 2. Assume (5) holds and 2 < p < P(t) < p 0 < oo. T/ien fij /ias a bounded nonoscillatory solution. 

Proof. It follows from (5) that we can choose a t\ > t 0} 

ti +r > t 0 + max{6i,6 2 } (8) 

sufficiently large such that 



(n-1)! 



(*-*) n_1 / IIQ1MR+/ ||Q 2 (s,0K Us 



||b||-C 4 -poC73 

^ , t ^ El 

O4 



(9) 



where b is a constant vector, C 3 and C4 are positive constants such that 

Po C 3 + C 4 < ||b|| < 2||b|| < Po C 3 + P C 4 . 
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Let denote the Banach space of all continuous bounded vector functions defined on [to,oo) with the sup 
norm. We consider the subset A of as 



A = {zeQ:C 3 < ||x(t)|| <C 4 , t^t 0 }. 
Obviously, A is a bounded, closed, convex subset of ft. Define the operator T on A as 



(Tx)(i) = ^ 



b-x(t + r) + 



I (T*)(ti), 

Clearly Tx is continuous. For t > ti and x£ A, using (9) we have 
1 



to ^ t ^ 



ll(rx)(t)|| < 



+ 



p 



b-x(t + t) 



+ ll x (t + T ) 



6l Qi(*,0x(*-0#- ^ Q2{s,i)^-i)dA da 



1 /-oo / /-bi /■& 



||Q 2 (s,0x(s -0 II d^ ds 



1 ||Qi(a,0Hde+ /'iKMa.OKj ds 

ai Ja 2 / ; 



and 



ll(Tx)(t)|| > 



+ 



Si 



1 

Po 

fa 

1 

Po 
(n 

i( 

^ C 3 , 



b - x(t + r) 



— / (s-t-r)"" 1 / Q l(s ,0x( S -0de- / Q 2 ( S ,£)x( s -£K 

J-J* J t-\-r \ 7 ai «/ a 2 * 



||x(t + r) 



2* 



-^yjf (a-t)"- 1 J Qi(a,0x(*-0de- / Q 2 Mx(s-£R dsj 

M|b|| - C 4 - jT(s - t)"" 1 ( jf^ IIQiMlldC + ||Q2(«,0Hde) d* 



which shows that T maps ^4 into itself. Next, we show that T is a contraction mapping on A. For Xi, x 2 G A 
and t ^ ti, 

IKTxOW-CTx^)!! < I^|| Xl (t + r)-x 2 (t + r)|| 



+ 



(n 



+ 



(n 



^yj t °°( s - ( Oil IM* - 0 - - ok) d s 

^I)T - ( jf H^(«, Oil IM* - 0 - - Olld^ ds 
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or using (9), we obtain 

ll x l - x 2| 



|(T Xl )(t)-(Tx 2 )(t)| < 



P 

x U 



I poo I pbx pb 2 \ ^ 

- l yj t ( s -V n ~ 1 [J a \\QiM\\<% + J a \\Q2Mm\d8 



(n 

< 9i||xi - x 2 ||, 

where q\ < 1. This implies with the sup norm that 

||T Xl -Tx 2 || < gi ||xi-x 2 ||, 

i.e., T is a contraction mapping on A. Therefore there exists a unique solution xei with ||x|| > 0 of Tx = x. 
The proof is complete. □ 

Theorem 3. Assume that (5) holds and — \ < p ^ P(t) < 0. Then (1) has a bounded nonoscillatory solution. 

Proof. It follows from (5) that we can choose a ti > t 0 sufficiently large satisfying (6) such that 

|b||-b|C 6 -C 5 



1 poo I pbi pb 2 \ 

J^Tiyl (s - t)n ^[j a \\Qi(*>0\\<% + J a \\Q2(s,0\\dHjds^ 

where b is a constant vector, C 5 and C 6 are positive constants such that 

\p\C 6 + C 5 < ||b|| <2||b|| sSC 6 + C 5 . 

Let f2 denote the Banach space of all continuous bounded vector functions defined on [to, 00) with the sup 
norm. We consider the subset A of £1 as 

A = {xG ft : C 5 < ||x(i)|| < C 6 , t^t 0 }. 

Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 

r b - p(t)x(t - T )+ 

(Tx)(i) = ^ f t °°( S t)- 1 (£ cM^M* - ode - it 2 Q 2 ( s ,e)x( s - ode) * > h 

[ (Tx)(ti), t 0 < t < ti. 

Clearly Tx is continuous. The proof is similar to that of Theorem 1, and therefore we omit the remaining 
part of the proof. Thus the proof is complete. □ 

Theorem 4. Assume that (5) holds and —00 < p 0 < P(t) < p < —2. Then (1) has a bounded nonoscillatory 
solution. 



Proof. It follows from (5) that we can choose a t\ > t 0 sufficiently large satisfying (8) such that 



1 poo I pbt pb 2 \ 

— [ yj t ( a -*) n_1 (y o IIQiMIMC + J^ \\Q2(s,0\\dUds 



\\b\\-C s -\po\C 7 
^ ! t^ti, 

where b is a constant vector, C7 and Cs are positive constants such that 

bo|C 7 + C 8 < ||b|| < 2||b|| < bo|C 7 + \p\C 8 . 

Let ft denote the Banach space of all continuous bounded vector functions defined on [to, 00) with the sup 
norm. We consider the subset A of as 

A = {x£Q:C?^ ||x(t)|| s$C 8 , t^t 0 }. 
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Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 



(Tx)(i) = 



P(^y|b-x(t + r) + 



(r. 



(rx)(^), 



Clearly Tx is continuous. The remaining part of the proof is similar to that of Theorem 2, and therefore it is 
omitted. Thus the theorem is proved. □ 

Theorem 5. Assume that (5) holds and 0 < ||S|| < \. Then (2) has a bounded nonos dilatory solution. 

Proof. It follows from (5) that we can choose a ti > t 0 sufficiently large satisfying (6) such that 



(s-ty 



a\ J a,2 J 



c* 



(n-iy.Jt 

where b is a constant vector, CI and C% are positive constants such that 

||B||C 2 * + C\ < ||b|| < 2||b|| < C* + CJ. 

Let Q, denote the Banach space of all continuous bounded vector functions defined on [t 0 ,co) with the sup 
norm. We consider the subset A of as 

A = {xGO:C 1 * < ||x(t)|| <C 2 *, t^t 0 }. 

Obviously, A is a bounded, closed, convex subset of f2. Define the operator T on A as 

b - Bx(t - t)+ 

( rx)( / 1 = { ^0- 1)- 1 ( £ Qi(s,tMs 0^ - £ <M*,0*(* - ds, t > h 



to ^ t ^ t\. 



Clearly Tx is continuous. The remaining part of the proof is similar to that of Theorem 1, therefore it is 
omitted. □ 

Theorem 6. Assume that (5) holds and 0 < ||-B _1 || < \. Then (2) has a bounded nonos dilatory solution. 

Proof. It follows from (5) that we can choose a t\ > to sufficiently large satisfying (8) such that 

b 2 



(n-1)! 



(*-*) n_1 / \\Qi(s^m+ / \\Q2(s,0\\dUds 



\B- l h\\-Ct-Cl\\B- l \ 
CIWB- 1 1| 



(10) 



where b is a constant vector, C3 and C| are positive constants such that 

CSIliT 1 !! + C 3 * < \\B-%\\ < 2||iT 1 b|| < ^ +C*. 

Let denote the Banach space of all continuous bounded vector functions defined on [to, 00) with the sup 
norm. We consider the subset A of f2 as 



4 = {sefi:CS < ||x(t)|| s$ C 4 *, i> t 0 }. 



6 
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Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 



(Tx)(i) = 



B- 1 ^b-x(i + r)+ 



Clearly Tx is continuous. For t^t\ and xei, using (10) we have 
||(Tx)(i)|| < HB-^II 



to ^ t ^ t\. 



! („-!)! 



+ ( C* A + T—^-rr; I (s - t)^ 1 \ I ||Qi(a,0R+/ \ ds 



< CI 



fc 2 



and 



||(Tx)(t)|| > HS-^II 



- Il^ll^-- (n 



«2 / y 



which shows that T maps A into itself. Next, we show that T is a contraction mapping on A. For xi,X2 S i 
and t^t\, and by using (10) 



|KT Xl )(t)-(Tx 2 )(t)|| < ||S- 1 ||||x 1 -x 2 | 



(I roo / /-bi (-62 ^ 

l + j—±yj t ( a -*) n_1 (y o HQi(*.oiide+y o 11^2(5,011^ 



(is 



sc gi||x 1 -x 2 ||, 

where gi < 1. This implies with the sup norm that 

||Txi - Tx 2 || < Qi||xi - x 2 ||, 

i.e., T is a contraction mapping on A. Therefore there exists a unique solution x e A with ||x|| > 0 of Tx = x. 
The theorem is proved. □ 



Theorem 7. Assume that (5) holds and 0 < f a * p(t,{;)di; < p < \. Then (3) has a bounded nonos dilatory 
solution. 



Proof. It follows from (5) that we can choose a t\ > t 0 sufficiently large satisfying (6) such that 



1 

(n^lj!, ; 



> / rbi rb 2 \ ||y-|| _ fi* _ fi* 

Wai Ja 2 I °6 



where b is a constant vector, C| and Cg are positive constants such that 

pC* 6 +C* 5 < ||b|| <2||b|KC 6 *+C 5 *. 

Let fl denote the Banach space of all continuous bounded vector functions defined on [<o, 00) with the sup 
norm. We consider the subset A of as 



A = {xefi:CS<||x(i)||<CS, t^t 0 }. 
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Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 

r b-j b a y(t,ox(t-m+ 
( Tx )(*) = (^tjt in* i)"- 1 (/£ Oi( s ,e)x( s - o« - it 2 q 2 (*,ox(« - ode) t > tl 

[ (Tx)(t!), t 0 

Clearly Tx is continuous. Since the proof is similar to that of Theorem 1, we omit the remaining part of the 
proof. Thus the proof is complete. □ 

Theorem 8. Assume that (5) holds and —\ < p < J a ^ p(t,£)d£ < 0. Then (3) has a bounded nonoscillatory 
solution. 

Proof. It follows from (5) that we can choose a t\ > t 0 sufficiently large satisfying (6) such that 

(^T)l/ OO ( s -*) n " 1 (/ 1 |l^( s '0l|de + £ \\Q2{8,Q\\dtj ds< IN-NQ-c^ t>tl 

where b is a constant vector, and C| arc positive constants such that 

\ P \c; + c* 7 < ||b|| <2||bK c* + c 7 *. 

Let f2 denote the Banach space of all continuous bounded vector functions defined on [to,oo) with the sup 
norm. We consider the subset A of as 

A = {xGO:C; s? ||x(t)|| <C 8 *, t^t 0 }. 

Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 



(Tx)(t) 



b-f£p(t,Z)x(t -£)<%+ 

(^tjt JT( s tr- 1 {sll Qi(*>zm* eR - tl q*m-<* e)de) * > tl 

(Tx)(ti), t 0 < t < ti. 



Clearly Tx is continuous. Since the proof is similar to that of Theorem 1, we omit the remaining part of the 
proof. Thus the proof is complete. □ 

Theorem 9. Assume that (5) holds and 0 < (b 3 — a 3 )\\B\\ < |. Then (4) has a bounded nonoscillatory 
solution. 



Proof. It follows from (5) that we can choose a ti > to sufficiently large satisfying (6) such that for t > ti 

where b is a constant vector, Cg and C^ 0 are positive constants such that 

(63-a 3 )||B||Cr 0 + C3 < ||b|| < 2||b|| s? C* w + C* 9 . 

Let f2 denote the Banach space of all continuous bounded vector functions defined on [to,oo) with the sup 
norm. We consider the subset A of as 

i = {xefl:C 9 4 < ||x(t)|| <Cr 0 , t^t 0 }. 

Obviously, A is a bounded, closed, convex subset of fi. Define the operator T on A as 

r b-Bf b a s 3 x(t-odt+ 
( Tx )W = (^TjT JT(« - *) n_1 {Sal Qi(«>zm* e)de - Q 2 (*,e)x( S - o#) * > *i 

I (rx)(*i), to^t^h. 

Clearly Tx is continuous. The remaining part of the proof is similar to that of Theorem 1, therefore it is 
omitted. □ 
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Example 1. Consider the neutral differential equation system 

(3) /-11/15 r 1 l; 

'7/30 



i \ (3) /-11/15 /-e 1 / 15 

a<t)--a<t-T) +/ Qi(t,0*(*-0<£- / Q 2 (t,0a<*-0de = 0. 

0 / J7/30 Jl 



where 



(6 + 61nf + 2(lnf) 2 )ln(t-C) / 2 2 
WU '* j t3(In(t-0 + l)(Int) 4 



and 



l 5 

3 3 



. (6 + 6 ln(t - r) + 2(ln(i - r)) 2 ) ln(t -0/2 1 

2 - 



e(t-r)3(ln(i-e) + l)(ln(t-r)) 4 V° 3 
If is easy to ueri/y i/iaf ifte assumptions of Theorem 3 are satisfied. In fact, 

1 + Et 



, i > 1 + max{T, e 1/15 } 



is a nonos dilatory solution of (11). 

Example 2. Consider the neutral differential equation system 

r i z-9/2 



(x(f)+Ba!(t-r)) (7) + / Qi(t,0a(*-£R- / Q 2 (t, £M* ~ £R = 0, 

2 J3/2 



where 



B 



2e- T e~ T 

15 15 

e~ T 4e~ T 

25 25 



0i(*,0 

and 



3 2 
5 5 



ae* + e4 \ 2 l 

3 3 



4 16 

9 45 



ae* + e« \ 12 

65 13 

.ft is easy to verify that the assumptions of Theorem 5 are satisfied. In fact, 

(a + e~* \ 9 
a + e -t )> aei? . t>max{r, -} 

is a nonos dilatory solution of (12). 

Example 3. Consider the neutral differential equation system 

1 pi \ ( 2 ) /-10 z-5 

a<t) + - y o a<t - odej - J 4 Qi(t, o<t - m + J r/2 q^x* - = o, 



9 
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where 



l l 



0l(ti0= ('-0(2m*-^ + S-3)/ * - 



and 



l ^i 

3 6 



<M*,o- (t - £)(1 2)) 0 



(t-2)»(*-{ + ln(t-fl) V 1 
.ft is easy to verify that the assumptions of Theorem 7 are satisfied. In fact, 

x= , t > 11 

V i + ¥ / 

is a nonoscillatory solution of (13). 

Example 4. Consider the neutral differential equation system 

(5) /-In 6 



/ /.l \ l 5 ) /.In 6 /-1/6 

[x{t) + B x{t-i)dA + Qi(t,£)x(t -£)<%- / Q 2 (*,0a<t-0de=0. ( 14 ) 

V JO / Jin 2 Jl/15 



where 



B 



30 15 



1 J_ 

8 24 



e g(l + t-Q(29-t) 
Qi(*.0 = TY^je 



1 7 



10 10 



t 5 \ 16 24 

It is easy to verify that the assumptions of Theorem 9 are satisfied. In fact, 

T+i 

x= I I , t > In 6 



l 

l+t 



is a nonoscillatory solution of (14). 
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Abstract: In this paper, we establish the general solutions of the septic and octic functional equations on 
commutative groups, respectively. Moreover, we prove some stability results concerning these two types of functional 
equations in normed linear spaces. 

Keywords: Hyers-Ulam stability; Additive symmetric function;Diffcrence operator; Septic functional equation; 
Octic functional equation 

1 Introduction 

The study of stability problems for functional equations originated from a question proposed by Ulam [33] con- 
cerning the stability of group homomorphisms. Afterwards, Hyers [13] gave the first significant partial solution in 
Banach spaces for the above-mentioned question in 1941. In 1978, Rassias [28] generalized the result of Hyers for 
approximately linear mappings by allowing the Cauchy difference to be unbounded. Later, Gavru^a [12] provided 
a generalization of Rassias's Theorem for approximately additive mappings, in which a more general function is 
employed to characterized the error of approximation. Subsequently, the stability problems for several types of 
functional equations in various spaces have been extensively studied by many authors [15, 16, 21, 24, 29, 30, 31, 32]. 
Different with the direct proof used before, Radu [25] proposed a novel method for studying the stability of the 
Cauchy functional equation based on a fixed point result in generalized metric spaces. Such a method simplified the 
proof of the original results, and then it also further stimulated the study of the stability of functional equations. 
Until now, there are many related results obtained by this method [4, 5, 6, 18, 34]. 

In 1984, Cholewa [8] initiated the study of the stability of the following functional equation 



The equation (1) is said to be a quadratic functional equation since the function f(x) = x 2 is a solution. Meantime, 
each solution of the quadratic functional equation is called a quadratic mappings. In the following, further researches 
concerning the stability problems of the quadratic functional equation have been done by various authors [2, 3, 10, 
11, 14, 19, 22]. It is worth noting that the fixed point method has been repeatedly used in several papers mentioned 
above. 

Several years later, Rassias [27] proposed the following functional equation 



and considered the solution and the stability problem of this equation. Note that the equation (2) is called a cubic 
functional because the function f(x) = x 3 satisfies this equation. Accordingly, each solution of the cubic functional 
equation is called a cubic mapping. Afterwards, the stability problems of generalized cubic functional equations 
were investigated by Jung and Chang [7, 17]. 

In 1999, Rassias [26] introduced the quartic functional equation, which is given by 



f(x + y) + f(x-y) = 2f(x) + 2f(y). 



(1) 



f(x + 2y) + 3 f{x) = 3 f{x + y) + f(x - y) + 6f(y) 



(2) 



fix + 2y) + f(x - 2y) + 6 fix) = 4/(.t + y) + f(x - y) + 24/(y). 



(3) 
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It is easy to see that the function f(x) — x 4 is a solution of the equation (3). Each solution of the quartic functional 
equation is called a quartic mapping. Hereafter, Lee et al. [20] further estabilished the general solution of the 
equation (3) and proved the stability of this equation in real normed linear spaces. Soon after, Najati [23] proved 
the generalized Hyers-Ulam stability of the equation (3). 

Recently, Xu et al. [34] achieved the general solutions of the quintic and sextic functional equations, and then 
proved the stability of these two types of equations in quasi-/3-normed spaces based on the fixed point method. The 
corresponding equations are respectively given as follows: 

fix + 3y) - 5f(x + 2y) + I0f(x + y)- 10f(x) + 5 fix - y) - f(x - 2y) = 120/(2/), (4) 

fix + Sy)-6f(x + 2y) + 15 fix + y) - 20f(x) + 15f(x - y) 
-6(x-2y) + f(x-3y) = 720/(y). 

Since f(x) — x 5 is a solution of the equation (4), it is called a quintic functional equation. Similarly, f(x) — x 6 is 
a solution of the equation (5) , it it called a sextic functional equation. Simultaneously, each solution of the quintic 
or sextic functional equation is called a quintic and sextic mapping, respectively. 

The principal purpose of this paper is to estabilish the general solutions and further investigate the stability of 
the following two functional equations. 

f{x + 4y)-7fix + 3y) + 21 fix + 2y) - 35 fix + y) - 21 fix - y) 
+ 7 fix - 2y) - fix - 3y) + 35 fix) = 5040/(y), 

fix + 4y) - 8fix + 3y) + 28 fix + 2y) - 56 fix + y) - 56 fix - y) 
+ 28/(a; - 2y) - 8fix - 3y) + fix - 4y) + 70 fix) = 40320/(?y) ( ' 

Note that the function fix) = x 7 satisfies (6), we say that the equation (6) is a septic functional equation. 
Analogously, the function fix) = x s satisfies (7), we say that the equation (7) is an octic functional equation. 
Correspondingly, each solution of the septic and octic functional equation is said to be a septic and an octic 
mapping, respectively. 



2 Preliminaries 

For the sake of completeness, in this section, some related notions and results from [1, 9, 35] are summarized below. 
Let N and Q denote the set of natural numbers and the set of rational numbers, respectively. 

Let X and Y be real linear spaces. A function A : X — > Y is said to be additive if Aix + y) = Aix) + Aiy) for 
all x, y G X. It is well known that Airx) = rA(x) for all x € X and for every r € Q. More generally, a function 
A n : X n — > Y is called n-additive if it is additive in each of its variables. A function A n is called symmetric if 
A n ixi,x 2 ,--- ,x n ) = A„(a; 7r (i),a; 7r (2),--- ,x^ n )) for every permutation {7r(l), 7r(2), • • • ,7r(n)} of {1,2, ••• ,n}. For 
an n-additive symmetric function A n ix\, x 2 , • • • ,x n ), its diagonal is the function A„(x, x, ■■■ , x) for x € X and 
denoted by A n ix). Evidently, A n irx) = r n A n ix) whenever x E X and r € Q. Such a function A™(x) will be called a 
monomial function of degree n ii A n ^ 0. Moreover, the resulting function after substitution x\ = x-i = ■ ■ ■ = x\ = x 
and xi+i = X[ +2 = ■ ■ ■ = x n = y in A n ix\, X2, ■ ■ ■ , x n ) will be denoted by A l ' n ~ l ix, y). 

A function p : X — > Y is called a generalized polynomial function of degree n provided that there exist A 0 (x) = 
A° G Y and i- additive symmetric functions Ai : X % — > Y (1 < i < n) such that 

n 

pix) = Y t A i ix) 

for all x G X and A n ^ 0. 

Let / : X — > Y. The difference operator Ah is defined as follows: 

A h fix) = fix + h)- fix) 

for h G X. In fact, a difference opcrtor can be extended to an n-order difference operator in the usual composition 
way by induction. For each h G X and n G N U {0}, define 

A n h +\fix)=A h oAlfix) 



2f8 



Yonghong Shen et al 277-290 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



with the conventions A°/(x) = f(x) and A\f{x) = Ahf(x). Furthermore, a more general difference operator, 
which was used in the Frechet functional equation, can be defined as 

A^,^,... ,h n+1 f(x) = A hn+1 o A hn o • • • o A h J(x), 

where x, hi, hi,- - ■ , h n+1 e X. 

Lemma 2.1 ([9, 35]). Let G be a commutative semigroup with identity, S a commutative group andn a nonnegative 
integer. Assume that the multiplication by n\ is bijective in S, i.e., for every element b G S, the equation n\a = b 
has a unique solution in S. Then, the function f : G — )• S is a solution of Frechet functional equation 

A XliX2i ... iXn+1 f{x 0 )=0 (8) 

for all Xo,Xi, ■ ■ ■ , x n+ i e G if and only if f is a polynomial of degree at most n. 

Lemma 2.2 ([9, 35]). Let G and S be commutative groups, n a nonnegative integer, ipi,ipi {i — 1,2, ■■■ ,n + 1) 
additive functions from G into G and ipi (G) C ^ (G) . // the functions f,fi'. G — > S satisfy 

n+l 

f(x) + J2fM x ) + Mv)) = o, (9) 

then f satisfies Frechet functional equation A XlyX2t ... , x „ +1 f(xo) = 0. 

3 General solutions of the septic and octic functional equations on 
comomutative groups 

In this section, we establish the general solutions of the functional equations (6) and (7) on commutative groups. 
Throughout this section, G and S will denote commutative groups. 

Theorem 3.1. A function f : G — > S is a solution of the functional equation (6) if and only if f is of the form 
f(x) = A 7 (x) for all x e X, where A 7 (x) is the diagonal of the 7-additve symmetric function Ay : G 7 — > S. 

Proof. Necessity: Assume that / satisfies the functional equation (6). Putting x = y = 0 in (6), one gets /(0) = 0. 
Substituting (x,y) with (0,x) and (x, — x) in (6), respectively, and adding the two resulting equations, we can 
obtain f(—x) = —f(x), that is to say, / is an odd function. Replacing (x,y) by (Ax,x) and (0,2a;), respectively, 
and subtracting the two resulting equations, we get 

7/(7x) - 27f{<ox) + 35f(5x) - 21f(4x) + 21f(3x) - 5061/(2a;) + 504f f{x) = 0. (10) 

Replacing (x,y) by (3x,x) in (6), we obtain that 

f(7x) - 7f(6x) + 21f(5x) - 35f(4x) + 35f(3x) - 21/(2x) - 5033/(a;) = 0. (If) 

Multiplying (f f) by 7, and then subtracting (10) from the resulting equation, we get 

ll/(6a:) - 56/(5x) + 112/(4.x) - 112/(3x) - 2457/(2a;) - 20136/(.t) = 0. (12) 

Replacing (x,y) by (2x,x) in (6), it follows that 

/(6a;) - 7/(5.t) + 21/(4a;) - 35/(3a;) + 35/(2a;) - 5060/(.t) = 0. (13) 

Multiplying (13) by 11, and then subtracting (12) from the resulting equation, we find 

3/(5.t) - 17/(4.t) + 39/(3a;) - 406/(2x) + 10828/(a;) = 0. (14) 

Replacing (x,y) by (x,x) in (6), we have 

f(5x) - If [Ax) + 21/(3x) - Mf{2x) - 5012/(ar) = 0. (15) 

Mutiplying (15) by 3, and then subtracting (14) from the resulting equation, we obtain 

/(4a;) - 6f(3x) - 7Qf{2x) + 6466/(x) = 0. (16) 
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Replacing (x,y) by (0, x) in (6), we get 

/(4a;) - 6/(3x) + Uf(2x) - 5054/ (x) = 0. (17) 
Subtracting (16) and (17), we can obtain 

/(2x) = 128/(x) = 2 7 /(x) (18) 

for all x G G. 

Moreover, the functional equation (6) can be written as 

f(x)+*_f(x + Ay) - \f{x + 3y) + \f{x + 2y) - f(x + y) 

35 5 5 ^ lg ^ 

- \f{x -y) + \f(x - 2y) - l/(x - 3y) - 144/(y) = 0. 

Therefore, it follows from lemmas 2.1 and 2.2 that / is a generalized polynomial function of degree at most 7, 
this is to say, / is of the form 



n=0 

for all x £ G, where A°(x) = A 0 is an arbitrary element in S and A n (x) is the diagonal of the n-additive symmetric 
function A n : G" — > S for n = 1,2, ■■■ ,7. Since / is odd and /(0) = 0, we know that A°(x) = A 0 = 0 and 
A 2 {x) = A A {x) = A 6 (x) = 0. Thus, the expression (20) can be simplified into 

f{x) = A\x) + A 5 (x) + A 3 (x) + A^x). (21) 

By (18) and A n (rx) = r n A n (x) whenever x G X and r G Q, wc can obtain 2 7 A 5 (x) + 2 7 ^ 3 (a;) + 2 7 A 1 (x) = 
2 5 A 5 (x) + 2 3 A 3 (x) + 2A 1 (x). Therefore A 1 {x) = -±{AA b {x) + 5A 3 (x)) for all x G G, and hence A 5 (x) = A 3 (x) = 
A 1 (a;) = 0. So f(x) = A 7 {x). 

Sufficiency: Assume that f(x) = A 7 (x) for all x G G, where A 7 (x) is the diagonal of the 7-additive symmetric 
function A7 : G 7 — > S. According to the definition of additive function, we know that 

A 7 (x + y) =A 7 (x) + A 7 (y) + 7A 6 ^(x, y) + 21A 5 - 2 (x, y) + 35^ 3 (x, y) 
+ 35A 3 < 4 (x, y) + 21 A 2 ' 5 (x, y) + 7A lfi (x, y) 

and A 7 (rx) = r 7 A 7 (x), A s ' t (x, ry) = r t A s ' t (x, y) (s, t = 1, 2, • • • , 6, s + t = 7) whenever x,y G G and r G Q. Letting 
(22) and the above equalities into (6), we find that / satisfies (6). The proof of the theorem is now completed. □ 

Theorem 3.2. A function f : G — > S is a solution of the functional equation (7) if and only if f is of the form 
f(x) — A 8 (x) for all x G X, where A s (x) is the diagonal of the 8-additve symmetric function A s : G 8 — > S. 

Proof. Necessity: Assume that / satisfies the functional equation (7). Putting x = y = 0 in (7), one gets /(0) = 0. 
Substituting (x,y) with (0, x) and (0, — x) in (7), respectively, and substracting the two resulting equations, we can 
obtain f(—x) = f(x), which means that / is an even function. Replacing (x, y) by {Ax, x) and (0, 2x), respectively, 
and subtracting the two resulting equations, we have 

4/(7x)-18/(6x) + 28f(5x) - 21/(4x) + 28/(3x) - 10122/(2x) + 20164/(x) = 0. (23) 

Replacing (x,y) by (3x,x) in (7), we get 

f(7x)-8f{6x) + 28/(5x) - 56/(4x) + 70/(3x) - 56/(2x) + 40291/(x) = 0. (24) 

Multiplying (24) by 4, and then subtracting (23) from the resulting equation, we obtain 

2/(6a;) - 12/(5x) + 29/(4x) - 36/(3x) - 1414/(2x) + 25904/(x) = 0. (25) 

Replacing (x,y) by (2x,x) in (7), we have 

f(6x) - 8/(5x) + 28/(4x) - 56/(3x) + 71/(2x) - 40384/(x) = 0. (26) 
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Multiplying (26) by 2, and then subtracting (25) from the resulting equation, it follows that 

4/(5x) - 27f(4x) + 76/(3a;) - 1556/(2x) + 106672/(x) = 0. (27) 
Replacing (x,y) by (x,x) in (7), we get 

/(5a;) - 8/(4a;) + 29/(3x) - 64/(2x) - 40222/(x) = 0. (28) 
Multiplying (28) by 4, and then subtracting (27) from the resulting equation, we obtain 

/(4a;) - 8/(3x) - 260/(2x) + 53512/(x) = 0. (29) 
Replacing (x,y) by (Q,x) in (7), we have 

/(4a;) - 8/(3a;) + 28/(2x) - 20216/(a;) = 0. (30) 

Subtracting (29) and (30), we get 

/(2a;) = 256/(x) - 2 8 .f (x) (31) 

for all x € G. 

Moreover, the functional equation (7) can be written as 

f{x) + ±f(x + Ay) - ±f(x + 3y) + \f{x + 2y) - p(x + y) - p(x - y) 



+ 2 -f(x - 2y) - ±f(x - 3y) + ±f(x - Ay) - 576/(y) = 0. 



(32) 



Therefore, it follows from lemmas 2.1 and 2.2 that / is a generalized polynomial function of degree at most 8, 
this is to say, / is of the form 



f{x) = Y^A n {x) (33) 



n=0 



for all x G G, where A°(x) = A 0 is an arbitrary element in S and A n {x) is the diagonal of the n-additive symmetric 
function A n : G n — > S for n = 1,2, ••• ,8. Since / is even and /(0) = 0, we know that A°(x) = A a = 0 and 
A 1 (x) = A 3 (x) = A 5 (x) = A 7 (x) = 0. Thus, the expression (33) can be simplified into 

f{x) = A\x) + A 6 ix) + A\x) + A 2 ix). (34) 

By (31) and A n (rx) = r n A n ix) whenever x G X and r E Q, we infer that 2 8 A 6 (x) + 2 8 A 4 (a;) + 2 8 A 2 ix) = 
2 6 A\x) + 2 4 A 4 ix) + 2 2 A 2 (x). Therefore A 2 ix) = -^(4A 6 (.t) + 5A 4 {x)) for all x G G, and hence A 6 (x) = A 4 (a;) = 
A 2 ix) = 0. So fix) = A 8 {x). 

Sufficiency: Assume that fix) — ^4 8 (x) for all x G G, where A 8 (x) is the diagonal of the 8-additivc symmetric 
function A s : G 8 — > S. According to the definition of additive function, we know that 

A 8 ix + y) = A 8 (x) + A 8 iy) + SA 7 ' 1 ^, y) + 28A 6 ' 2 (x, y) + 56A 5 < 3 (*:, y) 
+ 70A 4 - 4 ix, y) + 56A 3 ' 5 ix, y) + 28A 2fi ix, y) + SA^ix, y) 

and ,4 s (ra;) = r 8 A 8 (x), A s ^ix,ry) = r t A s ^ t {x 1 y) (s,t = 1,2, • ■ • ,8, s + t = 8) whenever x,y G G and reQ. Letting 
(35) and the above equalities into (7), we conclude that / satisfies (7). This completes the proof. □ 



4 Stability of the septic functional equation (6) 

Throughout this section, unless otherwise stated, X will denote a real linear space and (Y, || • \\y) is a real Banach 
space. Here we will investigate the stability of the septic functional equation in real normed spaces. For notational 
convenience, define the difference operator 

D s fix, y) = fix + Ay) - 7 fix + 3y) + 21 fix + 2y) - 35/(a; + y) 
- 21/(.t - y) + 7 fix - 2y) - fix - 3y) + 35/(ar) - 5040/(y). 

As a special case of Lemma 3.1 in [34], we can easily obtain the following theorem. 
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Theorem 4.1. Let ip : X — > [0, +oo) be a function such that there exists an L < 1 with ip(2^x) < 2^ r L(p(x) for all 
x, y e X, where j — ±1, r G N. If f : X — > Y is a mapping satisfying 

\\f(2x)-2 r f{x)\\ Y <<p(x) (37) 
for all x e X , then there exists a uniquely determined mapping F : X — > Y such that F(2x) = 2 r F(x) and 

\\f{x)-F{x)\\ Y < ni \ L0 ^ ) (38) 

for all x G X . 

Theorem 4.2. Let ip : XxX — > [0, +oo) be a function such that there exists an L < 1 with (p(2?x, 2^y) < 2 7 ^L(p(x 7 y) 
for all x, y G X, where j = ±1. If f : X ^ Y is a mapping satisfying 

\\D s f(x,y)\\ Y <<p{x,y) (39) 
/or a// x,y e X, then there exists a unique septic mapping H : X — > F smc/i i/ia£ 

||.f(x) - ff(z)|| y < 27|1 1 _ Lj| yW (40) 



/or all x e X , where 



+ ^q(v(°> x ) + ¥>(z,-a;)) + ^V(4a;,a;) + ^<p(3x,x) 

1 217 

+ U<p(2x, x) + 21<p{x, x) + -<p(0, 2x) + 28^(0, x) + ^(0, 0)] 



for all x E X . 

Proof. Putting x = y = 0 in (39), we get 



(41) 



ll/(0)lk< 5^(0,0). (42) 



Replacing (x,y) by (0,x) in (39), we infer that 

||/(4ar)-7/(3a;) + 21/(2ar) - 5075/(.t) + 35/(0) - 21f(-x) + 7f(-2x) - f(-3x)\\ Y < p(0, x) (43) 
for all x G X. Replacing (x,y) by (x, —x) in (39), we have 

||/(-3a0-7/(-2a;) - 5019/(-x) - 35/(0) + 35f(x) - 21/(2x) + 7/(3x) - f(4x)\\ Y < <p{x, -x) (44) 
for all x € X. Therefore, it follows from (43) and (44) that 

\\f(x) + f(-x)\\ Y < JL^o,*) + -a;)) (45) 
for all x G X. Replacing (x,y) by {Ax, x) in (39), we obtain 

||/(8a;)-7/(7a0 + 21/(6*) - 35/(5*) + 35/(4*) - 21/(3*) + 7/(2*) - 5041/(*)|| y < <^(4*,*) (46) 
for all x G X. Replacing (x,y) by (0, 2x) in (39), we get 

||/(8*)-7/(6*) + 21/(4*) - 5075/(2*) + 35/(0) - 21/(-2*) + 7/(-4*) - /(-6*)||y < <p(0, 2x) (47) 
for all x G X. By (46) and (47), we can obtain 

||7/(7a;) - 28/(6*) + 35/(5*) - 14/(4*) + 21/(3*) - 5082/(2*) + 5041/(*) 
+ 35/(0) - 21/(-2*) + 7/(-4*) - f(-6x)\\ Y < <^(4*, x) + y>(0, 2x) 
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for all x G X. Using (42), (45) and (48), we can infer that 

||7/(7x) - 27/(6a;) + 35/(5*) - 21/(4*) + 21/(3*) - 5061/(2*) + 5041/(x)||y 
< ^(^°> 6a; ) + <P(6x,-te)) + ^(^(0,4x) + ^(4*, -4*)) (49) 
+ ^(^(O. 2x ) + ^( 2x > -2a;)) + <^(4x, x) + p(0, 2a;) + ^(0, 0) 
for all x e X. Replacing (x,y) by (3a;, x) in (39), we have 

||/(7*)-7/(6*) + 21/(5*) - 35/(4*) + 35/(3*) - 21/(2*) - 5033/(x) - /(0)||y < <^(3x,*) (50) 
for all x G X. By (42), we get 

||/(7*)-7/(6*) + 21/(5*) - 35/(4*) + 35/(3*) - 21/(2*) - 5033/(*)||y < <p{3x,x) + ^¥>(0,0) (51) 

5040 

for all x G X. By (49) and (51), we can infer that 

||ll/(6*) - 56/(5*) + 112/(4*) - 112/(3*) - 2457/(2*) + 20136/(*)||y 

" 10580 ( ^ (0 ' 6x) + ^ 6x ' ~ 6x)) + 14l0 ( ^ (0 ' Ax) + ^ (4X ' ~ Ax)) + 4^0 ( ^ ( °' 2x) (52) 
+ <p(2x, -2a;)) + ^(4*, *) + -<^(3*, *) + ^(0, 2a;) + ^jj^O, 0) 

for all x G X. Replacing (x,y) by (2a;, x) in (39), we get 

||/(6*)-7/(5*) + 21/(4a;) - 35/(3a;) + 35/(2*) - 5061/(x) - f(-x) + 7f(0)\\ Y < ip(2x, x) (53) 
for all x G X. By (42), (45) and (53), we can obtain that 

||/(6a;) - 7/(5*) + 21/(4*) - 35/(3*) + 35/(2*) - 5060/(*)||y 

1 1 (54) 

< ¥>(2*,*) + 50^^(0, x) + <p(x,-x)) + ^^(0,0) 

for all x G X. Therefore, it follows from (52) and (54) that 

||21/(5*) - 119/(4*) + 273/(3*) - 2842/(2x) + 75796/(x)|| y 

- To580 ( ^ (0 ' 6x) + ^ {6x ' ~ 6x)) + iio ( ^ (0 ' 4x) + ^ {Ax ' ~ 4x)) 

1 11 (55) 

+ 4^(^(0, 2*) + ip(2x, -2a;)) + — (<p(0,x) + <p{x, -x)) 

+ ^(4*, x) + l<p(3x, x) + 11^(2*, x) + ^(0, 2x) + 7^(0, 0) 

for all x iE X. Replacing (x,y) by (a;, a;) in (39), we obtain 

||/(5*)-7/(4*) + 21/(3*) - 35/(2*) - /(-2a;) - 5005/(x) + 7f(-x) - 21/(0) ||y < ¥>(*,*) (56) 

for all x G X. By (42), (45) and (56), we can infer that 

||/(5*) - If {Ax) + 21/(3*) - 34/(2*) - 5012/(*)||y 

1 1 1 (57) 

" V{X > X) + 5040 ( ^ ( °' 2X) + V(2X ' ~ 2X)) + 720 ( ^ ( °' X) + ^ ~ X)) + 240^ ( °' 0) 
for all x G X. Then, it follows from (55) and (57) that 

||28/(4*) - 168/(3*) - 2128/(2*) + 181048/(*)|| y 

" lOMo ( ^ ( °' 6X) + ^ (6X ' ~ QX)) + liio ( ^ ( °' 4X) + ^ (4X ' ~ 4X)) 

1 79 1 (58) 

+ 2a 0 + ^( 2x > - 2x )) + ^(^(°' x ) + ^ + 2^( 4a; ' x ) 

+ -<^(3*, x) + 11^(2*, x) + 2\tp{x, x) + ^(0, 2x) + ^^(0, 0) 
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for all xeX. By (42), (43) and (45), we get 



||/(4a:) - 6/(3*) + 14/(2*) - 5054/ (x)\\ Y 

< ^qX 0 * 3x ) + <P@ X > -3a:)) + ^(^(0, 2x) + <p(2x, -2x)) (59) 
+ x ) + ^ -*)) + V>{0, x ) + ^(0, 0) 

for all x G X. By (58) and (59), we conclude that 
\\f(2x)-2 7 f(x)\\ Y 

' 73 ;(^(0,a;) +<p(or,-a;)) + \y{Ax,x) + -<p(3a;,a;) 



(60) 



252Q vi- v , , • , n 2 , 

1 217 

+ ll ¥ >(2x, a:) + 21(^(x, a) + -p(0, 2a;) + 2893(0, x) + ^</?(0, 0)] 

= <f(x) 

for all x G X. According to Theorem 4.1, there exists a unique mapping i7 : A — > F such that H(2x) = 2 7 H(x) 
and 

ll/W-g^)^^ ^ 1 -^ ^) (61) 

for all x G X. Moreover, it remains to show that H is a septic mapping. By (39), we can obtain 

\\2-^ n D s f(V n x^ n y)\\ Y < 2-^X2^,2^) < 2^(2^ L) n ^(x, y) = L n ^{x,y) (62) 

for all x, y G X and n G N. From (61) and H(2x) = 2 7 H(x) and also from the properties of <p, we infer that 
Hindoo 2~ 7: > n f(2i n x) exists and is equal H(x). After that we can count that 

D s H(x,y)=0, (63) 

which means that H : X — > F is septic. This completes the proof. □ 

Corollary 4.3. iei (X, || • \\x) be a real normed space and (Y, \\ ■ \\ Y ) a real Banach space. Let e,p,q be positive 
real numbers with p + q 7^ 7. Suppose that f : X — > Y is a mapping fulfilling 

\\D s f(x,y)\\ Y <e\\x\\ p x \\y\\ x (64) 

for all x,y E X. Then there exists a unique septic mapping H : X — > Y such that 



wf(x)-H(x)\\ Y < |2p ;7: 9 27| ini^, (65) 



/or all x e X , where 



"™ - 2520 X 10080 (2131?2 + 3465 X 25+P + 455 X ^ + 3920 X 32+P (66) 
+ 56 x 3 p+q + 315 x 4 2+p + 7 x 4 p+ « + 6 p+q ). 

Corollary 4.4. Let (X, || • ||x) be a real normed space and (Y, \\ ■ \\ Y ) a real Banach space. Let e, 5,p be positive real 
numbers with p 7^ 7. Suppose that f : X ^ Y is a mapping fulfilling 

\\D s f(x,y)\\ Y <e\\x\\ p x +S\\y\\ p x (67) 

for all x,y £ X. Then there exists a unique septic mapping H : X — > Y such that 

\\f{x)-H{x)\\ Y <^^\\x\\ p x , (68) 
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for all x G X, where 

^ 2520 X 10080 [(2131?2 + 111335 X V + 35336 X 3P + 5047 X 4P (69) 
+ 6 p )e + 2(324052 + 2975 x 2 P + 56 x 3 P + 7 x A p + & r )5}. 

Corollary 4.5. Let (X, || • \\ x ) be a real normed space and (Y, || • \\ Y ) a real Banach space. Let e,p,q be positive 
real numbers with p + q ^ 7. Suppose that f : X — >■ Y is a mapping fulfilling 

\\D s f(x,y)\\ Y < e(\\x\\ x \\y\\ x + (\\x\\^ + ||y||$+«)) (70) 

for all x,y G X. Then there exists a unique septic mapping H : X — > Y such that 

\\f(x) - H(x)\\ Y < e ^ + + g ^gp e M P x +9 , (71) 
for all x G X , where uj p ^ q and Lo p+q ^^ are defined as in Corollaries 4-3 and 4-4- 

5 Stability of the octic functional equation (7) 

As stated in the previous section, in this section, we further investigate the stability of the octic functional equation 
in real normed spaces. Similarly, we define the difference operator 

D 0 f(x, y) =.f(x + Ay) - 8f(x + 3y) + 28f(x + 2y) - 56/(x + y)- 56/(x - y) 

+ 28/(a; - 2y) - 8f(x - 3y) + f(x-Ay) + 70/ (x) - 40320/(2/). ( j 

Theorem 5.1. Let ip : XxX — > [0, +oo) be a function such that there exists an L < 1 with <p(2^x, 2^y) < 2 8: >L<p(x, y) 
for all x, y £ X, where j = ±1. If f : X — > Y is a mapping satisfying 

\\D 0 f(x,y)\\ Y <<p(x,y) (73) 

for all x, y E X , then there exists a unique octic mapping G : X — > Y such that 

\\f{x)-G(x)\\ Y <^—^{x) (74) 



for all x e X, where 



<P(X) ^ r.r.r, 1 ^ [ 77^777 ( <P ( , 8x ) + if (8X , ~ 8x ) ) 

' 288 x 70 L 80640 ' K " 

+ (¥>(6s, 6x) + <p(6x, -6a;)) + ^(vi^x, Ax) + p(4r, -4a;)) 

1 139 

+ — (tp(3x, 3x) + <p(3x, -3a;)) + — (ip(2x, 2x) + ip(2x, -2a;)) (75) 
15 480 

417 

+ — {<p{x, x) + ip(x, -x)) + <p{Ax, x) + 8ip(3x, x) + 28ip(2x, x) 

OOU 

851 

+ 56<^(x, x) + 35(^(0, x) + g^O, 0)] 



/or all x <E X . 

Proof. Putting x = y = 0 in (73), we get 



ll/(0)l|r<-^^(0,0). (76) 



Replacing (x, y) by (x,—y) in (73), we obtain 



\\f(x + Ay) - 8 f(x + 3y) + 28 f (x + 2y) - 56/(x + y) - 56/ (x - y) 

+ 28/(a; - 2y) - 8/(x - 3y) + f(x - Ay) + 70/(x) - 40320/(-y)||y (77) 
< <fi(x,-y) 
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for all x G X. By (73) and (77), we can infer that 



\\f{x) - f(-x)\\ Y < 4^20 x) + <p(x, -x)) (78) 



for all x e X. Replacing (x,y) by (0,2a;) in (73), we have 

||/(8a;) - 8/(6x) + 28/(4a;) - 40376/(2a;) + 70/(0) - 56f(-2x) 
+ 28f(-4x) - 8f(-6x) + /(-8x)||y < <p{0, 2x) 

for all x G X. Then, it follows from (76), (78) and (79) that 



(79) 



||/(8a:) - 8/(6a;) + 28/(4a;) - 20216/(2a;)||y 

" 80^40 ^ 8X ' ^ + ^ 8X ' ~ &X ^ + 10580^^ 6x ' ^ + ^ &X ' ~ 6x ^ ( 80 ) 
+ ^&(4xAx) + <p(4x, -4a;)) + -^(ppz, 2x) + y{2x, -2a;)) + ^<p(0, 0) 

for all x G X. Replacing (x,y) by (4a;, x) in (73), we get 

||/(8a;) - 8/(7ar) + 28/(6x) - 56/(5*) + 70/(4a;) - 56/(3a;) + 28/(2a;) - 40328/(a;) + /(0)||y < <p(4x,x) (81) 

for all x G X. Further, we can infer from (76), (80) and (81) that 

||8/(7a;) - 36/(6ar) + 56f(5x) - 42/(4x) + 56/(3x) - 20244/(2x) + 40328/ (a;)) ||y 

< ^^&(8x, 8x) + <p(8x, -8a;)) + 6a;) + ip(6x, -6a;)) 

1 1 (82) 

+ 2880 (</?(4x ' 4x) + ^ (4X ' ~ 4x)) + 1440 M2X ' 2X) + ^ 2X ' ~ 2X)) 

+ V(4a;.*)+ 1^0^(0,0) 
for all x G X. Replacing (x,y) by (3a;, x) in (73), we can obtain 

||/(7a;) - 8/(60;) + 28/(5ar) - 56/(4a;) + 70/(3a;) - 56/(2x) - 40292/(x) + f(-x) - 8/(0) ||y < tp(3x,x) (83) 
for all xeX. By (76) and (78), we get 

||/(7a0 - 8/(6x) + 28/(5*) - 56/(4*) + 70/(3*) - 56/(2*) - 40291/(*)||y 

1 1 (84) 

" 40320^'^ + ^ ~ X ^ + f > ( 3x > x ') + 5040^^°' °) 

for all x G X. Then, it follows from (82) and (84) that 

||2/(6x) - 12/(5*) + 29/(4*) - 36/(3*) - UUf(2x) + 25904/(*)||y 

< ?V^ko (( ^ (8x ' 8x ) + - %x )) + io58o^( 6x ' 6x ) + v( 6x > - 6x ^ 

1 1 (85) 

+ 2880^ (4:E ' 4a;) + ^ ^ X)) + 1440 2x) + ^ (2X ' ~ 2x)) 

1 5 
+ 5040 (^( x ' x ) + <P(x,-x)) + <^(4*,*) + 8ip(3x,x) + ^7^(°> 0 )] 

for all x G X. Replacing (x,y) by (2a;, x) in (73), we have 

||/(6ar) - 8/(5ar) + 28/(4*) - 56/(3*) + 70/(2*) + /(-2.x) - 40376/(x) - 8/(-*) + 28/(0) ||y < ip(2x,x) (86) 
for all x G X. Using (76), (78) and (86), we obtain 

||/(&c) - 8f(5x) + 28/(4*) - 56/(3*) + 71/(2*) - 40384/(x)||y 

- ^^^x^x) + ip{2x,-2x)) + -^{tp{x,x) + ip{x,-x)) ( 87 ) 
+ p(2x,x) + ^(0,0) 
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for all x e X. Then, we can infer from (85) and (87) that 

||4/(5a;) - 27/(4x) + 76/ (3a;) - 1556/(2x) + 106672/(a;)||y 

< Y^^^^x, 8x) + V (8x, -8x)) + — L^fa, 6x) + <p(6x, -6a;)) 

1 1 (88) 

+ ^^ Ax ^ Ax ) + ^ 4x > - Ax )) + Yo^ 2Xl 2x) + ^ 2x ' ~ 2x ^ 

5 177 

+ Yv2^ X ' X) + ^ ~ X ^ + ^ 4X ' ^ + 8(P ^ X ' X) + 28 ^ 2x ' ^ + 1120^ (0 ' 0)] 



for all x G X. Replacing (x,y) by (x,x) in (73), we get 

|| /(5a;) - 8/(4a;) + 28/(3x) + /(-3a;) - 56/(2a;) - Sf(-2x) 
- 40250/(a;) + 28f(-x) - 56/(0) ||y < <p(x, x) 

for all iel. By (76), (78) and (89), we have 



(89) 



||/(5x) - 8/(4x) + 29/(3*) - 64/(2*) - 40222/(x)|| y 

- 5040 <ylf<y3Xl 3X ^ + ^ 3X ' ~ 3X ^ + 6§0 (yipi ' 2x ' ^ + ^ 2X ' ~ 2X ^ ( 90 ) 
+ (<f(x, x) + <p(x, -x)) + (p(x, x) + ^(0, 0) 

for all x G X. Therefore, it follows from (88) and (90) that 

|| /(4a;) - 8/(3a;) - 260/(2x) + 53512/(a;)||y 

" 7^80640 ^ 8X ' 8 ^ + ^ 8X ' ~ 8X ^ + 10080^^' ^ + ~ &X ^ 

+ oM^ AXlAx) + ^ Ax ' ~ 4x)) + 90~ (l ^ 3x ' 3x) + ^ 3x ' ~ 3x ^ ( 91 ) 
+ Tik^ 2Xl 2x) + ~ 2x)) + x) + ^ x ' 

1573 

+ ip{Ax, x) + 8,<p(3x, x) + 28ip(2x, x) + 56ip(x, x) + xt-t</?(0, 0)] 

for all x G X. Replacing (x,y) by (0, a;) in (73), we obtain 

\\f(4x) + /(-4a;) - 8/(3x) - 8/(-3x) + 28/(2*) + 28/(-2ar) 
- 40376/(x) - 56f(-x) + 70/(0) ||y < <p(0,x) 

for all x e X. Using (76), (78) and (92), we get 



(92) 



||/(4a;) - 8/(3x) + 28/(2a;) - 20216/(x)||y 

~ ^5015^^' 4 ^ + L P^ x ^ Ax )) + e^o^ 3 *' 3 ^ + ( P(3 x >-3x)) ( 93 ) 

+ Yo^ 2x ' 2x) + ^ 2x ' ~ 2x)) + ^o^ x ' x) + ^ + ^ ( °' x) + ^ ( °' ° )] 

for all x G X. By (91) and (93), we conclude that 
11/(2*:) -2 8 /(a;)||y 

" 288^70 [ 80640 { ^ 8x) + ^ ~ 8x)) + ToMo M ^ 6x) + ^ ~ 6x)) 



+ o^(^( 4x ' 4x ) + ^( 4x ' ~ 4a; )) + 4(^( 3 - t ' 3x ) + v( 3x > - 3x )) 

960 15 

139 417 

+ ^(v(2x,2x)+<fi(2x,-2x)) + — {<p(x,x) + <p(x,-x)) + ip(Ax,x) 

+ 8(^(3*, x) + 28^(2*, x) + 56^(*, x) + 35(^(0, x) + ^<^(0, 0)] 
= <p(x) 
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for all x € X. According to Theorem 4.1, there exists a unique mapping G : X — > Y such that G(2x) = 2 s G(x) and 

\\f(x) - G(x)\\ Y < \ <p(x) (95) 

for all x e X. In addition, it suffices to show that H is an octic mapping. By (73), it follows that 

\\2-^ n D 0 f{V n x,V n y)\\ y < 2-V n V {V n x,y n y) < 2~^ n {2^ L) n ^{x,y) = L n ^{x,y) (96) 

for all x,y e X and n € N. From (95) and G(2x) = 2 8 G(x) and also from the properties of <p, we infer that 
limn^oo 2 _8 - 7 ™/(2- 7 ™a;) exists and is equal G(x). After that we can count that 

D o G(x,y)=0, (97) 

which means that G: X — ¥ Y is octic. This completes the proof. □ 

Corollary 5.2. Let (X, \\ ■ \\ x ) be a real normed space and (Y, || • \\ Y ) a real Banach space. Let e,p,q be positive 
real numbers with p + q ^ 8. Suppose that f : X — )• Y is a mapping fulfilling 

\\D 0 f{x,y)\\ Y <e\\x\\ p x \\y\\ x (98) 

for all x,y € X. Then there exists a unique octic mapping G : X — > Y such that 

\\f(x)-G(x)\\ Y < |2p ^ 28| INI^ +9 , (99) 

/or all x e X , where 

16097 _ 139 „„,„_. 7 



w„ „ = ( + 7 x 2 p+2 + x 2 p+q - 4 + — x 2 2 p+ 2 «- 5 

p ' 9 288 x 70 v 280 15 15 

J_ 2 3p+3 9 -7 + 8 x 3 p + ]_ 2 P+q-± 3 P+q-2 + 2 x 3 P+g-i + 4 p\ 
315 35 5 



(100) 



Corollary 5.3. Let (X, || • ||x) be a real normed space and (Y, || • \\ Y ) a real Banach space. Let e, 5,p be positive real 
numbers with p ^ 8. Suppose that f : X — > Y is a mapping fulfilling 

\\D 0 f(x,y)\\ Y <e\\x\\ p x +S\\y\\ p x (101) 

for all x,y G X. Then there exists a unique octic mapping G : X — » Y such that 

\\m-G(x)\\ Y <^^\\x\\ x , (102) 

for all x G X , where 

Up ^ = 0Qa J .mon K 2317968 + 144039 X 2P+3 + 2P+33P + 109312 X 3P+1 

+ 10227 x 4 P+1 + 8 p )e + (5221008 + 2919 x 2 P+3 + 2 P+3 3 P ( 103 ) 
+ 1792 x 3 P+1 + 10227 x 4 P+1 + 8 P )S}. 

Corollary 5.4. Let (X, \\ ■ \\x) be a real normed space and (Y, || • \\ Y ) a real Banach space. Let e,p,q be positive 
real numbers with p + q ^ 8. Suppose that f : X — > Y is a mapping fulfilling 

\\D 0 f(x,y)\\ Y < e(\\x\\ x \\y\\ x + (\\x\\ p x + « + \\y\\ p x + ")) (104) 

for all x,y G X. Then there exists a unique octic mapping G : X — > Y such that 

\\f(x) - G(x)\\ Y < g^+^' Ha-H^, (105) 
for all x e X, where co Ptq and Lo p+q ^^ are defined as in Corollaries 5.2 and 5.3. 
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Abstract. In this paper, we introduce a new kind of q-Beta operators based on the 
concept of q- integers. We estimate the moments of these operators and investigate the 
weighted statistical approximation properties. We also establish a local approximation 
theorem and obtain the estimation of the convergence rate of the operators. 

Keywords: (/-integers, q-Bcta operators, weighted statistical approximation, rate of 
convergence. 

2000 Mathematics Subject Classification: 41A10, 41A25, 41A36. 

1 Introduction 

In recent years, the applications of (/-calculus in the approximation theory became a 
hot reseach topic. Since the (/-Bernstein polynomials were introduced by Phillips [13] in 
1997, many researches have been presented on this topic [1, 2, 4, 5, 12, 13]. 

In 1991, Mazhar [11] defined and studied some approximation properties of the follow- 
ing sequence of linear positive operators: 



The sequence of operators (1) is a kind of Beta type operators. Though the application 
of (/-calculus in approximation theory is an active topic, it seems there are few papers 
mentioned about the q analogue of these operators defined in (1). Inspired by Aral and 
Gupta [1], who defined a generalization of g-Baskakov type operators using (/-Beta integral 
and obtained some important approximation properties, we propose the q analogue of this 
kind of Beta type operators. 

* Corresponding author. 




n > 1, x > 0. 



(1) 
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Before introducing the operators, we mention certain definitions based on g-integers, 
details can be found in [8, 9] . For any fixed real number 0 < q < 1 and each nonnegative 
integer k, we denote g-integers by [k] q , where 



^i; 



[ k, 9=1. 

Also q- factorial and g-binomial coefficients are defined as follows: 



[k]J 



[k] q [k-l] q ...[l} q , = 1,2,...; 
1, k = 0, 



n 
k 



[k] q \[n-k] q \ 



, (n>k>0). 



The g-improper integrals are defined as (see [10]) 

foo/A 00 



roof A 00 / „n\ „n 

J o f(x)d q x = (l-q)Y,f[ q i ) q X , A>0 



provided the sums converge absolutely. 
The g-Beta integral is defined by 

poo/A t-1 

B q (t; s) = K(A; t) / — d q x, (2) 

JO {1 1 x )q 

where K(x; t) = i ^ T x t (l + ±)*(1 + x)J"* and (a + 6) J = nj=o(a + Q j b), r > 0. 
In particular for any positive integer m, n 

n(n-l) Y r,( TYl)Y r,( Tl) 

K(x,n) = q^- A , K(x,0) = l and BJm;n)= "\ ' q{ ' (3) 

T q {m + n) 

where T q (t) is the g-Gamma function satisfing the following functional equations: 

r q (t + i) = [t] q T q (t), ryi) = i. 

(see [4]). 

For / G C[0, 00), q £ (0, 1) and n > 1, n G N, we introduce a kind of (/-Beta operators 
L n;q (f;x) as 



[2n] 9 ! (g n x) n+1 t"' 1 
M«/![™ -!]<?! X (g"x + 0c 



L n<q (f;x) = ^ T7? - -j— j / - - ; ,. 2n+1 f(t)d q t. (4) 



Note that for q — > 1 , L nl -(/;x) become the operators defined in (1). 

2 Some preliminary results 

In order to obtain the approximation properties of the operators L ni? , we need the 
following lemmas: 
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Lemma 2.1. For any k G N, k < n and q G (0, 1), we have 



9 2 [n],![n-l] g ! 



Proof. Using the properties of g-Beta integral, we have 



W ' j " [n] ff ![n-l] s ! 7 0 (^s + t)^ 



n+fc-l 



r fej rf f_ 

N,![n-1],! 7o f 1+ 0 2n+1 'W 1 * 



[2n] g ! (^) 
-1],! 

[2n] q \ (q n xf q-^r- B q (n + k; n - k + 1) 
[n] ? ![n-l] g ! if(^;n + fe) 

[2w] q ! {q n x) k q^ 11 [ n + k- l] g \[n - k] q \ 
[n + k-l\ q \[n-k\ q [ xk 



fc(fc-i) 

q 2 [n] 9 ![n-l]g! 



Lemma 2.1 is proved. □ 
Lemma 2.2. The following equalities hold: 

L ni? (l;x) = l, L n:q (t;x) = x, L n>q {t 2 ;x) = ™ + 1 * x 2 , (6) 

^n,g ((* ~ x) 2 ;x) = 1 + q X 2 , (7) 

Proof. From Lemma 2.1, take k = 0, 1, 2, we get (6). Since L ni9 ((i — x) 2 ; x) = L nA {t 2 ; x) — 
2xL n:q (t;x) + x 2 , using (6), we obtain (7) easily. □ 

Remark 2.3. Let n G N and x G [0, oo), then for every q G (0, 1), 6y Lemma 2.2, we have 

L n>q (t-x;x) = 0. (8) 



3 Weighted statistical approximation properties 

In this section, we present the statistical approximation properties of the operators 
L n ,q by using a Korovkin-type theorem proved in [6]. 

Let N be the set of all natural numbers and let K be a subset of N. The density of 
K is defined by S(K) := lim n - Ylk=i Xi<(k) provided the limit exists, where xk is the 
characteristic function of K. A sequence x := {x n } is called statistically convergent to a 
number L, if for every e > 0, 8{n G N : \x n — L\ > e} = 0. Let A := (a,j n ),j, n = 1,2, ... be 
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an infinite summability matrix. For a given sequence x := {x n }, the A— transform of x, 
denoted by Ax := ((Ax)j), is given by (Ax)j = YlkLi a jnX n provided the series convergence 
for each j. We say that A is regular if lim n (Ax)j = L whenever limx = L. Assume 
that A is a non-negative regular summability matrix. A sequence x = {x n } is called 
^4-statistically convergence to L provided that for every e > 0, lim.,- Yl n -\x n -L\>e a 3 n = 0- 
We denote this limit by stA — fim n x n = L (see [7]). For A = C\, the Cesaro matrix of 
order one, ^-statistical convergence reduces to statistical convergence. It is easy to see 
that every convergent sequence is statistically convergent but not vice versa. 

A real function p(x) is called a weight function if it is continuous on R and lim p(x) = 

|x|— mx> 

oo, p(x) > 1 for all i£i Let (see [12]) 

B p (M.) := {/ : R — > R : |/(ar)| < Mfp(x), Mf is a positive constant depending only on /}, 
C P (R) := {/ G S p (R) : / is continuous on R}. 

Endowed with the norm || • || p , where ||/|| p := sup^^y-, B p (M) and C p (R) are Banach 
spaces. 

Using A— statistical convergence, Duman and Orhan proved the following Korovkin- 
type theorem. 

Theorem 3.1 (see [6]). Let A = (a jn ) be a nonnegative regular summability matrix and 
let L n be a sequence of positive linear operators from C P1 (M) into B p2 (R), where p\ and 
p 2 satisfy 

lim #T = 0, 

|x|-«50 P2{X) 



then 



if and only if 



st A - lim | \L n f - f\ \ P2 = 0 for all f G C pi 



stA — lim \\L n F v — F v \\ pi = 0 for all v = 0, 1, 2, 



where F v = ^0-,v = 0,1,2. 

We consider the weight functions pi(x) = 1 + x 2 , p2(x) = 1 + x 2+a , a > 0. Further 
more, we consider a sequence q := {q n } for 0 < q n < 1 satisfying 

st — limg„ = 1, (9) 

n 

, , r. r i, f I/ 2 ! i/n = m 2 ,(m = 1,2,3...) 

for example, define the sequence q = \q n \ by q n = < , , , , . „ 

e 1/n (1 - ±) ; ifn / 

(see [5]). We can deduce that it satisfies the conditions (9) for statistically convergence 
but it does not work for ordinary case. 

If ej = t l , t 6 M + , i = 0, 1, 2, ... stands for the ith monomial, then we have 
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Theorem 3.2. Let q := {q n } be a sequence satisfying (9), then for allf £ C pi (R. + ), we 
have 

st-\im\\L n:q J-f\\ p2 = 0. (10) 

Proof. Obviously, 

st - lim||L n) q n (e 0 ) - e 0 || Pl =0, st - lim ||-L n , g „(ei) - ei|| Pl = 0. 
By Lemma 2.2, we have 

\L n , qn (e 2 ;x)-e 2 (x)\ _ qn [n-i\ qn x < 1 + q™ 



l + X 2 l + X 2 Qn[n-l]g n ' 

Now for a given e > 0, let us define the following sets: 

U:={k: || We 2 ) - e 2 \\ Pl > e}, U\ := \k : * + 9 * > A . 

Then one can see that U C Ui, so we have 

5{k < n : \\L kq (e 2 ) - e 2 || pi > e} < 5 (fc < n : ) + gfc > el . 

I Qk[K-l\ qk J 

1 + q n 

Since st — limg n = 1, we have st — lim — = — — = 0, which implies that the right-hand 

n n q n [ n -l\ qn 

side of the above inequality is zero, we have 

st - lim||L n9n (e 2 ) - e 2 \\ Pl = 0. 

n 

Then the proof of Theorem 3.2 is obtained by Theorem 3.1 with A = Ci, where C\ is a 
Cesaro matrix of order one. □ 



4 Local approximation 

In this section we establish direct and local approximation theorems in connection with 
the operators L ntq (f;x). 

We denote the space of all real valued continuous bounded functions / defined on the 
interval [0,oo) by Cb[0,oo). The norm || • || on the space Cb[u,oo) is given by ||/|| = 
sup{|/(x)| : x e [0,oo)}. 

Further let us consider Peetre's K— functional: 

K 2 (f;S)= inf : 2 {||/-<7ll+<*ll5"ll}, 

where 5 > 0 and W 2 = {g G C B [0,oo) : g',g" G C B [0,oo)}. 

For / G Cb[0, oo), the modulus of continuity of second order is defined by 

a* (/;*)= sup sup \f( x + 2h)-2f(x + h) + f(x)\. 

0<h<5 xe[0,oo) 
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From [3, p. 177], there exists an absolute constant C > 0 such that 

if 2 (/;5)<Cu; 2 (/;V5), 5>0. (11) 
Our first result is a direct local approximation theorem for the operators L n>g (/; x). 
Theorem 4.1. For q G (0, 1), x € [0, oo) and / G Cs[0, oo), we /iaue 



IW/;x)-/(x)| <Cw 2 /; 



1 + 



2g[n - 1], 



-x 



(12) 



where C is a positive constant. 

Proof. Let 5 G VF 2 , by Taylor's expansion, we have 

g{t) = g{x) + g {x){t - x) + j (t - u)g"(u)du, ar,ie[0,oo). 

J X 

Using (8), we get 

L n ,q(g; x) = g(x) + L nA (^j (t- u)g"(u)du; . 

Thus, we have 

L n , q {^J (t- u)g"(u)du;. 



\L n ,q{g;x) -g(x) 



< L n ,q 



[\t-u)\g"(u)\di 

J X 



;x 



<L n>g ((t-x) 2 -x)\\g''\\ = 4±^ r x 2 \\g'% 



q[n - 1] 

On the other hand, using Lemma 2.2, we have 

[2n] q \ {q n x) n+l q^ 1 f°°/ A t n ~ l 



\L niq (f;x)\ < 



\f(t)\d q t< 



[n\ q \[n-l\ q \ J 0 (^x + t)f +1 
Now (13) and (14) imply 

\L n;g (f;x) - f(x)\ < \L n>q (f-g;x)-(f-g)(x)\ + \L n!q (g;x)-g(x 

^ oil t lli 1 + 9™ 2n //m 

< 2 / -g\\ + — x \\g \\. 

q[n-l\ q 

Hence, taking infimum on the right hand side over all g 6 W 2 , we get 



(13) 



(14) 



\L n!q (f;x)-f(x)\<2K 2 (f; 
By (11), for every q G (0, 1), we have 

\L n:q (f;x)-f(x)\<Cu 2 
This completes the proof of Theorem 4.1. 



1 + 



2 9 [ra-l], 



1 + 



-x 



2q[n - 1], 



-x 



□ 



Remark 4.2. Let q = {q n } be a sequence satisfying 0 < q n < 1 and hm q n = 1, we /iave 

n^oo 

1 + g n 

lim p — — = 0, this gives us the point-wise rate of convergence of the operators 

n-»oo 2q n [n - l\ qn 

L n,qM^) t0 f{x). 
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5 Rate of convergence 

Let B x 2[0,oo) be the set of all functions / defined on [0, oo) satisfying the condition 
\f(x)\ < M f (l+x 2 ), where M f is a constant depending only on /. We denote the subspace 
of all continuous functions belonging to B x 2[0, oo) by C7 x 2[0,oo). Also, let C* 2 [0,oo) be 

f( x ) 

the subspace of all functions / G C x 2[0, oo), for which lim ~ is finite. The norm on 

x^oo 1 + x z 

\f(x)\ 

C* 2 [0,oo) is ||/||a;2 = sup 2- We denote the usual modulus of continuity of / on 

the closed interval [0, a], (a > 0) by 

uJ a (f;S)= sup sup \f(t)-f(x)\. 

\t-x\<6 x,te[o,a] 

Obviously, for function / G C x 2[0, oo), the modulus of continuity oj a (f; 5) tends to zero. 

Theorem 5.1. Let f G C x 2[0,oo), q G (0, 1) and w a +i(/;<5) be the modulus of continuity 
on the finite interval [0, a + 1] C [0, oo), where a > 0. Then we have 

12M f a 2 (l + a 2 ) ( V2a \ 

\\LnM) ~ J\\c[o,a] < -r — 7] + 2w «+ 1 t> i r ii • ^ 15) 

q[n-l\ q y yjq[n-\\ q j 

Proof. For x G [0, a] and t > a + 1, we have 

|/(t) - < A*)(2 + x 2 + t 2 ) < M/[2 + 3x 2 + 2(t - x) 2 ], 

hence, we obtain 

\f(t)-f(x)\<6M f (l + a 2 )(t-x) 2 . (16) 
For x G [0, a] and i < a + 1, we have 

|/(t)-/(s)|< Wa+ i(/;|*-z|) < (l + ^^)u} a+1 (f;S), 5 > 0. (17) 



From (16) and (17), we get 

\f(t) - f(x)\ < 6M f (l + a 2 ){t - x) 2 + + 1^1) u a+1 (/; 5). (18) 

For x G [0, a] and £ > 0, by Schwarz's inequality and Lemma 2.2, we have 

\L ntq (f;x) - f{x)\ 

< L n , q (\f(t)-f(x)\;x) 

< 6M/(1 + a 2 )L nyq {{t - x) 2 ; x) + oj a+1 {f; 5) (l + ^ L n , q ((t - x) 2 ; x) 
^ 12M f a 2 (l + a 2 ) ^ n / Jia \ 



q[n-l] Q \ 5^q[n-l\ q ) 

by taking 5 = ,^ 2a , we get the assertion of Theorem 5.1. □ 

y/q[n-l] q 
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Abstract. Let K be a, nonempty closed bounded convex subset of an arbi- 
trary smooth Banach space X, S : K — > K be nonexpansive and T : K — > K 
be continuous strictly hemicontractive mappings. Under some conditions 
we obtain that the iteration scheme due to Agarwal et al. converges strongly 
to the common fixed point of S and T and the iteration scheme is almost 
common-stable on K. 

2010 Mathematics Subject Classification: 47J25. 

Key words and phrases: Agarwal et al. iteration schemes, nonexpansive 
mappings, strictly hemicontractive mappings, smooth Banach spaces. 



I. Introduction 

Chidume [4] established that the Mann iteration sequence converges strongly 
to the unique fixed point of T in case T is a Lipschitz strongly pseudocontrac- 
tive mapping from a bounded closed convex subset of L p (or l p ) into itself. Schu 
[19] generalized the result in [4] to both uniformly continuous strongly pseudo- 
contractive mappings and real smooth Banach spaces. Park [17] extended the 
result in [4] to both strongly pseudocontractive mappings and certain smooth 
Banach spaces. Rhoades [18] proved that the Mann and Ishikawa iteration 

* Corresponding author. 
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methods may exhibit different behaviors for different classes of nonlinear map- 
pings. Harder and Hicks [7], [8] revealed the importance of investigating the 
stability of various iteration procedures for various classes of nonlinear map- 
pings. Harder [6] established applications of stability results to first order 
differential equations. Afterwards, several generalizations have been made in 
various directions (see for example [2], [3], [5], [10]- [14], [20]). 

Let K be a nonempty closed bounded convex subset of an arbitrary smooth 
Banach space X, S : K — > K be nonexpansive and T : K — > K be continuous 
strictly hemicontractive mappings. Under some conditions we obtain that the 
iteration scheme due to Agarwal et al. [1] converges strongly to the common 
fixed point of S and T and the iteration scheme is almost common-stable on 
K. 

2. Preliminaries 

Let K be a nonempty subset of an arbitrary Banach space X and X* be 
its dual space. The symbol F(T) stand for the set of fixed points of T (for a 
single- valued map T : X — > X, x e X is called a fixed point of T iff Tx = x). 
We denote by J the normalized duality mapping from X to 2 X * defined by 

j(x) = {rex*:(x,n = \\x\\ 2 = \\n\ 2 }. 

Definition 2.1. For every e with 0 < e < 2, we define the modulus 5(e) of 
convexity of X by 

5(e) = inf jl - t±M : ||x|| < 1, ||y|| < 1, \\x - y\\ > e j . 

The space X is said to be uniformly convex if 5(e) > 0 for every e > 0. 

Definition 2.2. A Banach space X is called uniformly smooth if A* is uni- 
formly convex. It is known that if X is uniformly smooth, then J is uniformly 
continuous on bounded subsets of X. 

Let T : K — > A be a mapping. 

Definition 2.3. The mapping T is called Lipshitzian if there exists L > 0 
such that 

||T:r-Ty|| < L Hz- 
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for all x, y G K. If L — 1, then T is called nonexpansive and if 0 < L < 1, T 
is called contraction. 

Definition 2.4. ([5], [21]) (1) The mapping T is said to be pseudocontractive 
if 

\\ x ~~ u\\ ^11 % — y + r{{I — T)x — (I — T)y \\ 

for each x,y G K and for all r > 0. 

(2) The mapping T is said to be strongly pseudocontractive if there exists 
t > 1 such that 

\\x-y\\ < \\(l + r )(x-y)-rt(Tx-Ty)\\ 

for all x,y G K and r > 0. 

(3) The mapping T is said to be local strongly pseudocontractive if for each 
x G -D(T) there exists t x > 1 such that 

II ^ — < \\(l + r)(x-y) - rt x (Tx - Ty)\\ 

for all y G -K" and r > 0. 

(4) The mapping T is said to be strictly hemicontractive if -F(T) 7^ 0 and 
there exists t > 1 such that 

||^ — q\\ < ||(1 + t){x — q) — rt(Tx — q)\\ 

for all x G K, q G F(T) and r > 0. 

Clearly, each strongly pseudocontractive mapping is local strongly pseudo- 
contractive. 

Let K be a nonempty convex subset of a normed space X. 
(A) For arbitrary x\ G the sequence {x n }^ =1 defined by 

\x n+ i = (1 - a n ) x n + a n Ty n , 

[y n = (1 - (3 n )x n + (3 n Tx n , n > 1, 

where {a n }^ 1 and {/3 n }^i are sequences in [0, 1] is known as the Ishikawa 
iteration scheme [9]. 

If f3 n = 0 for n > 1, then the Ishikawa iteration scheme becomes the Mann 
iteration scheme [15]. 
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(B) For arbitrary x\ G if, the sequence {i n }™ =1 defined by 

{x n+1 = (1 - a n ) Tx n + a n Ty n , 
y n = (1 - /3 n ) x n + (3 n Tx n , n>l, 

where {a n }™ =1 and {(3 n }^ =1 are sequences in [0, 1] is known as the Agarwal et 
al. iteration scheme [1]. 

Definition 2.5. ([6] -[8]) Let if be a nonempty convex subset of X and T : 
if — > if be a mapping. Assume that x\ & K and x n+ i = f(T,x n ) defines an 
iteration scheme which produces a sequence {rcn}^ C if. Suppose, further- 
more, that {i n }™ =1 converges strongly to q G F(T) ^ 0. Let {?/n}£!Li be any 
bounded sequence in if and put e n = \\y n +i ~ f(T,y n )\\ ■ 

(1) The iteration scheme {x n }^ 1 defined by x n +i = f(T,x n ) is said to be 
T -stable on if if lim^oo e n = 0 implies that lim^oo y n = q, 

(2) The iteration scheme {x n }™ =1 defined by x n+ i = f(T,x n ) is said to be 
almost T -stable on if if Y^n=i e n < oo implies that lim n _ ( . 00 y n = q. 

It is easy to verify that an iteration scheme {i n }™ =1 which is T-stable on if 
is almost T-stable on if. Osilike [16] proved that an iteration scheme which is 
almost T-stable on if may fail to be T-stable on if. 

Definition 2.6. Let if be a nonempty convex subset of X and T : if — > 

if, i — 1, 2, . . . , k be a finite family of k mappings. Assume that xi G if 
and x n+ i = /(Ti, T 2 , . . . , T&, x n ) defines an iteration scheme which produces a 
sequence {x n }^L 1 C if. Suppose, furthermore, that {i n }™ =1 converges strongly 
to q G fXiTO) ^ 0- Let {y n }- =1 be any bounded sequence in if and put 



(1) The iteration scheme {x„}™ =1 defined by x n+ i = /(Ti,T 2 , . . . ,T k , Xjij is 
said to be common-stable on if if lim^oo e n = 0 implies that lim^oo y n = q, 

(2) The iteration scheme {x n }^L 1 defined by x n+ i = /(Ti,T 2 , . . . ,Ts,x n ) is 
said to be almost common- stable on if if X^li £ n < oo implies that lim^oo y n 



We need the following results. 

Lemma 2.7. ([17]) Let X be a smooth Banach space. Suppose that one of the 
following holds: 

(a) J is uniformly continuous on any bounded subsets of X, 




Vn+i - /(Ti, T 2 , . . . , Tfc, y„) || . 



= 5- 
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(6) ( x - y,j(x) - j(y)) < \\x -y\\ 2 for all x,y G X, 

(c) for any bounded subset D of X, there is a function c : [0, oo) — > [0, oo) 
such that 

Re(x-y,j(x) - j(y)) < c(\\x - y\\) 
for all x,y G D, where c satisfies lim t _ >0 + -7^ — 0. 

Then for any e > 0 and any bounded subset K, there exists 5 > 0 such that 

\\sx+ (1 - s)y\\ 2 < (1 -2s) \\y\\ 2 + 2sRe(x,j(y)) + 2se (2.1) 
for all x,y G K and s G [0, 5} . 

Remark 2.8. (1) If X is uniformly smooth, then (a) in Lemma 2.7 holds. 
(2) If X is a Hilbert space, then (6) in Lemma 2.7 holds. 

Lemma 2.9. ([5]) Let K be a nonempty subset of a Banach space X and 
T : K — > X be a mapping with F(T) 7^ 0. Then T is strictly hemicontractive 
if and only if there exists t > 1 such that for all x G K and q G F(T), there 
exists j(x — q) G J(x — q) satisfying 

Re(x-Tx,j{x-q)) > (l - r 1 ) \\x - q\\ 2 . (2.2) 

Lemma 2.10. ([14]) Let K be a nonempty subset of an arbitrary normed linear 
space X and T : K — > X be a mapping. 

(a) If T is a local strongly pseudocontractive mapping and F(T) 7^ 0, then 
F(T) is a singleton and T is strictly hemicontractive. 

(b) IfT is strictly hemicontractive, then F(T) is a singleton. 

Lemma 2.11. ([14]) Let {a n }^ =1 , {b n }^ =1 and {c n }^ =1 be nonnegative real 
sequences and e' > 0 be a constant satisfying 

a n +i < (1 - b n )a n + e'b n + c n , n> 1, 

where ^2^ =1 b n = 00, b n < 1 for alln > 1 and Y^=i c n < 00. Then lim sup n ^ oc a. 

Remark 2.12. If c n = 0 for each n > 1, then Lemma 2.11 reduces to Lemma 
1 of Park [17]. 
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3. Main Results 
We now prove our main results. 

Theorem 3.1. Let X be a smooth Banach space and any one of the Axioms 
(a) -(c) of Lemma 2.7 holds. Let K be a nonempty closed bounded convex 
subset of X, S : K — > K be nonexpansive and T : K — > K be continuous 
strictly hemicontractive mappings satisfying 

\\x - Sy\\ < \\Sx - Sy\\ and \\x - Ty\\ < \\Tx - Ty\\ (C) 

for all x,y G K. Suppose that {a n }^ =1 and {f3 n }^ =1 are any sequences in [0, 1] 
satisfying conditions 

(i) Hindoo a n = 0, 

(ii) f3 n < a n , 

(iii) E^=i a n = oo. 

Suppose that {a; n }^i is the sequence generated from arbitrary x\ G K by 



x n+1 = a n Tx n + (1 - a n )Sy n , 

y n = (1 - f3 n )x n + f3 n Tx n) n>\. 



(3.1) 



Let {zn}^^ be any sequence in K and define {en}^^ by 

e n = \\z n +i ~Pn\\ , n > 1, (3.2) 

where 



p n = a n Tz n + (1 - a n )Sw n , 

W n = (1- (3 n )z n + PnTz n , 71 > 1. 



(3.3) 



Then (a) the sequence {i n }™ =1 converges strongly to the common fixed point q 
of S and T, 

(b) YlnLi £ n < 00 i m pti es that lim^oo z n = q, so that {i n }™ =1 is almost 
common-stable on K . 

Proof. It follows from Lemma 2.10 that F(T) is a singleton. Thus F(S) n 
F(T) ± 0. 
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ALMOST STABILITY OF THE AGARWAL ET AL. ITERATION SCHEME 

Let M — 1 + diam(K). For all n > 1 it is easy to verify that 



max<J sup \\x n - q\\ ,sup \\Tx n - q\\ , sup \\Sy n - q\\ , 

n>l n>l n>l 



sup \\z n - q\\ ,sup \\p n - q\\,e r 

n>l n>\ 



(3.4) 



< M. 

Consider 

\\%n VnW \\*Kn (1 ftn)%n ftnT X n \\ 

< 2M(3 n 
-> 0 

as n — > oo, and the continuity of 5 and T imply that 

lim ||Tx n - Ty n || = 0 = lim \\Sx n - Sy n \\ . (3.5) 

n— >oo n-^oo 

Now by using condition (C), we have 

\\Tx n - Sy n \\ < \\Tx n - Ty n \\ + \\Ty n - Sy n \\ 

<2\\Tx n -Ty n \\ + \\Sx n -Sy n \\ (3.6) 
-> 0 

as n — > oo, which implies that 

\\j(Sy n -q)-j(x n -q)\\^0 (3.7) 

as n — > oo because ||a; n — *S'2/ Tl || < ||Tx n — — > 0 as n — > oo. 

For given any e > 0 and the bounded subset .fT, there exists a 8 > 0 satisfying 
(2.1). Note that by (i), (ii) and (3.7) there exists an iV such that 

1 1 

«n < 777; 7T, Pn < 



2(1-*)' " 2(l-fc)' (3 _ g) 
\\j(Sy n -q)-j(xn-q)\\<-^, n>N, 
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(3.9) 



8 SHIN MIN KANG AND ARIF RAFIQ 

where k — | and t satisfies (2.2). Using (3.1), Lemma 2.7 and Lemma 2.9, we 
infer that 

= ||(1 - (3 n )x n + P n Tx n - qf 

= \\(l-f3 n )(x n -q) + f3 n (Tx n -q)\\ 2 

< (1 - 2/3 n ) - g|| 2 + 2(3 n Re{Tx n - q,j(x n - q)) + 2ef3 n 

< (1 - 2/3 n ) - g|| 2 + 2A;/3 n - qf + 2e/3 n 
= (1 - 2(1 - £;)/?„) \\x n -q\\ 2 + 2e(3 n , 

and 

||x n+ i - g|| 2 

= \\a n Tx n + (1 - a n )Sy n - g|| 2 
= ||a n (Tx n - q) + (1 - Q! n ) (Sy n - q)\\ 2 

< (1 - 2a n ) ||Sty n - g|| 2 + 2a n Re(Tx n - g,j(Sy„ - g)) + 2ea n 

< (1 - 2a n ) ||y„ - g|| 2 + 2a n Re(Tx n - g, j(^« - g)) 
+ 2a n Re(Tz n - q,j(Sy n - q) - j(x n - g)) + 2ea n 

< (1 - 2a n ) \\y n - q\\ 2 + 2ka n \\x n - q\\ 2 
+ 2a n \\Tx n - q\\ \\j(Sy n - q) - j(x n - q)\\ + 2ea n 

< (1 - 2a n ) - g|| 2 + 2ka n \\x n - q\\ 2 
+ 2Ma n \\j{Sy n - q) - j(x n - g)|| + 2ea n , 

and substitution of (3.9) in (3.10) yields 
\\x n +i -gf 

< (1 - 2a n )(l - 2(1 - k)p n ) \\x n - g|| 2 + 2ka n \\x n - g|| 2 
+ 2e(3 n (1 - 2a n ) + 2 (M ||j(^„ - q) - j(x n - q)\\ + e) a n 

< (1 - 2(1 - k)a n ) \\x n -q\\ 2 + 5ea n 

for all n > N. 
Put 

a„ = ||a;„ - g|| 2 , b n = 2(1 - fc)a„, e ' = and Cn = °' 



(3.10) 



(3.11) 
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ALMOST STABILITY OF THE AGARWAL ET AL. ITERATION SCHEME 9 

it follows from (3.11) that 

a n +i < (1 - b n )a n + e'b n + c n , n> 1. 

Observe that Yln°=i b n = oo and b n < 1 for all n > 1. It follows from Lemma 
2.11 that 

2 3e 
hm sup \\x n — q\\ < 



l-k 

Letting e — > 0 + , we obtain that limsup^^ \\x n — g|| 2 = 0, which implies that 
x n — > q as n — > oo. 
Similarly we also have 

Ibn - < (1 - 2(1 - k)a n ) \\z n - qf + 6ea n (3.12) 

for all n > N. 

Suppose that J2^=i £ n < °°- I n view of (3.2) and (3.12), we infer that 

\\Zn+l ~ qf < (\\Z„+1 -p n \\ + \\Pn ~ q\f 

< \\Pn - qf + 2Me n + e 2 n (3.13) 

< (1 - 2(1 - k)a n ) \\z n - q\\ 2 + 6ea n + 3Me n 

for all n > N. 
Put 

a n = \\z n - q\\ 2 , b n = 2(1 - k)a n , e = j— - and c n = 3Me n , 
it follows from (3.13) that 

dn+i < (1 - b n )a n + t'b n + Cn, n> 1. 

Observe that Yln°=i bn = oo, b n < 1 and Xl^i c n < oo for all n > 1. It follows 
from Lemma 2.11 that 

2 3e 
hm sup \\z n — g|| < 



l-k 



Letting e — > 0 + , we obtain that limsup^^ \\z n — g|| 2 = 0, which implies that 
z n — > g as n — > oo. This completes the proof. □ 

Corollary 3.2. Lei X&e a smooth Banach space and any one of the Axioms 
(a) -(c) o/ Lemma 2.7 holds. Let K be a nonempty closed bounded convex 
subset of X, S : K ^ K be nonexpansive and T : K —> K be Lipschitz strictly 
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10 SHIN MIN KANG AND ARIF RAFIQ 

hemicontractive mappings satisfying the condition (C). Suppose that {a n }^ =1 
and {Pn}^^ are any sequences in [0,1] satisfying the conditions (i)-(iii). 

Suppose that {x n }^ =1 is the sequence generated from an arbitrary X\ G K 
by (3.1). Let {-2 n }^Li be any sequence in K and define {En}^^ by (3.2) with 
(3.3). 

Then (a) the sequence {i n }™ =1 converges strongly to the common fixed point q 
of S and T, 

(b) YlnLi £ n < 00 ^mp/ies that Hindoo z n = q, so that {:r n }^Li ^ s almost 
common-stable on K . 

Remark 3.3. In main results, the condition (C) is not new and it is due to 
Liu et al. [10]. 

Remark 3.4. It is well known that every contractive mapping is strongly 
pseudocontractive, so our results are more general in comparison to the results 
of Agarwal et al. [1]. 

Remark 3.5. (1) Theorem 3.1 can also be proved for the same iterative scheme 
with error terms. 

(2) The known results for strongly pseudocontractive mappings with fixed 
points are weakened by the strictly hemicontractive mappings. 

(3) Our results hold in arbitrary smooth Banach spaces, where as other 
known results are restricted for L p (or l p ) spaces and g-uniformly smooth Ba- 
nach spaces. 
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Abstract 

The concept of generalized 5-convergence of net (a;,),^/ on fuzzy directed- 
complete posets (for short, fuzzy dcpos) is proposed and its relationship with 
the generalized Scott topology is studied. It is shown that for an arbitrary fuzzy 
dcpo, the generalized 5-convergence is topological if and only if the fuzzy dcpo 
is continuous. 

Key words: Fuzzy dcpo, Generalized Scott topology, Generalized 
5-convergence 
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1. Introduction 

In classical domain theory, as the main research object, domain is some 
kind of sets with a special order structure, elements of the sets are usually 
interpreted as the quantity which can make some abstract computation. And 
the order relation between the elements in domain is interpreted as how much 
computational information is contained between elements. The classical domain 
theory can provide semantic mathematical model for sequential programming 
languages and algorithms. However, with the rapid development of computer 
and network, more and more demands on concurrent semantics, simple two 
binary order can't reflect the difference between the calculated quantity. At 
present, quantitative domain theory can be used as attempts in the research of 
domain model for concurrent semantics, this research is also very active [4,7,8]. 
Recently, the literature [1-3] introduced fuzzy posets as the basic framework for 
quantitative domain theory. Then the notions of fuzzy dcpo, continuous fuzzy 
dcpo, generalized Scott topology and fuzzy complete lattice are introduced and 
some good results about this topic are obtained [9-12]. 
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As is well know, in classical domain theory, the Scott topology can be char- 
acterized by the 5-convcrgcncc. Therefore, based on the above work, this paper 
is devoted to extending 5-convergence to many- valued setting. 

The main idea of fuzzy ideal and generalized Scott topology defined in [10] 
comes from the literature [4] . As shown in [4] , this kind of definition of ideal and 
Scott topology is appropriate for quantitative domain theory including ordinary 
domain theory, metric domains, ultrametric domains and other examples, such 
as probabilistic domains and structure spaces, which may be useful in program- 
ming language semantics. As a result, our work is not only a generalization of 
classical domain theory, but also provides a reference for the studies of other 
quantitative domain systems. 

The content of the paper is arranged as follows. In section 2, we recall 
some notions and properties known. In section 3, we define the generalized S- 
convergence and exploit its relationship with the generalized Scott topology on 
fuzzy depos. It is shown that for an arbitrary fuzzy depo, the generalized S- 
convergence is topological if and only if the fuzzy depo is continuous. Moreover, 
we show that the topology induced by the class of the generalized 5-convergence 
on a fuzzy depo is exactly the generalized Scott topology. Finally, some conclu- 
sions are proposed in section 4. 

2. Preliminaries 

Suppose that L is a complete lattice and p,q € L. As defined in [5], p is 
said to well way below q, denoted by p <^ q, if for any subset A C L, q < VA 
implies p < r for some r E A. The relation <gc is called multiplicative if for any 
p,q,r € L, p q and p <gC r imply p q Ar. 

Suppose that L is a completely distributive lattice and p e L. If p = a V b 
implies p = a or p = b for any a,b E L, then p is said to be V-irreduciblc. 

Suppose that L is a frame (or complete Heyting algebra) and a,b & L. We 
define a — > b = \J{c e L\a A c < b}. 

Throughout this paper, L denotes a frame. The following definitions and 
theorems can be found in [10-12]. 

2.1. Fuzzy depos 

Definition 2.1. A fuzzy poset is a pair {X, e) such that X is a set and e : X x 

X — ► L is a mapping, called a fuzzy order, that satisfies for every x,y,z € X, 

(1) e(x,x) = T; 

(2) e(x,y) Ae(y,z) < e(x,z); 

(3) e(x,y) — e(y,x) — T implies x = y. 

Dual to the logical correspondence in [6], let (X, e) be a fuzzy poset, x, y e X, 
a,b e L, {pi\i G /} a family of elements of L, and A e L x . Then: 

e(a:,») = Ia;<yl ) A(x) = fx e A}, 1 = [True], (a A 6) = Ia&&J, 

a -> 6 = [a =► &J, f\ Pi = lVi:I. Pi l \f Pi = $Bi : I.jhI (a < &) = [a h &]. 

iei iei 

2 
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Definition 2.2. Let (X, e) be a fuzzy poset. ip E L x is called a fuzzy directed 
set on X if 

(1) there exists x € X such that 0 <p(x); 

(2) for any X\,x 2 E X, a\, a 2 , a € L with a x <p(xi), a 2 <^ <p( x 2) and a 

1, £/iere is x £ X such that a <^ f(x), ax <^ e(xi,x), and a 2 e{x 2l x). 

Definition 2.3. Let (X, e) be a fuzzy poset. tp E L x is called a fuzzy lower set 
if for any i,i/£l, <p{ x ) A e(y, x) < tp(y) . 

If tp is a fuzzy directed set and fuzzy lower set, then we call tp a fuzzy ideal. 
The set of all fuzzy directed sets on X is denoted by D L (X) and the set of all 
fuzzy ideals on X is denoted by Il(X). 

Define e : L x x L x — > L as e{tp,ip) = f\ xeX f( x ) — * VK^Oj f° r anv € 
L x . 

Definition 2.4. Le£ (X, e) &e a /wzz?/ posei, x 0 E X and tp E L x . Consider the 
following conditions: 

(1) for any x E X, </?(:r) < e(x, y); 

(2) for any y E X, /\ xeX tp{x) -> e(x,y) < e(x 0 ,y). 

x 0 is caZZed a join of <p, denoted by Up, if it satisfies (1) and (2); x 0 is called 
an upper bound of tp if it satisfies (1). 

Definition 2.5. Let (X,ex) and (Y, ey) &e /ttzzy posets, f : X — > Y a 
mapping. Then f is called a fuzzy monotone mapping if for any x,y E X, 
ex(x,y) < e Y {f{x),f{y)). 

Let (X, ex) and (Y, ey) be fuzzy posets, / : X — > Y a mapping. Then the 
fuzzy forward powerset operator /~* : L x — ► L Y is defined by f~*{f>){y) = 
Vxex(<fi( x ) A e Y (y, f(x))) for any tp E L x and y E Y. 

Theorem 2.6. Let (X,ex) and (Y, ey) be fuzzy posets, f : X — > Y a fuzzy 
monotone mapping. Then the following assertions hold: 

(1) for any tp E L x , f^(tp) is a fuzzy lower set on Y; 

(2) iftp E D L {X), then f^{tp) E L L (Y). 

(3) iftp E D L (X), then | tp E L L (X). 

Definition 2.7. A fuzzy poset (X, e) is called a fuzzy directed- complete poset 
(for short, fuzzy dcpo) if any fuzzy directed set on X has a join. 

Definition 2.8. Let (X,e x ) and (Y, ey) be fuzzy dcpos. A mapping f : X — > 
Y is fuzzy Scott continuous if it is fuzzy monotone and for any ip E Dl(X), 

/(LM = □/->)■ 

Lemma 2.9. If (X, e) is a fuzzy dcpo, then I ip = <p> holds for any fuzzy lower 
set tp. 

Proof. For any x E X, it follows J, ip(x) = \J x i eX ^( x ') ^ e { x i x ')) ^ <fi{ x )- On 
the other hand, J. p(x) = Vrr'ex^ 2 -') ^ e ( x > x ')) — V ' x'ex fi x ) = f( x )- Hence, 
we have I tp = p. 

3 
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2.2. Generalized Scott topology 

Let (X, e) be a fuzzy poset. We introduce the following notations for x E X, 
a E L, F C X and ip e i x : 

t° x = {y E X | a « e(a;,y)}, Ja x = {y G X | a < e(x,y)}, |° x = {y e 
X | a «< e(x,y)}, | a x = {y E X \ a < e(x,y)}, |° F = U{Ta x \ x E F}, 
UF = U{Ta x | x E F}, a a (ip) = {x E X\a « <p{x)}. 

Note. t° x and | a a; are exactly Pa(x) and P a (a;) introduced in [10], respec- 
tively. In our opinion the notations of 1° x and | a x are more intuitive. 

Let (X, e) be a fuzzy dcpo and x E X. I a; e L x is denned by J. x(y) = e(y, a;) 
for any y E X . 

Definition 2.10. Let (X,e) be a fuzzy dcpo and U C X.Then U is generalized 
Scott open if for any ip E Dj^X), |J ip £ U implies that there exist a <^ 1 and 
x E X such that a <^ p(x) and | 0 x C [/. T/ie collection of all generalized 
Scott open subsets of X is a topology, called the generalized Scott topology and 
denoted by a e (X) (for short, a e ). The collection of all generalized Scott closed 
subsets of X denoted by T e (X) (for short, T e ). 

Corollary 2.11. Let (X,e) be a fuzzy poset and U C X. Lf U is a generalized 
Scott open set, then for any x E U, there exists a <gC 1 such that | 0 x C U. 

Proof. For any x £ U, it is obvious that I x e Dl(X) and U J. .x = x. Since J7 is 
a generalized Scott open set, there exist a <^ 1 and z E X such that a <?gc e(z, x) 
and t a z C U. Then for any y <G|a £ ; we have a < e(z,x) A e(x,y) < e(z,y), 
which implies to x C| a z QU. 

Corollary 2.12. Let (X,e) be a fuzzy dcpo and 1 £ L, then J.i x C {/ /or any 

xet/er e (X). 

Proof. Suppose li x U, then there exists yo €|i £ such that yo £ X — U E 
<j e (X). Thus there exists 6 1 such that ]b yo Q X — U , which implies 
x E X — U . It is a contradiction. 

Proposition 2.13. Let L be a completely distributive lattice, (X, e) be a fuzzy 
poset and x E X . Then for any b 1, lb x is generalized Scott closed. 

By Proposition 2.11, we know that if 1 1, then ii x is generalized Scott 
closed. 

2. 3. Continuous fuzzy depos 

Definition 2.14. Let (X,e) be a fuzzy dcpo, x,y E X and a E L. Lf for any 

ip E Dl(X), a <IC e(y, Lip) implies that a <IC <p(z) and a e(x,z) for some 
z E X, then x is called L a —way below y, denoted by x <C a y- x is said to be 
L—way below y, denoted by x <Cl y, if for any a <3gC 1, x <C a V- 

Definition 2.15. Let (X, e) be a fuzzy dcpo and B C X. Lf for any x E X, 

there exists tp E Dl{B) such that x — \_\is (p) and a a (iB (p)) 'OLty-a x for 
any a 1, then B is called a basis for X, where is is the embedding of B into 
X and JJ. a x = {y E X\y <C Q x}. 
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Lemma 2.16. Let (X,e) be a fuzzy dcpo and a G L. For any x G X and 
ip G Dl(X) with a e(x, Uip), we have Uip G cl ae (a a (ip)) . 

Proof. Let x G X, ip G Dl(X) with a <IC e(x,Uip) and U be a generalized 
Scott open neighborhood of □<£>. Since [/ is a generalized Scott open set, there 
exist b <HC 1 and z E X such that 6 <gC <p(z) and f & z C U. Furthermore, since 
f E D L (X), there exists w G X such that a <^ ip(u) and b e(z,u), and 
hence U n ffa^) 7^ 0- By the arbitrariness of U, we have U<^ G cl ac (o- a ((f)). 

Proposition 2.17. For any a E L, if(X,e) is a fuzzy dcpo andy E mt crc (t° x), 
£/ien a; <C a y- 

Proof. Since y G mt CTi! (|° a;), there exists b > a such that ff, y C mf CTe (|° 
a;) Ct° a;. Then for any p G L>lW with 6 «S e(y, Lit/?), it follows Uip G int ac {V a 
x) and G d CTe (<7;,(<^)) by Lemma 2.15. Thus we have (Jb((/?)nmt cri! (ta x) ^ 0, 
i.e., there exists z E X such that a < b <p(z) and a e(x,z). Hence, 
x <C a y. 

Definition 2.18. A fuzzy dcpo {X, e) is said £0 be continuous if it has a basis. 

Theorem 2.19. Let L be a completely distributive lattice in which 1 is V '— irreducible 
and is multiplicative, (X, e) a continuous fuzzy dcpo. Then for any 0 7^ 
a <g§; 1 and x G X, § a x = {y G X\x <C a y} is a generalized Scott open set and 
{f|- a a;|a; £l,0^a <sC 1} is a frasis for generalized Scott open sets. 

Theorem 2.20. Let (X,ex) and (Y, ey) be fuzzy depos, f : X — ► Y a fuzzy 
monotone mapping. Then f is fuzzy Scott continuous iff f is topologically con- 
tinuous with respect to the generalized Scott topologies. 

3. Generalized Scott topology convergence 

In this section, we propose the generalized 5-convergence and discuss its 
relationship with the generalized Scott topology. 

Definition 3.1. A net (xi)i e j in a fuzzy dcpo (X, e) is said to generalized S- 
converge to an element x G X if there exists ip G D L (X) such that 

(1) e{x,U<p) = l; 

(2) ip(y) < supi eI infj>ie(y,Xj) for any y G X. 

In this case we say that x is a ^5-limit of (xi) ie j and write briefly x =gs 
lim Xi. Let QS denote the class of those pairs {{xi)nzi,x) such that x =gs lim 
Xi . 

It is clear that for any constant net (xj)jg/ in a fuzzy dcpo {X, e) with 
value x, we have x =gs lim Xi. If (x^azj generalized 5-converges to x, then it 
generalized 5-converges to any y G X with e(y, x) = 1. Thus the £S-limits of a 
net are generally not unique. 

The condition (1) of Definition 3.1 can be interpreted as x < Uip, and con- 
dition (2) can be interpreted intuitively as ip is a set of eventual lower bounds 
of the net (xi) ie j. 

5 
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Example 1 Let X = {T} U {xi,x 2 , ■■■} U {yi,y 2 , ■■■} U {z} and L = {0, 1}. 
We define e : X x X — > L as follows: e(z, T) = e(xj, T) = e{y il z) = e(z, x{) = 
e(yi,Xj) = 1 for any i,j = 1,2,...; e{yi 1 yj) = 1 whenever i < j; otherwise 
e(x, y) = 0. Then we can check that (X, e) is a fuzzy dcpo. Let 



Then it is clear that Uip — z and p G T>l{X). Since e{yj 1 x i ) = 1 and e(z, Xi) = 1 
for any i, j = 1,2,3, we have that the net (xi)i£i generalized 5-converges to 
z. 

Lemma 3.2. Let (X,e) be a fuzzy poset, <p,ip £ L x . If <p(x) < tp(x) for any 
x G X , then I <p(x) <J. ip(x) for any x £ X . 

Proof. For any x G X, it follows J, ip(x) — \f x , e x <fi{x')Ae(x, x') < \J ' x , eX ip(x')A 
e(x,x') =1 tp(x). 

Theorem 3.3. Let (xi) ie i be a net in a fuzzy dcpo (X, e). Then x =gs lim Xi 
iff there exists ip G Il(X) such that 

(1) e(x,U<p) = I; 

(2) ip(y) < sup ieI inf j > i e(y,x j ) for any y G X. 

Proof. Sufficiency. Obviously. 

Necessity. Suppose x =g S lim Xj. Then there exists <p G D L (X) such that 
e(x, Uip) = 1 and ip(y) < supi e iinfj>ie(y,Xj) for any y G X. Let ip(y) = 
supi & iinfj>ie(y,Xj) for any y £ X. Then it is easily checked that ip is a fuzzy 
lower set. By Theorem 2.5 in [10] and Theorem 2.5, we have | ip G Il{X) and 
U<p = U | This implies e(x, U J, (/?) = 1 and J. <^(y) < for any j/elby 
Lemma 3.2. 

Let (X, <) be a dcpo. We define e< : X x X — ► L = {0, 1} as 



for any x,y G X. Then (X, e<) is a fuzzy dcpo by Remark made just after 
Proposition 3.3 in [10]. 

Moreover, we have the following result. 

Theorem 3.4. Let (X,<) be a dcpo. Then x = s lim x, (on (X,<)) iff x =g S 
lim Xi (on (X, e<)). 

Proof. Necessity. Suppose x =$ lim Xj. Then there exists a directed set D 
of eventual lower bounds of net (xi) iei such that x < supD. By Remark made 
just after Proposition 3.3 in [10], we have e<(x,Ux£>) = 1 and xd G Dl(X). 
Next we show Xo{y) < supi e iinfj>ie<(y,Xj) for any y G X. For any y G X, 
it follows y G D or y ^ L>. When y ^ D, i.e., xd(v) = 0, it is obvious that 




x = = 
otherwise 



(1) 




x < y 
x ^ y 



(2) 



G 
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Xd{u) < supi e iinfj>ie<(y, xj). If y G D, i.e., xd(v) = L then there exists i G / 
such that y < Xj for any j > i, which implies e<(y, xj) = 1 for any k > i. Then 
we have SMp ie /in/ :) > i e<(y, Xj) = 1 and hence Xd(u) < sup ie iinfj>ie<(y,Xj) 
for any y £ X. Therefore, we have x =gs hm Xj. 

Sufficiency. Suppose x =gs lim Xj. Then there exists <p G Dl(X) such that 
e(x, Uy>) = 1 and t/?(y) < supi e iinfj>ie<(y,Xj) for any y £ X. By Remark 
made just after Proposition 3.3 in [10], it follows that D = (Ji(tp) = {y G 
X|<^(y) = 1} is a directed set and Uip = VD. Then x < V_D. Next we show 
that D is a set of eventual lower bounds of the net (xj)j £ j. Let y £ D, i.e., 
<^(y) = 1 = supi£jinfj>ie<(y,Xj), which implies there exists i G / such that 
e<(y, Xj) = 1 for any j > i. Then it follows y < Xj for any j > i, which implies 
y is an eventual lower bound of net (xi) iei . By the arbitrariness of y, D is a set 
of eventual lower bounds of the net (xj)i £ j. Therefore, it follows x =5 lim Xj. 

Remark 3.5. Theorem 3.4 means that the generalized 5-convergence on fuzzy 
depos generalizes the 5-convergence on depos. 

Next, we discuss the relation between convergence and topology on fuzzy 
depos. For an arbitrary class C of pairs ((xj)j e /,x) consisting of a net and an 
element of any set X, we denote 

(D(£) — {U C X : whenever ((xj)j £ j,x) G £ and x G U, then x; L £U holds eventually}. 

Clearly, both 0 and X belong to O(C), which is closed under the formation of 
arbitrary unions and finite intersections, that is, (D(£) is a topology on X. 

By Definition 3.1 we know that for any (xj)j £ / G GS, the clement x is a limit 
of the net (xi) ie j with respect to the topology 0{QS). Since 0 and X may be 
the only element of 0{QS), we need to exploit it in detail. 

Lemma 3.6. Let L be a completely distributive lattice in which <gC is multi- 
plicative, (X,e) be a fuzzy depo and U C X. Then U G 0(QS) iff for any 
f G Dl(X), U<p G U implies there exist a <gC 1 and x G X such that a ip(x) 
and | 0 x CU . 

Proof. Necessity. Suppose U G 0{QS) and ip G D L (X) with Uip G {/. Let 
/ = {(x,a) e X x L\a <^ <p(x)} and define a binary relation <j on / by 
(xi,ai) <j (x 2 ,a 2 ) iff ai < a 2 A e(xi,x 2 ). Then <j is reflexive and transitive. 
Since tp G Dl(X), there exists x G X such that 0 <gC and so (x, 0) G /. 
Thus I is nonempty. Suppose (xi,ai), (x 2 ,a 2 ) G /. Choose a'^a^o 1 such 
that o'j <??C ¥?(xi), ai a[ A 0, a' 2 <gC <p(x 2 ) and a 2 <gC a' 2 A b. Choose x G X 
such that 6 <IC <p(x), a[ e(xi,x) and a 2 e(x 2 ,x). Then (x, b) G / and 
(xi, ai), (x 2 , a 2 ) < (x, b). Hence, (/,</) is a directed set. For i = (x, a) G /, 
let Xi = x. Then (xj)j £ / is a net in X, and obviously e(U<^,Uy>) = 1. To 
see <£>(y) < supi^iinfj>ie(y,Xj) for any y G X, we suppose a <^ f{y)- Then 
i = (y,a) € I and z <j j implies a < e{y,Xj) and so a < supi e iinfj>ie(y,Xj). 
Thus we have ((xi) ieI , U<p) G GS. Then there exists k G J such that x = Xj G U 
for all i > k, this shows there exists a 1 such that a y>(x). Let y G|o £ ; 
then j = (y,a) > i — (x, a) and so y G U. This implies | a x C [/. 

7 
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Sufficiency. Suppose ((xj)j£i, x) G QS with x G U. We must show that Xi 
is eventually in U. By the definition of QS, we have that e(x, Uip) = 1 for some 
<p G Dl(X) with ip(y) < supi & iinfj>ie(y,xj) for any yel. Since x G U and 
e(x, Uy?) = 1, it follows Ucp G J7, which implies that there exist a <^ 1 and 
z£l such that a ip(z) and | a z C U by the assumption. Then there exists 
k G J such that a < e(z, xi) for all i> k. Therefore, Xi G £7 holds eventually. 

Remark 3.7. By Lemma 3.6 and the definition of generalized Scott topology we 
have that the topology 0{QS) is exactly the generalized Scott topology on the 
fuzzy depos. 

Proposition 3.8. Let L be a completely distributive lattice in which 1 is V— 
irreducible and is multiplicative, (X, e) a continuous fuzzy depo. Then x =gs 
Urn Xi iff the net (xj)j £ j — > x with respect to the generalized Scott topology o~ e (X). 
In particular, the generalized S -convergence is topological. 

Proof. Since 0{QS) = a e {X), x =gs lim Xj implies that (xi)igj — > x with 
respect to <7 e (X). Conversely suppose that we have a convergence net {xi)i eI — » 
x in the cr e (X). Since (X, e) is continuous, there exists if G Il(X) such that 
x = U<£> and o- a (ip) C||. a x for any a <gc 1. Let a ¥?(?/)• Then y GjJ.„ x. 
Hence {xi) ie i is eventually in -f|- a y, i.e., there exists k G I such that Xj Gf|- a V 
for all i > k. Then a e(y, Xj) for all i > k, and so a supu^iinf i^eiy , Xj). 
Hence, <p(t/) < supkeiinfi>ke(y, xi). Thus we have ((xj)i 6 /,x) G QS. 

Lemma 3.9. Let &e multiplicative on L and (X,e) be a fuzzy depo. If there 
exists ip G Il(X) such that e(x, Uip) = 1 and cr a (ip) CjJ. a x for any a 1, then 
cr a ((p) =-|| a x and x — U<p. 

Proof. Firstly, we only need to show JJ. a x C <7 a (<p). Let y GjJ. a x. Then 
there exists z G X such that a <^(^) and a <^ e(y, z). Then we have a 
¥>(z) A e(y, z) < ip(y), which implies y G cr a ((p). Hence, it follows JJ- 0 x C cr a (tp). 

We further show x = Utp. Let y E X and a ¥?(?/)• Since cr a (<p) ^J| a x, 
we have y GJ| a x, which implies a e(y,x). By the arbitrariness of a, it 
follows i/?(y) < e(y,x), i.e., — > e(y,x) = 1. Hence, we have e(U<p,x) = 
/\ y ex v{v) ~ * e (j/i a: ) — 1 by the arbitrariness of y. Therefore, it follows that 
x = □</?. 

Proposition 3.10. Let L be a completely distributive lattice in which 1 is 
V — irreducible and is multiplicative, (X,e) a fuzzy depo. If the generalized 
S-convergence is topological, then (X, e) is a continuous fuzzy depo. 

Proof. By Remark 3.7, the topology arising from the generalized 5-convcrgence 
is the generalized Scott topology. Thus the generalized S-convergence is topo- 
logical. Then it follows that x =gs lim Xj iff the net (xj), e / — > x with respect 
to a e (X). Let x G X. Define 

I = {(17, n, u) G Af(x) x N x X : u e U}, 

where N(x) consists of all generalized Scott open sets containing x and define 
an order on I to be lexicographic order on the first two coordinates, that is, 
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(U, m, u) < (V, n, v) iff V is a proper subset of U or U = V and m < n. Let 
Xi = u for i = (U,m,u) € /. Then it is easy to see that (xiji^i is a net and 
converges to x in the generalized Scott topology, i.e., x = lim Xi. Then there 
exists ip G Il{X) such that e(x, \J<p) = 1 and ip(y) < \/ ieI Aj>i e (j/> x j) f° r 
any jeX. Let a <^ 1 and y e X such that a <^ (fi(y). Then there exists 
i = (U,m,u) G I such that a < e(y,Xj) for all (V, n,v) = j > i. 

In particular, we have ([/, m + > (U,m,u) for all w G U. Then for any 
v e [/, we have w €|a 2/ an d so [/ C|° j/. Hence, [/ C int ac (1° y) which implies 
x e int ac {]° a y). By Proposition 2.16, it follows y <C a x and so er a (</?) CjJ. a x. By 
Lemma 3.9, we have a a (ip) =]). a x and x = Utp. Therefore, (X, e) is a continuous 
fuzzy dcpo. 

The combination of Proposition 3.8 and Proposition 3.10 deduces the fol- 
lowing theorem. 

Theorem 3.11. Let L be a completely distributive lattice in which 1 is V— irre- 
ducible and <^ is multiplicative, (X, e) a fuzzy dcpo. The following statements 
are equivalent: 

(1) the generalized S -convergence is topological for the generalized Scott topol- 
ogy a e (X); 

(2) {X, e) is a continuous fuzzy dcpo. 

Lemma 3.12. Let L be a completely distributive lattice and f : X — > Y be a 
monotone mapping between the fuzzy posets (X,ex) and (Y, e Y ). Lf ip e Ll(X), 
(xi) ieI is a net on (X,e x ) and ip(x) < sup ieI infj>ie(x,Xj) for any x G X, 
then f^(ip)(y) < sup ieI inf :j > i e{y,f{x j )) for any y eY. 

Proof. For any y SV, 

x£X 

< \f sup ieI infj>ie(x,Xj) Ae Y (y,f{x)) 
xex 

= \J sup ieI infj>i(e(x,Xj) Ae Y (y,f(x))) 
xex 

< \f sup ieI inf j > i (e Y {f(x),f{x j )) A e Y (y,f(x))) 

xex 

< V sup ieI inf j > i e Y {y,f{xj))) 
xex 

= sup teI inf :j > t e Y (y,f{x : j)). 

Proposition 3.13. Let L be a completely distributive lattice in which 1 is V— 
irreducible and <3gC is multiplicative, f : X — ► Y be a monotone mapping 
between continuous fuzzy dcpos (X,ex) and (Y, e Y ). Then f is fuzzy Scott 
continuous iff for all nets (xi) ie i in X, f(lim Xi) =gglim f(xi). 
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Proof. Necessity. Suppose that / is fuzzy Scott continuous and x —gs lim %i- 
Then there exists ip <G Dl(X) such that e(x,\J<p) = 1 and ip(y) < supk£iinfi>k 
e(y, Xj) for any y <G X. By Theorem 2.5 and the assumption, we have U/ _> (^) = 
/(□</?) and /-"((^) e 7z,(F). Then it follows _1 = e{x,Uip) < e{f{x),Uf^(ip)) = 
1. Furthermore, from Lemma 3.12, we have /~ *(</?)(?/) < supi^iinfj>ie(y, f(xj)) 
for any y€Y. Hence, it follows /(lim Xj) =gslim /(xj). 

Sufficiency. By Theorem 2.19, we only need to show that / is topological 
continuous with respect to generalized Scott topology. Suppose that there exists 
x 0 G X such that / is not continuous at x 0 . Then there exists Vb € =/K(/(xo)) 
such that f~ 1 (Vo) ^V(x 0 )- This implies for any U G ^V(xo), there exists 
X[/ € f/, but /(x) Vq. Note that the net {xjj S ?7|C/ € ^(xo)} convergence 
to xq, but f(xu) & ^{f{xo)), which implies f(xjj) ~h f{xo)- Hence, we have 
/(lim %) ^ g5 lim /(%) by Theorem 3.11. It is a contradiction. 

4. Conclusions 

Taking the frame as the structure of truth value, we propose the notation of 
the generalized 5-convergence on fuzzy depo. It is shown that for an arbitrary 
fuzzy depo, the generalized 5-convergence is topological if and only if the fuzzy 
depo is continuous, and the topology induced by the class of the generalized 
5-convergence is exactly the generalized Scott topology. 

Acknowledgements. This work is supported by the National Natural Science 
Foundation of China (NO. 10771056), the National Basic Research Program of 
China (NO. 2011CB311808), the National Social Science Foundation of China 
(NO. 12BJY122) and the Graduate Research Innovation Projects of Hunan 
Province (NO. CX2012B154). 

References 

[1] L. Fan, A new approach to quantitative domain theory, Electronic Notes 
in Theoretical Computer Science 45 (2001) 77-87. 

[2] L. Fan, Research of some problems in domain theory, Ph.D. Thesis of Cap- 
ital Normal University, 2001. 

[3] L. Fan, Q. Y. Zhang, W. Y. Xiang, C. Y. Zheng, An L-fuzzy approach to 
quantitative domain(I)-generalized ordered set valued in frame and adjunc- 
tion theory, Fuzzy Systems and Math (The Special of Theory of Fuzzy Sets 
and Application) 14 (2000) 6-7. 

[4] B. Flagg, P. Siinderhauf, K. Wagner, A logical approach to quantitative 
domain theeory, Topology Atlas Preprint, no. 23,1996. 

[5] G. Gicrz, K. H. Hofmann, K. Kcimcl, J. D. Lawson, M. Mislove, D. S. Scott, 
Continuous Lattices and Domains. Cambridge University Press, 2003. 

10 



319 



Shuhua Su et al 310-320 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



[6] U. Hohlc, E. P. Klement, Non-classical logics and their applications, Kluwer 
Academic Publishers, 1995. 

[7] J. J. M. M. Ruttcn, Elements of generalized ultrametric domain theory, 
Theoretical Computer Science, 170 (1996), 349-381. 

[8] K. R. Wagner, Solving recursive domain equations with enriched cate- 
gories, Ph.D. Thesis, School of Computer Science, Carnegie-Mellon Uni- 
verity, Pittsbrugh, 1994. 

[9] W. Yao, Quantitative domain via fuzzy sets: Part I: Continuity of fuzzy 
directed complete posets, Fuzzy Sets and Systems 161 (2010) 973-987. 

[10] Q. Y. Zhang, L. Fan, Continuity in quantitative domains, Fuzzy Sets and 
Systems 154 (2005) 118-131. 

[11] Q. Y. Zhang, W. X. Xic, The generalized Scott topology on L-fuzzzy do- 
mains, Journal of Mathematics 26 (2006) 312-318. 

[12] Q. Y. Zhang, W. X. Xic, L. Fan, Fuzzy complete lattice, Fuzzy Sets and 
Systems 160 (2009) 2275-2291. 



11 



320 



Shuhua Su et al 310-320 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Solutions and Properties of Some Degenerate Systems of 

Difference Equations 

E. O. Alzahrani 1 , M. M. El-Dessoky 1 ' 2 , E. M. Elsayed 1,2 , and Yang Kuang 1 ' 3 

1 Department of Mathematics, Faculty of Science, 
King Abdulaziz University, P. O. Box 80203, 
Jeddah 21589, Saudi Arabia. 
2 Department of Mathematics, Faculty of Science, 

Mansoura University, Mansoura 35516, Egypt. 
3 School of Mathematical and Statistical Sciences, 
Arizona State University, Tempe, AZ 85287, USA 
E-mail: eoalzahrani@kau.edu. sa, dessokym@mans.edu.eg, 
emelsayed@mans.edu.eg, kuang@asu.edu. 

ABSTRACT 

This paper is devoted to obtain the form of the solution and the qualitative properties of the following systems 
of a rational difference equations of order two 

_ ynVn—l %n<En—l 

x n+l TTZ j T; Un+1 T~TZ j 7 7 

x n (±l±y n y n - 1 ) y n (±1 ± x n x n -i) 

with positive initial conditions X-i, x 0 , y_\ and y 0 are nonzero real numbers. If we let u n — x n x n _\ and 
v n = y n yn-i, then these systems can be viewed as special cases of the system of the form 

Un+l = f(v n ), V n+1 = g(u n ). 

This system has applications in modeling population growth with age structure or the dynamics of plant-herbivore 
interaction. Let w n — U2 n , we have w n+ \ = f(g(w n )) = h{w n ). At a nonzero steady state w* of the last difference 
equation, we have 

mi = i/'(3(^)vk)i = 1, 

indicating that the system is degenerate at this steady state. 

Keywords: difference equations, recursive sequences, stability, periodic solution, system of difference equations. 
Mathematics Subject Classification: 39A10. 



1. INTRODUCTION 

Owing to their rich dynamics, interest and scope in studying the solutions and properties of nonlinear difference 
equation systems is continuously expanding. In particular, there is a growing need of practical methods that ex- 
plore and discuss a real life matters described by mathematical models. Such applications we find in environment 
as biology, genetics and economy [1, 2, 14]. 

There are some well documented and focused studies deal with some specific nonlinear difference equations 
system. For example, the periodicity of the positive solutions of the rational difference equations systems 
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has been obtained by Cinar in [3] . The behavior of positive solutions of the following system 



™ x ri — 1 Vn — 1 

— 1+3.,,,) yn+l 



has been studied by Kurbanli et al. [4]. In [5], Ozban studied the positive solutions of the system of rational 
difference equations 



Xn+l — ~ ~, Vn+1 



Vn-3 ' ""^- t Xn-qVn-q 

Touafek et al. [6] studied the periodicity and gave the form of the solutions of the following systems 

Xn + 1 = a:„-i(±l±y„)' = y n -i(±l±x n )- 

Other similar difference equations and nonlinear systems of rational difference equations were investigated see 
[7]-[14]. 

In this paper, we deal with the existence and properties of solutions and the periodicity character of the 
following systems of rational difference equations with order two 

x n (±l±y n y n - 1 ) y n (±1 ± x n x n -i) 

with nonnegative initial conditions X-i, x 0 , y_\ and yo- If we let u n = x n x n -i and v n = y n y n -i, then these 
systems can be viewed as special cases of the system of the form 

Un+l = f(v n ), Vn+1 = g{u n ). 

This system has applications in modeling population growth with age structure [2] or the dynamics of plant- 
herbivore interaction [14]. Let w n = u 2n , we have w n+ \ = f(g(w n )) = h{w n ). At a nonzero steady state w* of 
the last difference equation, we have 

W*)\ = \f(g(w*))g'(w*)\ = l, 

indicating that the system is degenerate at this steady state. 

2. SYSTEM X N+1 = - X nY Z~1 r, Y N+1 = x " x "-i 



XNil + YNYN-r)' JV+1 y JV (l+X JV X iv _i) 
In this section, our main goal is to obtain the solutions of the following second order system of difference equations 

ynyn—l X n X n —i . , 

x n+l = 7— T, Vn+1 = — T, (1) 

x n {l+y n y n -i) y n l + x n x n -i) 

where n = 0, 1, 2, and the initial conditions are nonnegative real numbers. Before embarking on our lengthy 
derivation of the solutions, we would like to present some simple but interesting properties of these solutions. 

If we let 

u n X n X n —\ 7 V n = ynyn—lj 

then 



u n +i = 7— , v n+ i 



l + v n l + u n 

and 

Un + 2 ~ i+v n+1 - i+h„/(i+u„) - 1 + 2Un ~ 5 { nh 

_ U-n + l _ Vn/jl + Vn) _ Vn _ f ( ., \ 

" n + 2 _ l+«n+l ~ l+v n /(l + v n ) - \ + 2v n ~ '' 

From which we see that if uq > 0 (u-i > 0), then u 2n > 0 (u2 n +i > 0) for nonnegative integers n. This system 
has (0, 0) as the only steady state. Observe that 

u n+2 u n — i+2«„ 1 
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Figure 1. A solution for the difference system (f ) with the initial conditions x~i =5, xq = 4, = 3 and yo = 



plot of x(n+1 )=y(n-1 )y(n)/x(n)(1 +y(n-1 )y(n)),y(n+1 )=x(n-1 )x(n)/y(n)(1 +x(n-1 )x(n)) 




Figure 2. A solution for the difference system (f ) with the initial conditions X-\ = 0.2, xo = 0.5, y~\ = 0.6 and yo = 0.3. 

Hence, if u 0 > 0 > 0), then u 2n { u 2n+i) is a strictly decreasing subsequences and hence must approach the 
only steady state value 0. Similar argument can be made for v n . Therefore 

v n — > 0 or x n X n -i — > 0 and u n — > 0 or y n y n -i — > 0. 

In Figures 1 and 2, we present two typical solutions for the difference system (1). Observe that x n+ \x n — * 
0 and y n+ iyn -» 0. 

Theorem 2.1. Assume that {x n , y n } are solutions of system (1). Then for n = 0, 1, 2, we see that all solutions 
of system (1) are given by the following formula 



- C " d '\ TT ( 1 + ( 2 ») afc ) rp 

X2n-1 — a n b n-i 11 (i + (2i+l)cd) ' X2 " 



i=0 



n-1 

q" +1 b" TT (l + (2i+l)cd) 
c"d™ 11 (l+(2»+2)o6) ' 
i=0 



and 



1/271-1 



q"b n TT (l + (2»)cd) _ c " +1 d" TT q+(2i+l)q6) 

c^d™- 1 11 (l + (2i + l)a6) ' » 2rl a"b" H 7Ih 



l + (2j+2)cd) ' 



7=0 



7=0 
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-l 

where Y\ Ai = 1 ; X-i = b, x 0 = a, y_\ = d and yo = c. 

Proof: We prove it by the method of induction, for n = 0 the result holds. Assume the theorem is true 
n — 1, that is, 

n-2 n-2 



c"-^"- 1 TT (l + (2i)ab) _ g"b"- 1 TT (l + (2»+l)ed) 

■L2n-S — a n-l b n-2 (l+(2i+l)cd) ' x 2n-2 — c n-i d n-i (l + (2j+2)ab) ■ 

i=0 i=0 
n-2 n-2 
_ a"-^"' 1 TT (l + (2i)cri) _ c"^"- 1 TT (l + (2»+l)ab) 

2/2n-3 - c "-i d "- 2 11 (l + (2i+l)ab)> ^n-2 - a—ifc—l J__[ (l + (2i+2)cd) ' 
j=0 i=0 

are true. We will show that the relations given in the above theorem are true. 
From Eq.(l) we see that 

1/27.-21/271-3 



X2n-1 



X2n-2 (1+^271-22/277-3) 

q"-^"- 1 "„ 2 (l + (2i)erf) C "rf"-! "~ 2 (l + (2i+l)ab) 
c »-i d »-2 _U (l+(2i+l)o6) a"-!b"-! .U (l+(2i+2)cd) 
— — 

a"b"- 1 TT (l + (2i+l)cd) 
"-id"- 1 11 (l + (2i+2)ab) 
i=0 

n — 2 n— 2 

n , a"-^"- 1 TT (l + (2»)cd) c"^"- 1 TT (l+(2i+l)a6) 
1 c"- 1 ^"- 2 11 (l + (2i+l)ab) a"-!b"-! 11 (l + (2i+2)cd) 
i=0 i=0 



"~ 2 (l + (2»)cd) 
iUo (l+(2»+2)cd) 



a-b— 1 V, 2 (l+(2i+l)cd) \ / "" 2 (l+(2i)ed) 
3»-M"- 1 /Jo (l + (2i+2)ab) J ^ i+cd .y o (l + (2i+2) CC 2) 



c"d" n-2 



a"b"-! ^1+ 



(l + (2n-2)cd) TT (l + (2i+2)ab) 

erf \ 11 (l + (2i+l)crf) 



(l+(2n-2)cd) y i=0 

2 n-1 



c"d^ TT (l + (2i+2)ab) _ c "rf" TT (l + (2i)ab) 

a"b"- 1 (l + (2n-2)cd+cd) H (l + (2i+l)crf) a"b"-i 11 (l + (2i+l)crf) ' 



j=0 i=0 



3:271-23:277-3 

^ 2ra ~ 1 ~~ 1/271-2(1+2:271-22:271-3) 



n— 2 n— 2 

- t ~ 1 rf"- 1 TT (l + (2i)afe) a"b"- 1 TT (l + ( 2 '+l) cd 
11 (l + (2i+l)cd) c"- 1 ^"- 1 11 



^11 (l + (2i+l)crf) c"- 1 ^"- 1 11 (l+(2t+2)o6) 
=0 i=0 

n— 2 

"d"- 1 TT (l + (2»+l)ab) 
-lb"- 1 11 (l+(2i+2)cci) 
i=0 

n—2 n—2 
1 , c"- 1 ^"- 1 TT (l + (2i)ab) q"b"- 1 ri (l + (2i+l)crf) 
1 a"-^"- 2 11 (l+(2»+l)cd) c"- 1 ^"- 1 11 (l+(2t+2)o6) 

i=0 i=0 

ab 

(l + (2n-2)ab) 



C 7i d 7i-l „ 2 (l + (2 t+ l)ab) \ / ab \ 

a—lb—1 .n (l + (2i+2) C d) J ^ 1+ (l + (2n-2)ab) J 

"- 2 (l + (2i+2)crf) 



^ (l + (2i + l)gb) _ a -n b r> J-r (l + (2i)cd) 

(c"d"- 1 )(l + (2n-2)ab+ab) c"rf"-! 11 (l+(2*+l)ab) " 

i=0 



324 



E. O. Alzahrani et al 321-333 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

Also, similarly from Eq.(l), we have 

2/2h-11/2ti-2 



X2n = 



£2n-l(l+J/2n-lJ/2n-2) 

g"b" "f, 1 (l + (2i)cd) c"^- 1 ™- 2 (l + (2i+l)gfe) 
c^d"- 1 . l J 0 (l+(2i+l)o6) a™-^"- 1 .W (l + (2i+2)cd) 

e"d" -V, 1 (l + (2i)afc) / g" 6" (l + (2»)cd) c n d n -\ "f? (l+(2i+l)o6) 

a^b"- 1 .n (l + (2i+l)cd) I ^c^d"- 1 .U (l + (2i+l)a6) a"- 1 ^"- 1 .H (l + (2j+2)cd) 

71771-1 afr n— 1 



" " (l + (2n-l)a6) TT (l + (2i+l)cd' 

, afc A 11 (l + (2i)ab) 

d % 1+ (l + (2n-l)af>) J i=0 



n (l + (2t+l)cd) _ a "+ 1 b n TT (l + (2i+l)e 
(l + (2i)ab) c"d™ H (l + (2i+2)ah) ' 



„, ^277-12:277-2 

V2n 



3/2ti-l (l+X2n-lX2n,-l) 

C " rf " (l + (2»)ab) ^,7,-1 "-2 (l + (2i+l)cd) 

a nfrn-l ^ (l+(2i+l)cd) c"-ld"-l .n (l+(2i+2)o6) 

n 1 (1 + (2»M) / c"d" "- 1 (l + (2i)afc) _ g n jg -i "„ 2 (l + (2 t +l)ed) \ 
c ri7jn-l (l + (2i+l)ab) ^ i+ a"6"- 1 .U (l+(2i+l)cd) c"-^"-! (l+(2i+2)o6) J 

,1+1 777 1 n—1 n—1 

c d (l + (2n-l)cd) TT (l + (2i+l)nh) _ c" +1 d" TT (l + (2»+l)ab) 
cd N \ 11 (l + (2i)cd) a"b" 11 (l + (2i+2)cd)- 

a " 1 i+ (l + (2n-l)cd) J i=0 4=0 



The proof is complete. 

The following case can be treated similarly 
Theorem 2.2. The solutions of the system 



Vn Vri—l ^77 ^77 — 1 

- x n (l-3/ n!/n _i)' f"+l - y n {l-x n x n -!)' 



are given by 

n—1 n—1 

„ c"d" TT (l-(2i)ab) _ q"+ 1 fc" TT (H2i+1H 

^2n-l a n b n ~ 1 11 (l-(2»+l)cd) ' 2rl ™ c"d" 11 (l-(2i+2)o6) ' 

i=0 i=0 

n—1 n—1 

- a"fe" TT (i-(2*M) - c" +1 d" TT 

</2n-l — c ndn-i J_J_ (l_(2i+l)o6)' i/2n — a „ b „ 11 (l-(2»+2)cd) 1 



i=0 i=0 



Theorem 2.3. Assume that {a;„, !/„} are solutions of the system 



~, VnVn-l X n X n —\ 



Then for n = 0,1, 2,..., 



n—1 n—1 

( 

(l+(2i+2)o6) 



c"d" TT ( 1 + ( 2t ) ab ) ~ - a" +1 6" IT (-l + (2»+l)c 

x 2n-l ~~ a"b"-! 11 (-l + (2i+l)cd) ' x 2n — c „ d „ _[ J_ 



i=0 i=0 
n—1 n—1 



„ - TT (-l + (2»)cd) _ c "+!d" TT (l + (2»+l)afc) 

f/2n-l - c n d n-i J_J_ (i+(2i+l)o6) ' y2n a"b" 11 (-l+(2i+2)cd) ' 
i=0 i=0 

Theorem 2.4. The system 

ynVn—l X n X n —\ 

Xn + 1 ~ x„(-l-y n y n -i) ' ~~ y„(-l+a;„x„_i) ' 
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has the solutions which given by 



n— 1 n— 1 

_ c"<T TT (l-(2»)afe) _ q"+ 1 b" TT (-l-(2»+l)crf) 

^2n-l - a™6™- 1 11 (-l-(2i+l)cd) ' ' l2 ™ ~~ c"d" 11 (l-(2»+2)ob) 
i=0 i=0 
n— 1 n— 1 



, - a n °" TT „„ _ TT ( 1 -( 2 '+ 1 )° & ) 

</2n-l - c n<jn-i 11 (l-(2i+l)o6)' i/2n — a „ b „ 11(-: 



l-(2*+2)cd) ' 
i=0 i=0 



3. SYSTEM X N+1 = - ^ NY i~l r, Y N+1 = Wl 



Xat (1 + 1^x^-1)' yjvC-i + XjvXiv-!) 

In this section, our main goal is to obtain the solutions of the following second order system of difference equations 

VnVn—\ X n X n —i /~\ 

(1 + JM/n-i) t/„ (-1 + a;„a; n _i) 

where n = 0, 1, 2, and the initial conditions are nonnegative real numbers with X-iXo ^ I , ^= |, and ?/_iyo 7^ 1- 
If we let 

then 

l + V n -1 + U n 

and 

„ , „ - ==bj - Mn/(-l + M„) _ _ / \ 

«n+2 — _ l+u„/(-l+u n ) — -l+2u n ~ i)\ a n), 

., ... + 1 . W(l+^ra) _ _,, 

- -1 +Un+1 - -l+v n /(l+v n ) - U «- 

This suggests that the y n will alternate signs at least every 3 units of time. The system has two steady states 
(0, 0) and (1, I). From the fact that v n+2 = —v n , we have 

Vn+2 Vn-1 Vn 



Vn Vn+1 Vn-2 

Let r = — , then we have 

D2n _ ^ ^2(n-l) V2n V2n-2 J/2 = r n 
U0 V2n-2 V2n-A Ho 

and hence yi n = yo r ™ • Similarly, we have and j/2n+i = (— l) n j/-ia™ where a = y\jy_\. This shows that the 
values of the highs and lows grow or decay exponentially. 

Observe that 

dg(°) _ -l+2v n -2v„ 



and 

^(1) _ -1+2^-2^ 



This indicates that both are degenerate steady states. Figure 3 depicts a typical solution of the difference 
equations system (2). 

Theorem 3.1. Let {x n , y n }n=-i be solutions of system (2). Then {x n }^=_i and {y n }n=-i are given by the 
following formula for n = 0, 1, 2, 

c 2 "d 2 "(-l+2ah)" _ a 2 " +1 b 2 "(-l+c 2 d 2 )" 



= -I 
v n =0 



= -1. 

v n =0 



n i 



X±n-1 — a 2 n6 2n-l(_i +c 2 (J 2) n , Xi n — c 2n<j2n(_i + 2 a 6) 

_ e 2» + l d 2r 1 +l ( _ 1+2ab) r 1 _ a 2„+ 2 & 2„ + 1 ( 1 +cd) ( _ 1 + £ 2 ^2 )T > 

£4n+l — a 2 "+ 1 fc 2 "(l+c<Z)(-l+c 2 d 2 )™' X4 ™+ 2 ~~ c 2„+i d 2„+i (_ 1+2ab )„+i , 
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plot of x(n+1)=y(n-1)y(n)/x(n)(1+y(n-1)y(n)),y(n+1)=x(n-1}x{n)/y{n)(-1+x(n-1}x(n)) 
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Figure 3. A typical solution of the difference equations system (2). The initial conditions are X-i = 4.2, xo — 0.5, y_i = 
— 1.6 and y<j — 1.3. Notice that the y n alternates signs at least every 3 units of time, and the values of the highs and lows 
grow or decay exponentially. 



and 

_ q 2 "b 2 " VA _ c a " + 1 d 3 "(-l+ab) a " 

Q 2, 1 + l fc 2„ + l c 2„ + 2 d 2„ + l ( _ 1 + ab) 2„ + l 

Vln+l - c 2„+i d 2„(_ 1+Qb)2re +l ,2/4n+2 - a 2„+i b 2„+l • 

Proof: For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is, 

_ c 2 "- 1 d 2 "- 1 (-l+2afc)"- 1 _ a 2 "b 2 "-i(i +e d)(-i +e 2 d 2 )"-i 

£4n-3 — Q 2 "-i6 2 "- 2 (l+cd)(-l+c 2 (i 2 )"- 1 ' 2; 4n-2 — c 2n- 1 d 2»- ■ i (_ i+2ab) « ' 

0 2n-l 6 2n-l C 2n d 2 "- 1 (-l+a6) 2n - 1 

2/4n-3 - c ^-i^"- 2 (-l+a6) 2 «-i ' ^n-2 - a 2„-l b 2„-l • 

Now it follows from Eq.(2) that 

t<4n-2t<4n-3 



%4n— 1 



X 4 „_ 2 (l+I/4ri-2y4n-3) 



- e2n -l d 2 n -2(_ 1 + ab ) 2n -l a 2„-l b 2 n -l 



a 2n-l b 2?i- 

c 2n-l d 2„-l(_ 1+2ab ),. I I 1 - c 2 n -l d 2„-2(_ 1 + ab )2n-l a 2 ""^ 2 "" 1 



-cdc 2 "~ 1 d 2 "~ 1 (-l+2ab)" _ e 2 "d 2 "(-l+2ab)" 

a 2« b 2n- 1 (l+cd) (- 1+c 2 d 2 )"- 1 (1-cd) ~~ a 2 "b 2 "- 1 (-l+c 2 d 2 )" ' 



and 



_ X4„- 2 Z 4 „-3 



Jn-lj2n-l 



( — l + 2ab) rl ~ L a An b sn - L (l + cdjt-l + c^d^)" 



a 2 "-lb 2 "- 2 (l + cd)(-l + C 2 d 2 )^T f .2n-l d 2,i-l ( l + 2al,)" 

c 2n d 2n-l(_ 1 + a (,)2n-l \ 7 ~" c 2n - 1 d 2 re - 1 ( _ 1 + 2 „(,) n - 1 a 2re b 2 re - 1 ( j + cd ) ( _ j + c 2 d 2 ) re - 1 ' 
^n-U^-i J ^- i + Q 2 n -i 6 2 r l -2 (1 + cd)( _ 1 + c 2 £i 2 ) „-i c ii„ - 1 d 2re - 1 ( _ j + 2a b) S _ 



>-l t 2n-l 



(-l + 2ab) Q fc " _ Q 2 "b 2 " 

-c 2 "d 2 — i(-l + ab) 2 ™- 1 (-l+ I - r ^ rEJ ) c 2 "d 2 "- 1 (-l+a6) 2 " ' 

Also, we can prove the other relations. This completes the proof. 
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We consider the following systems and the proof of the theorems are similar to above theorem and so, left to 
the reader. 

ynVn—l x n x n -\ (o\ 

Xn+1 - xn(l-y„y n -i)> Vn+1 ~ y n (-l-x rl x n ^) W 

Xn + 1 ~ x n (-l+y n y n -i) ' ~~ y„(l-a;„2:„_i) W 
y n y n —i x n x n — i /r\ 

Xn+1 ~ a;„(-l-2/„i/„_i) ' — y rl (l+x n x n - 1 ) W 
y n y n -i x n x n _i /~\ 

Xn + 1 ~ a;n(l+2/„2/ n -i) ' ~~ y„(-l-x„a;„_i) W 

X ' n + l ~ x n {l-y n y n -i) ' ^"+4 — y„(-l+K„a:„_i) v'- 1 

y rl y n -i ^Ti^n-i /o\ 

— ^(-l+j/nlM-i) ' y n+1 ~ y„(l+a;„x„_i) W 

~~ in(-l-9„!/ n -l) ' ~~ i/„(l-x„a:„_i) W 

We will devote, for example, in the following theorems the form of the solutions of systems (3) and (8). 

Theorem 3.2. Let {x n ,y n }^=_i be solutions of system (3) and x_iXq ^ — 1,7^ — \, V-iVo 7^ 1- Then for 
" 0,1,2 

_ c 2 "d 2 "(-l-2ab)" _ a 2 " +1 b 2 "(-l+c 2 d 2 )" 

Xin-l ~ a 2ref,2n-i(_ 1+c 2 d 2)n > %4n ~~ c 2 ™d 2 ™(-l-2ab)™ ' 

_ e 2n+l d 2n+l ( _ 1 _ 2ab)n _ Q 2„ + 2 fc 2„+l (1 _ erf) ( _ 1 + £ 2 d 2 yn 

Xin+l — a 2 ™+ 1 6 2 "(l-cd)(-l+c 2 (i 2 )™ ' 2; 4n+2 — c 2 "+ 1 d 2 "+ 1 (- l-2ab)"+! ' 

_ q 2 "b 2 " „ _ c 2 " +1 rf 2 "(l+ab) 2 " 

</4n-l — c a ™d 2 "- 1 (l+ah) 2 " ' f 4 ™ — a 2 ™b 2 ™ ' 

_ q 2 "+ 1 b 2 "+ 1 _ c 2 "+ 2 d 2 "+ 1 (l+ab) 2 "+ 1 

Din+1 — c 2n+l c ;2ri^+ab) 2 "+ 1 ' Uin+2 — a 2n+l b 2n+l 

Theorem 3.3. Assume that {a;„,y„} are solutions of system (4) with X-\Xq ^ 1, 7^ |, and t/_ij/o 7^ 1- Then 
for n = 0, 1, 2, 

_ c 2 "d 2 "(-l+2ab)" _ a 2 "+ 1 b 2 "(-l+c 2 d 2 )" 

#4n-l — a 2r lb 2 n -l(_ 1 + c 2 d 2)„ , ^4n — c 2n d 2ra(_ 1+2o b)n 7 

_ c 2 "+ 1 d 2 "+ 1 (-l+2ab)" _ a 2 "+ 2 b 2 " +1 (-l+cd)(-l+c 2 rf 2 )" 

Xin+1 — a 2r, + l b 'A n ^_ 1 + cd ^_ 1 + c 2 d 2- jn , Xi n + 2 ~ c 2„ + l d 2 n + l ( -_ 1+2ab )r» + l , 

_ a 2 "b 2 " „ _ c 2 " +1 d 2 "(-l+afc) 2 " 

y4n— 1 ■ c 2?2^2ti-i ^ l+a6) 2n ' a^N^™- ' 

_ g 2 "+ 1 b 2 "+ 1 _ c 2 "+ 2 d 2 "+ 1 (-l+ab) 2 "+ 1 

Vin+l — c 2n + l £ ;27 1 (_ 1 + ab -)27 1 + l , Vin + 2 — a 2n + l b 27i+l 

Theorem 3.4. Suppose that {x„,y„} are solutions of system (5) such that 2-1X0 7^ — 1, 7^ — |, and y_ij/o 7^ !•• 
Then for rc = 0,1, 2,..., 

_ c 2 "d 2 "(-l-2ab)" _ a 2 " +1 b 2 "(-l+c 2 d 2 )" 

£4n-l — a 2„ h 2„-i(_ 1+c 2 d 2)„ , £4n — a - *™ d? n (-l-2ab) n ' 

c 2 "+ 1 rf 2 "+ 1 (-l-2ab)" _ a 2 "+ 2 b 2 "+ 1 (-l-cd)(-l+c 2 d 2 )" 

X 4n+1 - a 2 "+ 1 b 2 ™(-l-cd)(-l+ C 2 d 2 )" ' 2; 4™+2 - c 2 „+l d 2„+l (_ i_ 2a fc)"+l ' 

a 2 "b 2 " _ c 2 "+^ 2 "(l+ab) 2 " 

J/4n-l — c 2™ d 2 n -i( 1+ab )2,i j </4n — a 2 "b 2 " ' 

_ a 2 "+ 1 b 2 "+ 1 _ e 2 "+ 2 d 2 "+ 1 (l+ab) 2 "+ 1 

2/4n+l c 2n + 1^2n^_|_ ab -)2n+l ; J/4n + 2 a 2n+l(,2n + l 

Theorem 3.5. If {x„,y„} are solutions of system (6) and x_ix 0 7^ 1, and y-iyo 7^ — 1,7^ — §■ Then the 
solutions are given by 

_ c 2 "d 2 " _ a 2 " +1 b 2 "(l+crf) 2 " 

X4n—1 a 27i b 2?i-l (i-\- c d) 2n ' *^4n c 2™^2ti j 

— c 2 "+ 1 <j 2 "+ 1 _ a 2 "+ 2 b 2 "+ 1 (l+cd) 2 "+ 1 

^4n+l a 2Ti + l b 2Ti^_|_ c ^^2n + l ) ^4n + 2 c 2?i + 1^2ti + 1 1 

_ a 2 "b 2 "(-l-2ed)" _ c 2 " +1 d 2 "(-l+a 2 b 2 )" 

2/4n-l — c 2 nd 2„-l(_ 1+a 2 b 2)r, , Uin — a 2 "b 2 "(-l-2cd)" ' 

a 2 "+ 1 b 2 "+ 1 (-l-2cd)" _ c 2 "+ 2 d 2 " +1 (-l-afc)(-l+a 2 b 2 )" 

2/4ra+l — c 2„+i d 2„(_ 1 _ ob )(_ 1+a 2 b 2)„ , VAn+2 — a 2r,+i b 2„+i(_ 1 _ 2ct ;)n+i 
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Theorem 3.6. The solutions of the system (7) with non zero initial conditions real numbers with x-iXq ^ ±1, 
and y-iyo ^ 1, + \ are g iven b Y 

_ e 2 "d 2 " „ _ a 2 " +1 b 2 "(-l+ C rf) 2 " 

^4n— 1 a 2ri b 2?i-l ( — l + C rf) 2Tl ' ^471 c 2ti^2ti ) 

c 2 "+ 1 ( j 2 "+ 1 _ a 2 "+ 2 fc 2 "+ 1 (-l+cd) 2 "+ 1 

%4n+l — a 2re + lj2n(_X + cd) 2 " + 1 ' 2-471 + 2 C 2n+I,j2r>+1 ! 

_ a 2 "b 2 "(-l+2crf)" _ c 2 " +1 d 2 "(-l+a 2 b 2 )" 

J/4n-l — c 2„ d 2„-i(_ 1+a 2 b 2) n , 2/4n — a 2 "6 2 "(-l+2cci)™ ' 

_ a 2 "+ 1 fc 2 "+ 1 (-l+2cd)" _ c 2 "+ 2 d 2 "+ 1 (-l+ab)(-l+a 2 b 2 )" 

Vin+1 — c 2„+i d 2„(_ 1+ah )(_ 1+a 2 b 2)„ , 2/4n+2 — a 2„+i b 2„+i (_i +2 cd)"+ 1 ' 

Theorem 3.7. Assume that {x n ,y n } are solutions of system (8) and x_ix 0 ^ ±1, y_ij/o 7^ 1; 7^ |i then 

_ c 2 "rf 2 " _ _ q^+Vt-l+cd) 2 " 

Xin-1 — a 2re b 2n-i(_i +c( Q2n j ^4n — c 2 "d 2n ' 

c 2»+l d 2„+l a 2 "+ 2 b 2 "+ 1 (-l+ed) 2 "+ 1 

X4n+1 — a 2n + l{,2n(_;L_|_ C(: f)2Ti+l ! ^4n+2 — ^n+l^n+l J 

_ a 2 "b 2 "(-l+2c(j)" _ c 2 "+ 1 d 2 "(-l+a 2 b 2 )" 

J/4n-l — c 2r, d 2„-i(_ 1+a 2 b 2)„ , yin — a 2 "b 2 "(-l+2cti)" ' 

_ a 2n + 1 b 2 " + 1 (-l+2cd)" _ c 2 "+ 2 rf 2 "+i(i +ab )(_i +a 2 b 2 )" 

2/4^+1 — c 2n + 1 d 2n (l+a6)(-l+a 2 6 2 ) n ' 2/4n+2 — a 2rc+l b 2n+l (_l+2cd) n+1 

Theorem 3.8. Suppose that {a;„,2/„} are solutions of system (9) with x-ix 0 ^ ±1, and t/_i?/o 7^ — 1, 7^ —5 
then the solutions of system (9) are given by 

T - c 2 "d 2 " _ _ a 2 "+ 1 b 2 "(l+ C rf) 2 " 

X 4«-l _ a 2„ b 2„-l( 1 + cd )2„ , X 4n — c ^n d -2n , 

c 2„+l d 2„ + l _ a 2„ + 2 b 2„ + l (1+cd) 2„ + l 
#4n+l — — a 2n4-l 6 !ir.( 1+cd )2n4-i , ^4n + 2 — c i re 4-l d 2rt4-l 5 

_ a 2 "b 2 "(-l-2ed)" _ c 2 " +1 rf 2 "(-l+ a 2 6 2 )" 

Hin-1 — c 2 nd 2 n -l(_ 1+a 2 b 2)n , yin— a 2 "b 2 "(-l-2cd)" ' 

_ a 2 "+ 1 b 2 "+ 1 (-l-2crf)" _ c 2 "+ 2 d 2 "+ 1 (l-ab)(-l+a 2 b 2 )" 

2/4n+l — (^^"(l-a&H-l+a 2 ;) 2 )™ ' 2/4n+2 — a 2r.+ i b 2„+i (_ 1 _ 2cd ) re +i • 

4. SYSTEM = y r, iV+i V v v ! 



x^i + yjvYiv-i)' JV+1 y J v(i-x JV x i v_i) 

In this section, our main goal is to obtain the solutions of the following second order system of difference equations 

^ ynVn—l X n X n —\ flOl 

n+1 X n (l + y n y n -i)' n+1 y n (I - XnXn-!)' 

where n = 0,1,2,... and the initial conditions X-i, x 0 , y_\ and yo are arbitrary nonzero real numbers with 
x-ix 0 ^ 1, and y_xy 0 ^ -1. 

From (10), if we take 
then 



U n X n X n —i, V n — ynyn—1 



U n +1 = -7— 1 V n+ \ = 



1 + V n 1 - Ur, 



and 



Vn+l U n /(1-U n ) 
Un+2 — T~. — Z . JJ-, r — U n , 

l + V n+ i l + u n /(l-u n ) 

U n +1 V n /(1 + V n ) 



V n +2 



1-Wn+l l-V n /(l+V n ) 



329 



E. O. Alzahrani et al 321-333 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



plot of x(n+1 )=y(n-1 )y(n)/x(n)(1 +y(n-1 )y(n)),y(n+1 )=x(n-1 )x(n)/y(n)(1 -x(n-1 )x(n)) 




0 5 10 15 20 25 30 35 40 45 50 



Figure 4. The behavior of a typical solution of the difference system (10). The initial conditions are X—i = 0.2, xo = 
0.8, — 0.7 and j/o = 0.3. Observe that as indicated by our theoretical result, the peak and trough grow and decay 
exponentially. 



It is easy to see that if initial values are positive and such that Uo < 1, then u n < 1 for all positive integers and 
hence such a solution stays positive. In addition, from the property u n +2 = u n , we see that 

■^n+2 *En— 1 



Xn *£n+l *£n— 2 

Let r = — , then we have = X2n X2n - 2 ,..£3. = r n and hence Sqt, = Xnr n . Similarly, we have and Xo^-i = 
a;_ 1 a" where a = x\fx—\. This shows that the values of the highs and lows grow and decay exponentially. Figure 
?? shows the behavior of a typical solution of the difference system (10). 

Theorem 4.1. If {x n ,y n } are solutions of difference equation system (10), then for n = 0, 1, 2, 

•Mn-1 — a 2„ b 2 ra -l( 1+cd )2„ , ^4n — c 2r. d 2„ , 



2„+l ,2n+l 



_ a 2 "+ 2 b 2 " +1 (l+cd) 2 "^ 



£4n+l - a 2„+i 6 2„ (1+cd) 2„+l , £4n+2 - c 2„+l d 2„+l' 

a 2 "b 2 " ... _ c 2 "+ 1 d 2 "(l-afe) 2 " 



2/4n-l 
2/4n+l 



c 2n c J2n-l( 1 _ ob )2n 7 
Q 2„ + l b 2„ + l 



c 2 "+ 2 d 2 "+ 1 (l-ab) 2 "+ 1 

c 2 "+ 1 d 2 ™(l-a&) 2 ™+ 1 ' 2/4)1+2— a 2„+l b 2T l +l 



Proof: For n = 0, the result holds. Now, suppose that n > 1 and that our assumption holds for n — 1. That is, 



^4ri-3 

It follows from Eq.(lO) that 



%in— 1 



c 2 "-^ 2 "- 1 „ _ a 2 "fc 2 — 1 (l+^) 2 — 1 

a 2n-l b 2n-2( 1+ct J)2„-l , -l4n-2 — c 2n-l^n-l 

a 2 —^ 2 — 1 „ _ c 2 "d 2 "-i(l- ab ) 2 "-i 

c 2„-i d 2„-2 (1 _ Qb) 2 ra -l , 2/4«-2 - a 2„-l b 2„-i • 



2/4n-22/4n-3 



c 2„-i d 2 re -2( 1 _ ab) 2„-l 



a 2„-l fe 2„-i 



Q 2,> b 2n-l (1 + crf) 2 
c 2„-l d 2»-l 



2n-lj2n-l 



a 2„-l b 2„-l c^d^-^l-ab) 2 

1 +C 2 "~ 1 d 2 "- 2 (l-ab) 2 "- 1 a 2^-l fe 2n-l 

c 2 "d 2 



a 2r. b 2„-l( 1 + C(i )2 n -l( 1 + C(i ) — a 2n 6 2n-l( 1+cd )27> > 
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_ £471-2^4,1-3 

Vin-1 



y4.n-2CL-x4.n-2x4.n-3) 

e 2„-l d 2„-l g 2 "h 2 "- 1 (l +e rf) 2 "- 1 

a 2 "- 1 & 2 "- 2 (l+cd) 2 "- 1 c 2 "-^ 2 "- 1 

c 2„ d 2„-l (l _ aj)) 2„-l \ T 2 n-l d 2n-l & 2„ - 1 ( 1 +rd) 2n - 1 

a 2 ™-^ 2 "- 1 II 1 a 2 "- 1 b 2 "- 2 (l+cd) 2 "- 1 c 2 n -i d 2 n -i 

_ afca 2 "-^ 2 "' 1 _ a 2 "b 2 " 

— c 2 ™d 2 "- 1 (l-a6) 2 ™- 1 (l-a6) ~~ c 2 "d 2 ™- 1 (l-ab) 2 ™ ■ 

Also, one can prove other cases. This completes the proof. 

The solutions of system (10) are unbounded except in the following case. 

Theorem 4.2. System (10) has a periodic solution of period two if and only if X-\Xq = 2, yoV-i = —2, and 
will be taken the form {x n } = {b, a, b, a, ...} , {y n } = {d, c, d, c, ...} . 

Proof: First suppose that there exists a prime period two solution 

{x n } = {b, a, b, a, ...} , {y n } = {d, c, d, c, ...} , 
of system (10), we see from the form of the solution of system (10) that 

l _ c 2 "rf 2 " „ _ a 2 " +1 & 2 "(l+cri) 2 " 

U — a 2 "6 2 "- 1 (l+C(i) 2 " ' "~ c 2 "d 2 " ' 

_ c 2 "+irf 2 "+i _ a 2 "+ 2 6 2 ' 1 + 1 (l+cd) 2 "+ 1 

0 - a 2„ + l b 2„( 1+cd) 2„ + l , « - c 2„ + l d 2„ + l , 

, _ a 2 "b 2 " „ _ e 2 " +1 ri 2 "(l-ab) 2 " 

« — c 2„ d 2„-l( 1 _ ab )2„ , a 2 "b 2 ™ ' 

_ a 2„ + l b 2„ + l _ e 2„ + 2 d 2„ + l (1 _ ab) 2„ + l 

« — c 2„ + l (i 2„( 1 _ ah )2 re + l , C— a 2„+l 6 2„ + l ■ 



Then we get 
Thus 



(ab) 2n — (cd) 2n and 1 — ab = — 1, 1 + cd = — 1. 



ab = 2, cd = —2. 

Second assume that ab = 2, erf = —2. Then we see from the form of the solution of system (10) that 

Xin-l = b, Xi n = a, X4 n+ i = b, X4n+2 = a, 

Vin-i = d, y in = c, j/471+1 = d, yi n +2 = c. 

Thus we have a periodic solution of period two and the proof is complete. 

In a similar fashion, we can obtain the following theorems. 
Theorem 4.3. If {x n ,y n } are solutions of the following difference equation system 

ynyn—l %nXn—l /-i 1 \ 

x n+l — T, r, Vn+1 — 77—. 7 > {i-lj 

X n {l-y n yn-l) y n {\-+XnXn-l) 

where the initial conditions X-\, x 0 , y_\ and yo are arbitrary nonzero real numbers with X-\Xq ^ —1, yoV-i 7^ 1- 
Then for n = 0,1,2,..., 

__. _ a 2 "+ 1 b 2 "(l-ed) 2 " 

^-4n— 1 a 2nfr2n-\ (l_ c d) 2T1 ' ^ in c 2nj2rc 7 

_ a 2 "+ 2 6 2 "+ 1 (l-c<i) 2 "+ 1 

4n + 2 — c 2n + l d 'An + l , 



c 2 "d 2n 


a 2 "b 2 "- 1 (l- 


cd) 2n ' 


c 2 ™ +1 d 2 


n+l 


a 2 "+ 1 6 2 "(l- 


cd) 2 "+± 


2n- 2n 

a 0 




c 2n d 2n-l( 1 + 


ab) 2 ™ ' 


a 2 " +1 b 2 


n+i 



_^ _ c 2 " +1 d 2 "(l+ab) 2 " 

Vin-1 — c 2» ( j2n-l(i +(1 i ) )2„, V4n — a 2 "b 2 " ' 

_ c 2 "+ 2 d 2 " +1 (l+gb) 2 " +1 

Vin+1 — c 2n + l d 2n( 1 + a ;,)2n + l 7 ?/4n + 2 — 0 2n + l{,2n+l , 

and all these solutions are unbounded except if X-iXo = —2, j/ 0 J/— 1 = 2, then the system (11) has a periodic 
solution of period two in the form {x n } — {b, a, b, a, ...} , {y n } — {d, c, d, c, ...} . 
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Theorem 4.4. The solutions of the following two systems of difference equations 

x n+l = , : T V Vn+1 = T~TZ \' ^ 12 > 

x n (-1 ± y n y n -i) y n (-1 ± x n x n -i) 

where the initial conditions are arbitrary nonzero real numbers with x-ix 0 , yoV-i ^ ±1- Then for n = 0, 1, 2, 

e 2 "rf 2 " _ a 2 " +1 b 2 "(-l±cd) 2 " 

%in-l — a 2 "6 2 "- 1 (-l±C(i) 2 " ' Xin ~ c 2 "d 2 " ' 

c 2„ + l d 2„ + l _ Q 2„ + 2 fc 2„+l ( _ 1±cti) 2„ + l 
#4ra+l — a 2 n + l h 2n(_ 1±cd )2,i+l ! ^4n+2 — c 2n+l^n+l ! 

, - a 2 "b 2 " _ C 2 "+ 1 d 2 "(-l±a6) 2 " 

</4n-l — c 2n d 2n-l(_ 1±a (,)2n I </4n — a 2 ™h 2 ™ ' 

a 2„+l b 2„+l _ c 2 "+ 2 d 2 "+i(-l±qfc) 2 "+i 

V4n+1 — c 2n+i(pn(_i-|- a (,)2ii+i j 2/4n+2 — a 2n+l h 2n+l 

Theorem 4.5. Systems (12) have a periodic solutions of period two if and only if X-iXq = VoV-i = ±2, and 
will be in the form {x n } — {b, a, b, a, ...} , {y n } = {d, c, d, c, ...} . 

5. CONCLUSION 

This paper discussed the existence of solutions and periodicity of all cases of the systems of difference equations 

x n+ i = — r, Vn+i = — j n Section 2, we obtained the form of the solution of the system 

x n+ i = — v™y™-i — y n +i — — ■ c " :r "- 1 — anc i other similar cases. In Section 3, we have got the expressions 
of the solutions of some cases of the systems especially x n+ i — x (i"^"^ 1 ^ , y n +i — y (-i+x~x — T)' ^ n ^ ec ^ on 
4, we proved that the solution of the system x n +i — — — r, y n +i = — /f"^" -1 — v unbounded and has a 

•C n V 1 1 yn Vn — 1 ) i/Ti ^ 1 -Cn-En — l) 

periodic solution of period two under some conditions and we have written the specific solutions of this system, 
other systems studied. Finally, using Matlab we gave numerical examples of some cases and drew them to 
support our results. 
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Robust Observer Design for Linear Discrete Periodic Systems * 

Ling-Ling Lv ^and Hui-Qian Zhou * 
February 26, 2014 



Abstract 

In this paper, an approach to the design of robust observer for linear discrete-time periodic systems is 
proposed. By utilizing some algebraic techniques, a robustness index is deduced. On the robustness, the 
needed computation mainly consists in designing parameterized observers for this type of systems and 
solving an optimization problem. The proposed approach is finally illustrated by a simulation example. 

Keywords: Observer design; Linear discrete-time systems; Periodic systems; Robustness. 



1 Introduction 

In recent years, linear discrete-time periodic systems have attracted considerable attention, since they are 
regarded as intermediate class of systems connecting LTI systems and time varying ones. Linear periodic 
systems arise often in a large spectrum of different fields, ranging from economics and management, to 
biology, control, etc. Thus, this type of systems have been widely researched (see [l]-[3] and references 
therein). An important aspect of this type of systems is that periodic controllers can be used to deal with 
problems which time-invariant controllers can not solve (e.g., [4], [5]). In addition, it is turned out that 
control performance of the closed- loop systems can be improved by using periodic controllers (e.g., [6], [7]). 

Lifting techniques, which convert linear discrete periodic systems into LTI systems, are usually used in 
system analysis and design ([8]). structural properties such as observability, reachability, detectability, and 
stabilizability can be equivalcntly analyzed by making reference to the corresponding lifted LTI systems ([9]). 
Lifting techniques, in particular, have been used to study zeros, robust stabilization, pole assignment, and 
state and output feedback stabilization for discrete-time linear periodic systems ([10]). 

The states of a system can be used to form different control laws to realize different control purposes. But 
the states of a system are not always measurable in practice. Therefore, the state observers will be used 
to reconstruct the states of a dynamic system(e.g., [11]-[13] ) . Observer-based control has been applied 
to not only linear systems (e.g., [14]-[16] ), but also nonlinear systems (e.g., [17], [18]). In linear discrete 
periodic control area, periodic observer-based residual generators are usually designed to study fault detection 
problems (e.g., [19]-[21]). But as far as we know, in the existing research results, little attention is given to 
the robustness of observers for linear discrete periodic systems. This is imprudent especially when there are 
some pertubations or uncertainties in system matrix data, which can leads to the inaccuracy of observed 
results. 

In this paper, by transforming the state observers design problem into poles assignment problem and utilizing 
our recent results on poles assignment, numerous parametric explicit observers are provided in the form 
of recursion. Then an algorithm for parametric observers design is presented. To measure robustness, 
a performance index is proposed, which reflects the insensitivity of the closed loop system to a certain 

*This work is supported by the Programs of National Natural Science Foundation of China (U1204605, 11226239), Scientific 
Research Key Project Fund of the Education Department of Henan Province(12B120007) and High-level Talent Research 
Program of North China University of Water Conservancy and Electric Power (201013). 

tlnstitutc of electric power, North China University of Water Resources and Electric Power, Zhcngzhou 450011, P. R. China. 
Email: lingling_lv@163.com (Ling-ling Lv). Corresponding author. 

^College of Mathematics and ScienceLuoyang Normal University , Luoyang 471000, P. R. China. Email: hcl- 
lohuiqian@163.com (Hui-Qian Zhou) 
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pertubations on system matrices. Degrees of freedom existing in the parametric observers are used to realize 
robust observer design by solving an optimization problem. A numerical example is employed to illustrate 
the validity of the algorithms, and the results show that advantage of the robust design approach is very 
significant. 



Notation 1 Throughout this paper, the notation i,j denotes the integer set {i,i + 1, . . . ,j — 1, j}, ||-|| F 
represents the Frobenius-norm and kf(A) = || A^ 1 || p || A\\ F is the Frobenius-norm conditional number of 
matrix A, 0(e) indicates a matrix function of e and all of whose elements have the orders larger than or 
equal to e. 



2 Preliminaries 

Consider an observable linear discrete periodic system represented by the following state-space model 

/ x(t + l)=A(t)x(t) + B(t)u(t) 

\ y(t) = C(t)x(t) [i) 

where t e Z, the set of integers, x(t) e K", u(t) e W and y(t) G M. m are respectively the state vector, 
the input vector and the output vector, A(t), B(t), C(t) are matrices of compatible dimensions with the 
T-periodic property 

A(t + T) = A(t), B(t + T) = B(t),C{t + T) = C{t) 



The lifted LTI system of system (1) has the following description 

/ x L (t+ 1) = A L x L {t) +B L u h (t) 
{ y L (t) = C L x L (t) 



(2) 



where 

A h = A(T — 1) • • • A(0) (3) 
B L = [ A(T - l)A(T - 2) ■ ■ ■ A(l)B(0) ■■■ A(T — 1)B(T — 2) B(T — 1) ] 

r c(o) l 

C(1U(0) 

C L = ^ ' (4) 

_ C(T - 1)A(T - 2) • • • A(0) _ 
x L (t) = x(tT) 

u L (t)=[ u T (tT) u T (tT+l) ••• u T (tT + T-l)] T 

It is assumed that the states of system (1) can not be measured by hardware due to some restrictions in 
practice, but the output y(t) and the input u(t) can be utilized. In this case, we need construct a system 
which can give an asymptotic estimation of x(t). Such a system can be taken the form as 

x{t + l)=A(t)x(t) + B{t)u{t) + L(t)(C(t)x-y(t)), x(0) = x 0 (5) 

where igl" and L(t) € K" xm , feZ are real matrices of periodic T. 

Combining system (1) with (5) gives the following closed loop system 

x(t+l) = (A(t) + L(t)C(t))x(t)-L(t)C(t)x(t) + B(t)u(t), x{0) = x 0 (6) 

This system is also a T-periodic linear system and its monodromy matrix is 

# c = A C (T - 1)A C (T - 2) • • • 4.(0) 

where 

A c (i) = A(i) + L(i)C(i), i e 0,T- 1 
Here, we give an existence condition for a full order state observer (5) which is simple and its proof is omitted. 
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Proposition 1 For an observable system (1), there exist matrices L(t), t G 0,T— 1 such that system (5) 
becomes a full order state observer of system (1) if and only if all the eigenvalues of the monodromy matrix 
"Jc of system (6) lie in the open unit disk. 

Let r = {si,Si eC,i€ 1, n} be the set of the desired poles of the closed-loop system (6), which is symmetric 
with respect to the real axis. Let F G R nxn be a given real matrix satisfying A (F) = T. Then, clearly, 
A (\I/ C ) = T if and only if there exists a nonsingular matrix V such that 

qj c V = VF (7) 

Then the problem of observer design for system (1) can be reduced as following: 

Problem 1 Given a completely observable discrete-time linear periodic system (1) and matrix F G M" x ™, 
find matrices L(t) G K nxm , t G 0, T — 1, such that (7) is satisfied for some nonsingular matrix V G M" x ™. 

When there exist parameter perturbations in system matrices A(t) and C(t), the closed- loop system matrices 
will deviate the nominal matrix A c (t). Without loss of generality, we assumed that the closed- loop periodic 
system matrices are perturbed as follows: 



A{t) + L(t)C(t) ^ A(t) + A M (e) + L(t)(C(t) + A c , t (e)), t G 0, T - 1 



where A at (e) G R nxn , A ct (e) G R mxn , t G 0, T - 1, are matrix functions of e satisfying 

,. A g , t (e) A c , f (e) 

hm ■ = A 0)t , hm — '■ = A c . t 

e^0+ e e^0+ e 



in which A o t G R nx ™, A c t G K mxn , t G 0, T — 1, arc constant matrices. Then the monodromy matrix of 
perturbed closed-loop system is 

* c (e) = (A C (T - 1) + A 0iT _ 1 (e) + L(T - l)A CjT _ 1 (e)) • • • (A c (0) + A c , 0 (e) + L(0)A c , o (e)) 

Since nondefective matrices possess better robustness than defective ones (see [23]), the robust observer 
design problem for system (1) can be described as follows. 

Problem 2 Given a completely observable discrete-time linear periodic system (1) and matrix F G R nxn , 
find real matrices L(t) G M. nxm , t G 0,T — 1, smc/i tfftaf tfte following conditions are met. 

1. Matrix * c is nondefective, and (7) is satisfied for some nonsingular matrix V G M" x ™; 

2. TTie eigenvalues of matrix "J^le) af e = 0, i € 1, Z are as insensitive as possible to small variations in e. 

At the end of this section, we introduce the following right coprime principle for polynomial matrix pair (see, 
for example, [22]). 

Definition 1 A pair of polynomial matrices N{s) G M nxr [s] and D(s) G M rxr [s] are said to be right coprime 



rank 



= r for any A G C 



D(X) 

and a pair of polynomial matrices H(s) G ]R mx "[s] and L(s) G S. mxm [s] are said to be left coprime if 

rank [ H(X) L(X) ] = m for any A G C 
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3 Main results 

Lot A LT and C LT denote the lifted system matrices corresponding to periodic matrix pair (A T (■) , C T (■)) . 
Introducing the following polynomial matrix factorization: 

(zl — A LT ) _1 C LT = N(z)D~ 1 (z) (8) 

where N(z) G R nxTm , D(z) G R TmxTm are right coprime matrix polynomials in z. If we denote 

D(z) = [d l3 (z)] TmxTm , N(z) = K(z)]„ xTm 

and u = max {uj\, LO2} , where 

lo 1 = m ax {deg(djj(z))} , lv 2 = _max {deg(n y (z)} 

i, jel,Tm iel.n, j=l,Tm 

then N(z) and D(z) can be rewritten as 



Denote 



and 



N(z) = £ A^, Ni E C 

i=0 

D(z) = £ D.z 1 , A G C 

i=0 



nxTm 



TmxTm 



V (Z) = N 0 Z + N X ZF + ■■■+ N^ZF" 
W (Z) = D 0 Z + D X ZF + ■■■ + D^ZF" 



Z 



det (^NiZF*) ^0 



i=0 



where Z G R Tmx ™ is an arbitrary parameter matrix. 
Let 



X{Z)^W(Z)V- 1 (Z)=[ Xj ••• X^_ X \\ZEZ 



(9) 

(10) 
(11) 

(12) 



Theorem 1 Let periodic matrix pairs (A(-),C(-)) are system matrices of system (1), V (Z) and W (Z) 
are given by (10), Xi, i G 0,T — 1 are given by (12). Then the whole set of solutions to Problem 1 are 
characterized as 



£ = < 



r / m \ 

L(l) 



I V L{T-l) ) 



x(z)^w{z)v- 1 {z), zez 

L(0) = [Xi] T , det(A c (0))_^0 

3=0 



L(t) 



, det (A c (t)) ^ 0, iG 1,T-1 



(13) 



Proof. Since matrix ^ c has the same eigenvalues with matrix \I/<F, problem 1 can be converted into find 
matrices L T (t), such that 

= (A T (0) + C T (0)L T (0)) ■ ■ ■ (A T {T - 1) + C T (T - l)L T (T - 1)) 

has the desired eigenvalues. Utilizing theorem 1 of literature [23], we can conclude that the solution to 
Problem 1 has the form shown in (13). ■ 

Based upon Theorem 1, an algorithm for solving Problem 1 follows. 
Algorithm 1 (Parametric Observers Design) 



1. Assign the desired poles set {si,Si G C,i G l,n} for the united system (6); 

2. Compute A LT , C LT according to (3) and (4); 
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3. Solve the right coprime polynomial matrices N(z) and D{z) satisfying factorizations (8) to obtain 
matrices 7V i; D i7 i e 0,cj; 

4- By virtue of formula (10), compute V(Z),W(Z); 

5. Compute L(t), t e 0,T — 1 according to (13). 

Since above parametric observers design algorithm can present numerous explicit solutions, it is convenient 
to exploit free parameter Z to achieve some other system performances by imposing additional conditions 
on the gains L (t) ,t G 0, T — 1 and matrix V. An important aspect in observer design problem is that 
the designed observer should be insensitive to the changes in the matrix data. Thus the robust observer 
design problem for linear periodic systems consists of choosing L{t) G K" xm , t G 0, T — 1 so that <J> C has the 
prescribed set of eigenvalues, and so that these eigenvalues are as insensitive to perturbations in the closed- 
loop system as possible. The question remaining is how to choose cost function, i.e., the index characterizing 
insensitivity of the poles to small changes in the system data. For this purpose, we formulate the following 
theorem. 



Theorem 2 Let * c = A c (T-l)A c (T-2) ■ ■ ■ A c (0) G R" x ™ be diagonalizable and V G C nxn be a nonsingular 
matrix such that ^ c = V~ 1 AV G K™ x ", where A = diag {Ai, A2, . . . , A n } is the Jordan canonical form of 
matrix Assume that for real scalar e > 0, t G 0, T — 1, 



where A a t G R" x ™, A c t G K mx ™, t G 0,T — 1 are constant matrices. Then for any eigenvalue A of matrix 

* c (e) = (A C (T - 1) + A 0iT _ 1 (e) + L(T - ljA^^e)) • • • (A c (0) + A c , 0 (e) + L(0)A c , o (e)) 
the following relation holds: 

mm{\\j A|} < enn F (V) (j^ ll^o (*) II f " ^ (l + £ H^(*)Hk) ^{l|A«,t|| F , ||A c , t || F } + 0( £ 2 ) (15) 
where Kf(V) = ||^ _1 || F II^IIf * s Frobenius-norm conditional number of matrix V. 

Proof. Since A is an eigenvalue of matrix ^f c {s), we have 

0 = det(V _1 (tf c (e)-AJ)V) (16) 
= det (V^ 1 (* c - AJ + n)V) 
= det (A - XI + V _1 nV) 

where 

0 

n = (V.i^ + ^T-iJV!^)) J] A c (t) 

t=T-2 



+,4 c (T-l)(A a , T _ 2 ( e )+L(T-2)A c , T _ 2 ( £ )) J] A c (t) 

t=T-3 

+ ■■•+( I] Mt)) (A a , 0 (e)+i(0)A c , 0 ( £ )) + O( £ 2 ) 



Vt=T-l 



If matrix A — A/ is singular, it is obvious that there exists j satisfying A = Xj, thus relation (15) holds 
automatically. If the matrix A — XI is nonsingular, then it follows from (16) that 

0 = det ((A - XI) (I + (A - Xl^V^nv)) 
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which implies that the matrix I + (A — XI) 1 V 1 UV must be singular. Consequently, we get 

IKA-A/j^v^nvjlp > 1 



from which we deduce 



or equivalently, 
Note that 

l|n|| F 



i < \\{A - xiyW^nv^ 

< IKA-A/rXH^nvHp 

< nmax{|A J --Ar 1 }K F (V , )||n|| I 



min{|Aj-A|}<nK F (V) HnHj 

3 



(A 0 ,r-i(e)+i(T-l)A c>T -i(e)) II 

t=T-2 

0 

+A c (T-l)(A a ^ 2 (e)+L(T-2)A c , T _ 2 (e)) JJ A c (t) 

t- 

+ •■■+( IJ A=(t))(A 0 ,o(e) + £(0)A c>0 (e)) 



t=T-3 



\t=T-l 
0 



< e n h^c(*)Hf+ n ikwiif 

yt=T-l, tj±T-l t=T-l, tj£T-2 

+ ■■■+ II H^(*)IIf) max {II A m || f + ||L(t)|| F || A c , t || F } + 0(e 2 ) 

t=T-l, t^O / 

On the other hand, in terms of the inequality 

n 1 n 



the following series of inequalities hold: 

o 



T-l 



n PcWHf < e Pcwur 1 
n n^(*)ii 

t=T-l, i^T-2 t=0, 



(=0, t^T-l 

^ E p 



! <-viIf 



(17) 



T-l 



t=T-l, t#0 



II PcWIIf < ^ E II^WHf" 1 

Therefore, we can get 

||n|| F < ^1 E IKWIIf _1 + E IK(i)llF _1 + --- + 



T-l 



t=0, t^O 



T-l 



,t=0, i^T-1 



J=0, t^T-2 



T-l 



E WMQWl' 1 max{||A M || F + ||iW|| F ||A M || F } 

t=o, *#o y 

= e hr PcWIir 1 ) max {||A M || F + ||L(i)|| F ||A c , t || F } + 0(e 2 ) 



>t=o 
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Combining inequality (17), we have 

min{|A j - A|} < enn F (V) (j^ \\Mt)\\^ max {|| A 0 , t || F + ||L(t)|| F ||A c , t || F } + 0(e 2 ) 

< sn KF (V) (j2 \\Mt)\\^ (l + E II L WHf) max {||A a , t || F , ||A c , t || F } + 0( £ 2 ) 
Thus, the proof is accomplished. ■ 

In view of theorem 2, the sensitivity of the observers for system (1) with respect to the perturbations on 
system matrices can be measured by the following index: 

T-1 / T-1 \ 

j(z) ± k f (v) E \\am\f~ 1 i + E H^WHf ( 18 ) 

t=0 \ t=0 / 

So far, the robust observer design problem can be converted into a static optimization problem. Here, we 
present an algorithm for problem 2. 

Algorithm 2 (Robust Observer Design) 

1. Select the desired poles of the closed-loop system (6) such that they all lie in the open unit circle; 

2. Compute A LT , C LT according to (3) and (4). Solve the coprime factorization (8) to compute matrices 
N(z), D(z), and further obtain matrices Ni,Di,i e 0,cj 

3. Construct general expressions for matrices V and L(t), t G 0,T — 1 according to (10) and (13); 
4- Solving optimization problem 

MinimizcJ(Z) 

by using gradient based searching method. The optimal decision matrix is denoted by Z opt ; 

5. Compute matrices V op tand W op t according to (10) by using optimal decision matrix Z opt ; 

6. Calculate matrices L opt (t), t G 0,T— 1 by formulae (13). 



4 A numerical example 

Consider linear discrete periodic system (1) with parameters as follows: 



" -4.5 -1 " 


, A 1 = 


r o 


i " 


, A 2 = 


' 0 


2 " 


2.5 0.5 


i— 1 


2 


1 


1 



Bq — B\ — B 2 — ^ 

Co = [2 1 ] , Ci = [ -1 1 ] , C 2 = [ 0 1 ] 

This is an oscillation system and it is easily verified that this system is completely observable. Therefore, we 
can design an observer represented by system (5) for it. Without loss of generality, the poles of closed-loop 
system (6) can be taken as —0.5 and 0.5. 

By right coprime factorization to the lifted system matrix pair, we can obtain 



N(s) = 



1 0 0 
0 1 0 



D(s) = 



0 0 

0 h- 
2s -2 -fs 
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Randomly choosing a parameter matrix 



Z = 



-1 0.5 
2 3 
-3 1 



we get a group of periodic observer gains as follows: 



v rand 



(0) 



2.1481 
-1.2037 



-'rand 



(i) 



-15.5000 
-5.0000 



-'rand 



(2) 



Applying algorithm 2 gives the following robust observer gains 



-Crobu(O) 



For convenience, denote 



1.7880 
-1.0259 



! irobu(l) — 



-0.6496 
-0.0063 



,£robu(2) = 10" 



-1.8333 
-4.0833 



0.4673 
0.2320 



^rand — (^rand(O)i -^rand^); -^rand(2)), -^robu — (-^robut^O), -£/robu(l)? ^robu (2)) 

When the reference input signal is taken to be v(t) = 0.1*sin(i + 7r/2) and the initial states of system (1) and 
observer (5) are respectively taken to be xo = [—1, 1] T , xq = [0, 0] T , we depict the states histories of system 
(1) and its observing system (5) respectively by £ ran d and L ro bu hi figure. 1. Here, the solid line denotes 
the trajectory of x(t) and the dotted line denotes the trajectory of x[t). In this figure, the two observers can 
both track the nominal system very well. 

Let the closed-loop system matrices be perturbed as follows: 

A(t) + L(t)C(t) h> A(t) + fiA at + L{t){C{t) + fiA ct ), t G 072 



where A at G R , A ct G R , t G 0,2 are random perturbations normalized such that ||A Qt || F = 
1, ||A ct || F = 1, t G 0,2 and /1 > 0 is a parameter controlling the level of perturbations. Let /1 = 0.01, 
we depict the response histories of x{t) and x(t) with observer gains L ranc i and L ro t> u m figure. 2. It is obvi- 
ous that the observer with L ran d can not track the system state x(t) even the perturbation level is reduced 
to fj, = 0.01. To measure robustness of the designed observer with gains L ro bu, we continuously increase the 
pertubation controlling level until /1 = 0.25 and depict the results in figure. 3. From simulation results, we 
can see the designed robust observer has strong anti-interference. In addition, we notice that i r obu has a very 
small norm compared with i ran d- This means that the robust observer can possess less energy consumption, 
since small gains lead to small control signals. 
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20 
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^ -2 
£ 

<d -4 
in 

i -e 



0 



a -2 

E 

0) -4 

i -6 



0 



It 



Lr 



If 



IfUlf 



If 



10 20 30 40 

steps 
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Figure 1: x(t) and x(t) respectively by L ran d and L ro ^ u for the nominal system 



341 



Ling-Ling Lv et al 334-344 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



XI 

i 


100 










-Q 


50 


Q 




CD 




E 


0 


ai 

CD 




Cfl 






-50 


n 




03 






-100 



-nj-.;U'Lr^Ll-,:L/1,r J fl i t j n i : 



20 30 
steps 



JU 



20 
steps 




Figure 2: x(t) and i(t) respectively by L ranc i and L ro b u for the perturbed system with /i = 0.01 
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Figure 3: x(t) and x(t) respectively by L ran ^ and L ro b„ for the perturbed system with /x = 0.25 



5 Conclusion 

Based on periodic parametric observers design approach and a deduced robust performance index, the robust 
observer design problem for linear discrete-time periodic systems is studied by solving an optimization 
problem. In this case, it is shown that the robust performance of an observer can be related with the norm 
of the monodromy matrix of the closed-loop system. The provided robust observer design algorithm has 
been tested on a numerical example, giving satisfactory results. 
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SOME FAMILIES OF TWO-SIDED GENERATING FUNCTIONS 
FOR CERTAIN CLASS OF r VARIABLE POLYNOMIALS 



CEM KAANOGLU 



Abstract. In 1972, H.M. Srivastava considered certain class of one variable 
polynomials, the Srivastava polynomials and introduced a research for these 
polynomials [22]. In the following period, the various classes of Srivastava 
polynomials have considered in the papers [1], [13], [15], [16], [17], [19], [20]. 
In [14], Kaanoglu and Ozarslan have introduced certain class of r— variable 
polynomials which is multivariable extension of Srivastava polynomials and 
investigated two-sided generating relations between these r— variable polyno- 
mials and certain class of r — 1— variable polynomials. In this paper, we obtain 
a number of new two-sided linear generating functions for these polynomi- 
als by applying certain hypcrgeomctric transformation. Furthermore, various 
generating relations are presented for r— variable Lagrange polynomials. 



1. Introduction 



It was H.M. Srivastava [22] who introduced the so-called Srivastava polynomials, 
(1.1) Sft^E^T^ (neN 0 =NU{0};iVeN), 

k=0 

where N is the set of positive integers, {Ai,fc}^° fe=0 is a bounded double sequence 
of real or complex numbers, [a] denotes the greatest integer in a £ K, and (A)„, 
(A)o = 1 denotes the Pochhammer symbol defined by 

,_ r(A + .) 

by means of familiar Gamma functions. 

In 2002, Gonzalez ct al. [13] extended the Srivastava polynomials (z) as 
follows: 

S^ m (z) = Y, ( - J w^A n+m , k z k (m,n e N 0 ; N eN), 
k=o K - 

and studied their properties extensively. Because of the fact that S^ Q (z) = S„ (z), 
we call the family by "extended Srivastava polynomials". 



Key words and phrases. Generating functions, Srivastava polynomials, Lagrange polynomials, 
Hypcrgcometric transformation. 
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CEM KAANOGLU 

In [1], the following family of bivariate polynomials has been introduced 

t^l n-Nk k 

S™' N (x,y) = ^A m+n!k J — mi y- (n, me N 0 , NGN), 



k=0 



and it has shown that the polynomials S™' N (x, y) includes many well known polyno- 
mials such as Lagrange-Hermite polynomials, Lagrange polynomials and Hcrmitc- 
Kampe de Feriet polynomials. 

In [23], Srivastava et al. have introduced the three- variable polynomials 
(1-2) 

M W l k-Ml n-Nk 

S^ N (x,y,z) = EJ2 A ^ij ^_ Ml)[{n _ Nk)V (m,nG N 0 ;M, N e N), 

where {^4 m ,n,fc} be a triple sequence of complex numbers. 

Suitable choices of {A m _ n ^ k } in equation (1.2) gives three variable version of 
well-known polynomials. In [23], a number of two-sided linear generating functions 
between three-variable polynomials S™' M ' N (x, y, z) and a family of two-variable 
polynomials 



— - n-Ml . 

(1.3) P™' M > N (x,y) = ^ A m+Nn>ntl (n _ Ml) ^ , (m,neN 0 ; M,NeN) 



have been investigated. Furthermore, in [15] some new two-sided generating rela- 
tions have been proved by applying a certain class of hypergeometric transforma- 
tions. 

In [14], C. Kaanoglu and M.A. Ozarslan introduced r— variable Srivastava poly- 
nomials 

(1.4) S™> N ^>-> N ^{ Xl ,x 2 ,...,x r ) 

[t^t] [^dd M [w] ki k 2 -N 1 k 1 n-JV r _ife r _i 

E\ " \ " \ " a x l x 2 X r 

o k o "' ka ko Am+n ^- M ^- k ^ h\ (k 2 - N^y. - (n - N^k^l 

k, — 1=0 k, — 2=0 «2=0 fei=0 

(ro,n G N 0 ; N U N 2 , ...,JV r _i e N). 

and obtained a number of two-sided linear generating functions between these poly- 
nomials and r — 1— variable polynomials 

(1.5) P™' N » N "-' N <~-i(x 1 ,x 2 ,...,x r - 1 ) 

[n^] [l\£zf] [jvl] [jvt] 

= ^ ^ ••• ^ ^ A m+ N r _ int n ,fel,fc2,fe3, — ,fer-2 

fc r _ 2 =0 fe r _ 3 =0 fc 2 =0 fel=0 

X2 (k 2 -N 1 k 1 ) x ^(n-N r - 2 k r -2) 

'~kj(k 2 - JVifei)!'" (n-JV r _ 2 A: r _ 2 )! ' 
(m,n e N 0 ; JVi„ JVa, W r _i eN). 

Note that appropriate choices of the sequence {^4n,fc r _i,fci,fc 2 ,...,fc r _ 2 } m (l-^) gi ye 
the r— variable versions of the well known polynomials. 
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The aim of this paper is to obtain new two-sided linear generating functions 
between r-variable polynomials Sn' Nl ' N2 '"' ,Nr ~ 1 {xi,x 2 , ...,x r ) and (r — Invariable 
polynomials P™' Nl ' N2 '"'' Nr ~ 1 (xi, x 2 , ...,x r -i) by applying hypergeometric transfor- 
mations [21] 

1 1 2z 

(1.6) 2 F 1 (a,a+-; T ,z 2 ) = (l + z)- 2a 2 *\(2c*, 7 - -; 2 7 - 1; — ) 
z z 1 + z 

(|arg(l + z)\ < ir - e (0 < e < tt); 2 7 - 1 $ Z 0 ), 

and 



(1.7) 2 F 1 (a,a+-; T ,z) = (1 - *)~° 2*1 (2a, 2 7 - 2a - 1; 7 ; v ) 

z 2yT - z 

(|arg(l-z)| < 7T-e (0<e<7r); 7 ^Z-). 

In [5], the given hypergeometric transformations have been used to investigate 
families of double series identities involving various hypergeometric functions in 
one and two variables . 



2. Main Results 

The main object of this section is to derive a number of two-sided linear gen- 
erating relations between r— variable polynomials and r — 1— variable polynomials 
which are defined by (1.4) and (1.5), respectively. 

We start by recalling an infinite series identities which were obtained by Srivas- 
tava et al. [23]. 

Lemma 2.1. (see [23 ,Lemmal]) Let Ni,N 2 , N r _i eN,r = {2, 3, ...}. Then 

OO OO oo 

t 2 - 1 ) E E " E Mni,n 2 ,...,n r ) 

n r = On T _i- 0 'fi\— 0 

= ^ ... A(ni,ri2 — -/Vim, ■■■,n r — N r _in r -i) 

n r -0 n r -i-fl Hi- 0 

and 

(2.2) ^ E - E ^K^2,-,n r ) 

n r -0fi r _i-0 ni— 0 

OO OO CO 

= E E - E A ( n i' n 2 +iVmi,n 3 + iV 2 iVini + N 2 n 2 ,..., 

n r -0n r _i-0 ni— 0 

r— 1 r— 1 

™r + Njril + n N,n 2 + •■• + N^Hr-i) 

where {^4(711,712, ...,n r )} is a bounded r— tuple sequence of real or complex numbers. 
The main result of this paper is given by the following theorem. 
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Theorem 2.2. Let {^(n)}^L 0 be a bounded sequence of complex numbers. Then 
(2.3) £ ^^^.^.■■■^- 1(a;i)!Baj ... )a;r) ^ li; - 

m ,n=0 2>m 

OO 

^ + 771 + F{ T - 1)) ^n+m+r(r-l) ) /c T ._i+r(r-2) ) fei ) fe 2 +Ar 1 fe 1 ,...,fc r _2+r(r-3) 

7i,m,fc r _ij...,/ei=0 

r-l r-l r — 1 

(xiw i =1 ) kl {x 2 w J = 2 ) fe2 (a; r -iw 3 — 1 ) fc ''- 1 (x r w + 2i)™ (v) m (-4i) m 



k\\ fc 2 ! fc r _i! n\ (2v) m to! 

provided that each member of the series identity (2.3) exists. 

Proof. Let the left hand side of (2.3) denote by * v , m ,j\r 1 ,jv 2 ,...,JV r _i O^ii x 2, ■ x r , t, w). 
Then using the definition of S™' Nl ' N2 '"'' Nr ~ 1 (xi, x 2 , ...,x r ) on the left hand side of 
(2.3), we have 

,m,Ni,N 2 ,...,N r -i (x 1 ,x 2 , ...,x r ,t,w) 
_ Q(2TO + n) tfm^uN^Nr-!, )—w n 

m,n=0 v 2^ m 

E\l(2m + n) \ x - x x 

/ T 1\ Z^ ■•• ^-2m+n,fc r -l,fcl,fc 2 ,...,fcr-2 

m,n=0 ^ 2'' m fc r _i=0 fc r _ 2 =0 fc 2 =0 fei=0 

-fcl ™fe 2 -A r lfcl n-i\T r _ik r _i 2m 
x l x 2 1 n 

' hi (fc 2 - iVifci)! "' (n - A^-iAv-i)! m! ' 

Let define 

r— 1 r— 1 

F(r - 1) = n ^J^ 1 + II N J k2 + -• + ^r-lAr-1- 

By applying Lemma (2.1), we find 

*v,m,iVi,iv 2 ,...,iv r _i fai, a?2j — , a; r , i, w) 

tt(2m + n + F(r - 1)) 



OO OO 



= E E 



m,n=0fc r _ 1 ,...,fe 1 =0 V^T 2 , m 
•^2m+n+F(r-l),fe r _ 1 +F(r-2),fei,fc 2 + Wifei,fc3+A r 2 fe 2 +Ar 2 JVi*;i,...,*; r _ 2 +r(r-3) 



fci! fc 2 ! n! to! 



(n+JJ JV 3 fei+JJjV j /c 2 + ...+JV r _ife r _i) 
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*i),m,JVi,Ar 2 ,...,JV r _i {X1,X2, ...,X r , t, w) 

n(2m + n + F(r - 1)) 



oo oo 



EE i i , 

■^-2m+n+r(r-l),/s r _i+r(r-2),/si,fc 2 +iVife 1 ,fe3+JV2/s2+iV2iVifei,...,fe r _2+r(r-3) 

T--1 7--1 

(a;iio 3=1 ) fcl (x 2 w J= 2 f 2 (x r w)" t 2m 
k\\ k 2 \ n\ to! 

Now taking n^> n — 2m (0 < to < [§]; to, neNo), we get 
*u,m,JVi,jv 2 ,...,jv r _i (zi, ^2, av, t, w) 

1 »( n + F(r- 1)) 
(«+|) 



E E 



n,fe r _i,...,fei=0m=0 ^ T 2-"" 

n+r(r-l),fc r _ 1 +F(r-2),fe 1 ,fe 2 +Ar 1 fc 1 ,fe 3 +Af 2 fc 2 +Af 2 Ar 1 fc 1 ,...,fc r _ 2 + r(r-3) 



(JJ^) (11^ 

(xiw 3=1 (x 2 u> 3=2 ) fe2 (x r u;) rl - 2m i 2m 

A^! A^! "' (n- 2to)! "toT 

Using the following elementary identity: 

(n - 2m)\ = —— — T —, (0 < m < [-1; to, neN 0 ), 

z V 2 M\ 2 ~r 2 M 

we obtain 

*i;,m,ivi,jv 2 ,...,jv r _i (xi, a; 2 , a; r , i, w) 



oo l 2 J /_n\ /_n , 1\ (( jj \2\m 

e e ( to. 

n,fe r _ 1 ,...,fe 1 =0m=0 l w + 2 V 



' ^ri+F(r-l),fc r _i+F(r-2),fci,*; 2 +Afifei,fe 3 +Ar 2 fe 2 +Ar 2 JVifc 1 ,...,fc r _ 2 +r(r-3) 



tfl^ ( II Nj) 

(xiw 3=1 ) kl (x 2 w 3=2 ) fe2 (x r w) r 



fei! fc 2 ! n\ 

OO 

(2.4) = ^ fi(n + F(r-l)) 

n,fc r _i,...,fei=0 

•^n+F {r-^^-x+F {r-2)MM+N 1 k 1 M+N2k 2 +N 2 N 1 k 1 ,... : k r - 2 ^F {r-Z) 
r-l r— 1 

tfl^ (JI^ 

(xiw i=1 ) fel (x 2 w i=2 Y 2 (x r w) n 



fell fc 2 ! "' n! 

n n 1 1 , 2t 

• 2 V ' 



— ,lb It _L X . Zj6 .i). 



2' 2 2' 2 1 x r w' 
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If we consider the hypergeometric transformation (1.6) in the last member of (2.4), 
we get 



*v,m,JVi,JV 2 ,...,JV r _i {xi,x 2 , •., x r , t, w) 



it 

x r w 



ft(n + F(r-l)) 2 F 1 (-n,v;2v; i 

n,fe r _l,...,fcl=0 X r W 

'■^■n+F (r-l),k r -i+F (r-2),k 1 ,k 2 +N 1 k 1 ,k3+N2k2+N 2 N 1 k 1 ,...,k r -2+F (r-3) 



(11^) , (II 



N, 



(xxW i= x ) kl (x 2 W >= 2 ) k2 {x r w) n It 

k\\ k 2 \ n\ x r w 



£fi(n + F(r-l)) 

n,fc r _i,...,/ci=0 m— 0 

•Ai+r(r-l),A; r _ 1 +r(r-2) ) A; 1 ,fc 2 +iV 1 fc 1 ,fc3 + A^2fc2 + W 2 7V 1 fc 1 ,...,A; r _ 2 +r(r-3) 
i — l 

(JI^) 4 



k\l n\ x r w (2w) m m! 

oo n 

E £n(«+F(r-i)) 

n,fe r _i,...,/si=0 m=0 

•^n+r(r-l),fe r _i+F(r-2),*;i,fe2+JVifei,fc 3 +Ar2fc2+W2A r lfel,...,fcr-2+F(r-3) 
r— 1 r-1 

(ii ^ ( n ^ 

(xiio 3=1 ) fel (a; r -iw> ^='- 1 ) fc '- 1 (x r w + 2t) n - m (v) m {-At) 1 
k\\ k r -\\ (n — m)\ (2v) m m! 

Setting n — > n + m 

*t;,m,JVi,Jv 2 ,...,iv r _i (zi, #2, av. i, to) 

oo 

^ n(n + m + F(r - 1)) 

n,m,feg — i ,...,fci=0 

' Ai+rn+r(r-l),fc r _i+r(r-2),fci,A;2+iVifci,fc3+7V2fc2 + A r 2iVifci,...,fc r _2+r(r-3) 

r— 1 r-1 

(ii ^ ( n ^ 

{xxw i =1 ) kl (x r _ lW ^=- 1 (x r w + 2i) n (u) m (-4i) m 



fci! fc r _i! n! (2w) m m! 

Whence the result. □ 

Setting w = — in Theorem 2.2 we get the next corollary. 



350 



CEM KAANOGLU 345-356 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



TWO-SIDED GENERATING FUNCTIONS 7 

Corollary 2.3. Let {^(fi)}^o be a bounded sequence of complex numbers. Then 



(2.5) 



E O(2m + n) Nl N Nr _ 1( ,t /-2*^„ 

-7— T) \ {Xl,X 2 , ...,x r ) — (—-) 

oo 

^ + /r ( r ~ !)) An+F(r-l),k r - 1 +F(r-2)MM+N 1 k 1 M+N 2 k2 + N 2 N 1 k 1 ,...M r -2+F(r- 
m,k r -i : ...,ki—0 

r-l r-l r-l 

(Q^ ( ii ^ ( n n ^ 

Mjg) ^ Ng) J = 2 ) fc2 (^-i(^)— 1 ) fc - 1 fr) m (-4tr 



provided that each member of the series identity (2.5) exists. 



Theorem 2.4. Let {^(^)}^L 0 be a bounded sequence of complex numbers and 
gm,N 1 ,N 2 ,...,N r ^ 1 ; Xr ^ d e ft ne d by (1.4). Suppose also that (r— 1)— variable 

polynomials P™' Nl ' N2 '"'' Nr ~ 1 (x\,X2, ■■■,x r -\) be defined by (1.5). Then the family 
of two sided linear generating relations holds true between these polynomials: 



m,n=0 v 2^ m 



oo oo 



= ^ ^ fi(n + m + k r -iN r -i) 

n,m— 0 fe r _i=0 



n 



JV, 



r >m+n,iVi,.2V2,...,./V r _i / 



(jj^) ( n n a 



(a; r M; + 2t) n fo) m 

n\ (2v) m m! 



provided that each member of the assertion (2.6) exists. 
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Proof. Setting fc 2 — N\k\, k% — N 2 k 2 , fc r _i — fc r _ 2 -/V r _ 2 in Theorem 2.2 we get 

ml 



6„ [x u x 2 ,...,x r ) w 

n,n=0 y V+ 2>™ 



oo oo 



£l(n + m + k r -\N r _\) 



n,m—0 k r -i— 0 



[^r-2] [^r-s] [^2] 

' •■■ ^-n+rn+fc r _iA r r _i,fc r _i ; A;i,fc2,fc3 ) ---,fcr-2 

k r -2— 0 fc r _3— 0 A)2— 0 fci — 0 

r-l r--l r-1 

(]]_N 3 ) (QjV 3 ) ( JVj) 

(XIW 3 = 1 ) fel 3=2 ) fe 2-JVlfcl (l r _ lW )/=r-l-fcr-2iV r _ 2 

fc^ (fca-TVxfci)! "' (fc r _i -A: r _ 2 iV r _ 2 )! 

(a; r w + 2t)™ (u) m (-4i) m 
n! (2w) m to! 



Then we have 

E "^'" 1 ^ o2m,N 1 ,N 2 ,...,N r .- 1( \—,„ n 
{v+ S n (x 1 ,X2,...,x r ) ml w 



OO OO 



fi(n + m + k r -iN r _i) 

n,m— 0 fc r _ 1 ^0 



r— 1 r— 1 r— 1 



(ji ^ ii^ ( n 

(x r w + 2i)" (v) m (-4t) T 



P ( m+n, iVi,iV2 ,N r -i / ■ , , 



n! (2u) m m! 



□ 



Corollary 2.5. Setting t — 0 in Theorem 2.4, we get the following two-sided gen- 
erating relation: 



n=0 



00 (H^) ( n w u wY 



TO! 
n,m— 0 

w/iicft was earlier derived by [14] and r = 2 case was presented by Srivastava et al 
[23] . 

Using the similar technique in the proof of Theorem 2.2 and considering hyper- 
geometric transformation (1.7), one can obtain the following theorem. 
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Theorem 2.6. Let {^(n)}^L 0 be a bounded sequence of complex numbers. Then 



(2 ?) ^ «(^ + ") sr , Jyi , Jy ,,..., Jyr - 1(ai>aia| ..., 8r )^ 



= ^ fi(n + m + F(r- 1)) 

u,m,fc r _i,...,fei= 0 

' ^n+m+F(r-l),fc r _i+r(r-2),fci,fc 2 +A r iA;i,fc3+A^2A;2+A r 2^Vifci,... ) A; r _2+r(r-3) 

r-1 r-1 r-1 

(ji^) ii*^ ( n ^ 

(2v + n + m- l) m (xiw 3=1 ) fel (a; 2 uj 3=2 ) fe2 {x r ^iw i=r - 1 ) kr - 1 
{v) m fei! fc 2 ! fc r _i! 

(V^™ 2 - 4i 2 )" (±(x r w - ^a;> 2 - 4i 2 ))" 1 

n! m! 

provided that each member of the series identity (2.7) exists. 



Setting t — in Theorem 2.6 we get the following corollary. 
Corollary 2.7. Let {Q(n)}^ =0 be a bounded sequence of complex numbers. Then 

°° O/o _l_ ( x r w \2m 

(2.8) £ ^^ ^.^■^■■••,^- l(gl|g2> „. )gr) U_^ w n 

m ,„=o Wm m - 

OO 

^ + ~~ l))^m+r(r-l),fc r _i+r(r-2),fci,fc 2 +A r ifci ) A ; 3+W2fc2+Ar2A^i/ci,...,^_2+r(r-3) 

m,fe r _i ,...,fci= 0 

r— 1 r-1 r-1 

(11^) (Ii N >\ (U N >\ n , m 

(2v + m- l) m {xxw 3=1 ) fel (a; 2 w 3=2 ) k2 {x r -xw 3 =- 1 ) fe «- 1 {\x r w) 
(v) m fci! fc 2 ! fc r _i! m! 

provided that each member of the series identity (2.8) exists. 

Next, by Theorem 2.6 we can state the following theorem. 

Theorem 2.8. Let {^(^)}^L 0 ^ e a bounded sequence of complex numbers and 
gm,N 1 ,N 2 ,...,N r - 1 ^ Xi ^ X2 ^ ^ x ^ ^ e (i e fi ne( i by (1.4). Suppose also that (r— 1)— variable 
polynomials P™' Nl ' N2 '"'' Nr ~ 1 (xi,X2, ■■■,x r -i) are given by (1.5). Then the family 
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of two sided linear generating relations holds true between these polynomials: 

t^ m 

(v) m ml 



(2.9) £ "^V ^'-k^ »r)^-^ 



m,n— 0 

r-1 r-1 

= ^{n + m + k r ^ 1 N r ^ l )P^ NuN2 ^ Nr ~ 1 {x 1 w ^ , x r -iw ) 

n,m : k r -i — 0 

(2« + n + m-l) m ( V x > 2 - 4t2 ) (K^w- Va;> 2 - 4t 2 )) 

r~\ i i ' v ? ^0 

(w)m n! to! 

provided that each member of the series identity (2.9) exists. 

3. Some Applications of The Main Results 

The polynomials Sn' Nl,N2 '"' ,Nr ~ 1 {xi,x 2 , —,x r ) involve the well known polyno- 
mials . For instance, if the take 

(3.1) Ni = N 2 = ... = N r _i = 1 

and 
(3.2) 

A m ,n,k 2 ,k3,...,k r -2,k r - 1 = (ai)fc 2 ( a 2)fc 3 -l£ 2 -(ar-2)i: r _ 1 -i: I ._2 (a!r-l)n-fc r _i (<*r)m-n 

in equation (1.4), we have 

^m+n,fe r _i,fei,fe 2 ,...>fcr-2 — ( a l)fci («2)fe 2 -fci ■••( a r-l)fc r _i-/s r _ 2 ( a r)m+n-k r _i 

= (ai)fei {oti)k 2 -ki — (ar-i)fc r _i-fc r _ 2 (a r )m(a r + m) n - kr _ 1 

and therefore 

(3.3) S^ 1 ' 1 -" 1 ^!,^,...,^) = (a r ) m gi a ^-^+ m \x 1 ,x 2 ,...,x r ), 

where gf^ 1 ' 012 '---' 01 ^ (x\,x 2 , x r ) are the Lagrange polynomials in several variables, 
which are known as Chan-Chyan Srivastava polynomials, defined through the gen- 
erating function [4] 

r oo 

Hil-Xjt)-^ = J2s { n Ua2 '-' ar) (^ X ^-^r)t n 
j=l n=0 

(oij e C (j = l,...,r);\t\ < min||a;i| _1 ,...,|a; r | _1 |). 

It is obvious that the explicit expression of the gl" 1 '" 2 ' "■' Q!r ' [x ll x 2 , x r ) in the 
form 

(3.4) gi a ^-^( Xl ,x 2 ,...,x r ) 

n k% ho. 

= ( a l)ki( a 2)k 2 -k 1 ~-{Ur-l)k r - 1 -k r - 2 {ar)n-k r _ 1 
fc r ._ 1= 0 fc 2 =0fei=0 

„fcl „fc 2 -/si fcr-l-fer-2 n-fc r -l 
1 2 T 1 ^' 



k\\ (fc 2 - fcl)! "' (fcr-l - fcr- 2)! - fcr-l)! ' 
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Many authors have studied some properties of these polynomials. For example, 
the bilateral generating functions for these polynomials and miscellaneous proper- 
ties are given in Liu et al. [18]. In [12], the orthogonality properties and various 
integral representations for these polynomials are given (see also [2], [3], [6], [7], 
[10]). Furthermore, these polynomials are used in approximation theory. In [8], 
they investigated some approximation properties of positive linear operators con- 
structed by these polynomials (see also [9], [11]). 

Furthermore, under the assumptions (3.1) and (3.2) we have 

(3.5) P™ ,1,1 '"' ,1 (xi,X2, ■ av-i) = {a r ) m g% Xll "*"" ar - l) {x 1 ,X2, av-i)- 

Hence, upon setting N\ — N 2 — ... = iV r _i = 1 and considering (3.2) in Corollary 
2.3, we get 



(3-6) £ 



o y ' 2 ' m r 



^2 0,(m + k 1 + k 2 + ... + k r -i) {a 1 ) kl (a 2 )k 2 -(oir-i)k r . 1 ( a r)i 

ra,k r -\,...,k\—Q 

(Xl(^)) kl (^(^)) fc2 (Xr-l(^)) k ^ (V) m {-uy 



fc 2 ! 



(2v) r 



Choosing Q(n) = 1 in (3.6), we can state the following generating relation for 



(ai,a 2 ,...,a r ) 



9 
(3.7) 



E 



2m 



2m (a 1 ,a 2 ,...,a r _ 1 ,a r +2m) f \ 

n=0 ™ + 2' m 



-2t 



= 2 F 1 (a r ,w;2u;-4t)(l + 
2txi 



1tx x 



< 1, 



2tx 2 



+ 2te2 )- a 2.,.(l + 2to? '~ 1 )-"^-l 



< 1,... 



< 1 



which r = 3 case was earlier derived by [15]. 

Also we note that, for every suitable choice of the function Q(n) used in equation 
(3.6) , we derive various families of linear generating functions for the polynomials 
in r— variables defined by (3.4). 
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Abstract 

The main purpose of this paper is to establish a unified formulation of 
subsethood, entropy and cardinality of interval-valued intuitionistic fuzzy 
sets. The notion of average possible cardinality is presented and its con- 
nection to least and biggest cardinalities is established. Moreover, the 
entropy-subsethood theorem of interval-valued intuitionistic fuzzy sets, 
which generalizes the works of Kosko [Inform. Sci. 40 (1986) 165] of 
fuzzy sets and Vlachos and Sergiadis [Fuzzy Sets Syst. 158 (2007) 1384] 
of interval-valued fuzzy sets, is algebraically proved. 

1 Introduction 

Since Zadeh [23] introduced fuzzy sets, many scholars introduced various no- 
tions of higher-order fuzzy sets. Among them, interval- valued fuzzy sets (IVFSs) 
[24, 18] provides us with a flexible mathematical framework to deal with im- 
perfect and/or imprecise information. In [9], Deng called IVFSs as grey sets. 
Atanassov [1, 2] introduced the concept of the intuitionstic fuzzy set (IFS), as 
a generalization of a fuzzy set. Atanassov and Gargov [4] showed that IFSs 
and IVFSs are equipollent generalizations of fuzzy sets. Bustince and Burillo 
[6] proved that the concept of vague sets identifies with the one of IFSs. As 
a generalization of an IFS, Atanassov and Gargov [4] introduced the notion 
of interval- valued intuitionstic fuzzy set (IVIFS), which is characterized by the 
membership and nonmembership functions whose values are intervals rather 

"This work was supported by the research Grant of the Dong-A University in 2013. 
t Corresponding author: bylec@dau.ac.kr (B.Y. Lee) 
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than exact numbers. Some researchers have investigated IVIFS theory and its 
relevant topics. Atanassov [3] gave some relations and operations over IVIFSs, 
and studied their basic properties. Bustince and Burillo [7] defined the concepts 
of correlation and correlation coefficient of IVIFSs, and obtained two decomposi- 
tion theorems of the correlation of IVIFSs in terms of the correlation of IVFSs, 
the entropy and the correlation of IFSs. Hong [11] generalized the results of 
Bustince and Burillo into a general probability space. Hung and Wu [12] and 
Xu [22] proposed other approaches to deriving the correlation coefficients of IV- 
IFSs. Park ct al. [17] proposed three methods for measuring distances between 
IVIFSs and showed that these reduce to the Burillo and Bustince's distances [5] 
and Grzegorzewski's distances [10] of IVFSs, respectively. Zhang et al. [25] pro- 
posed the entropy and cross-entropy of IVIFSs, and discussed the relationships 
among some information measures of IVIFSs. 

In this paper, we establish a unified framework between the concepts of 
subsethood, entropy and cardinality of IVIFSs. Then we review the axioms of 
subsethood of IVIFSs and propose an alternative axiomatic skeleton, in order 
for subsethood to reduce to entropy. Based on the axioms, we give an interval- 
valued intuitionistic version of the entropy-subsethood theorem and derive new 
measures of subsethood and entropy of IVIFSs. Furthermore, the concepts of 
cardinality and average possible cardinality of IVIFSs is presented. We carry 
out an algebraic and geometrical analysis, which demonstrates a connection 
between the above-mentioned cardinality and the least and biggest cardinali- 
ties. Finally, based on the average possible cardinality, we extend the fuzzy 
entropy theorem in the interval-valued intuitionistic fuzzy setting and provide 
connections between it and ones of IVFSs and fuzzy sets. 

2 Basic notions 

Throughout this paper, A denotes the universe set, and IVIFS(A), IVFS(A), 
IFS(A) and FS(A) stand for the set of all IVIFSs, IVFSs, IFSs and fuzzy sets 
on A, respectively. The operation "c" is the complements of IVIFS, IVFS, IFS 
or fuzzy set on X, respectively. 

Let I = [0, 1] and [I] be the set of all closed subintervals of the interval [0, 1]. 
Then, by Zadeh's extension principle [23], we can popularize these operations 
such as V, A and c to [I] and thus ([i],V,A,c) is a complete lattice with a 
minimal clement 0 = [0,0] and a maximal element 1 = [1,1]. Furthermore, 
let a — [a~,a + ], b = [b~,b + ], then we have a = b a~ = b~,a + = b + , 

a < b a~ < b~ ,a + < b + , and a < b a < b and a^b. 

Definition 2.1 [24, 18] An interval-valued fuzzy set (IVFS) A on A is defined 
as 

A = {(x,M A (x)):xeX}, (1) 

where the function Ma ■ X — > [I] determines the degree of membership of an 
element x in A. 
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For each A G IVFS(A), let M A (x) = [M A (x), A\(x% where M A {x) < 
M\{x) for any i G A. Then fuzzy sets Mj : X —> I and M\ : X -> I 
are called a lower fuzzy set of A and a upper fuzzy set of A, respectively. For 
simplicity, we denote A — [MJ, M^]. 

Definition 2.2 [1, 2] An intuitionistic fuzzy set (IFS) A on X is given by 

A= {{x,ii A (x),v A {x)) : x G X}, (2) 

where the functions fM A , v A '■ A — > I determine the degree of membership and 
the degree of non-membership of x G X in A, respectively, and satisfy (ma(x) + 
v A (x) < 1 for any x G X. For simplicity, we denote A — (^i A , v A ). 

For an IFS A on X, we call w A (x) = 1 — /j, a (x) — v A (x) the intuitionistic 
index of an element x G X in A, which denotes the hesitancy degree of x to A. 
The Atanassov's operator [2] D a : IFS(A) -> FS(A) is defined by 

£> a (v4) = {(x, + a7TA(a;), ^(a;) + (1 - a)n A (x)) : x G A}, a G [0, 1], (3) 

for each IFS A. 

Definition 2.3 [4] An interval-valued intuitionistic fuzzy set (IVIFS) A on A 
is defined as 

A = {(x,M A (x),N A (x)):xeX}, (4) 

where M A : X — > [I\ and N A : X — > [7] denote, respectively, membership 
function and nonmembership function of A and satisfy 0 < (x) + A^" (x) < 1 
for any x G A. 

By X = {(x, [1, 1], [0,0]) : x G A} and O = {(x, [0,0], [1,1]) : x G A}, we 
denote the greatest and the smallest IVIFSs, respectively, and denote frequently 
1 = ([1, 1], [0, 0]) and O = ([0, 0], [1, 1]) for simplicity. For A G IVIFS(A), let 
A = ([MX,M+],[NX,N+]). Then A L = (MJ.JVJ) and ^ = (M+,A+) is 
called lower IFS and upper IFS of A, respectively. Thus, under these notions, 
we can give another representation of an IVIFS A as A = (Al,Au). This 
representation gives us to describe the pseudo average possible cardinality of 
an IVIFS in the Euclidean plane, as it will be demonstrated in Section 3. An 
IVIFS A defined on a single-element universe A = {x}, is represented by two 
points, whose coordinates correspond to the membership and nonmembership 
degrees, as shown in Fig. 1. 

Definition 2.4 Let A, B e IVIFS(A). Then 

(1) AUB = {(x, [macx.(MX(x), Mg(x)),max.(M£(x), M£(x))], [min(N A (x), 
N B (x)),mm(N+(x),N+(x))]):xeX}. 

(2) ADB = {{x,[mm{M A {x),Ms{x)),mm{M+{x),M+{x))],[m^{NX{x), 
N B (x)),max(N+(x), N+(x))}) : x G A}. 

(3) A is subset of B, denoted by A C B, iff M A (x) < M B (x) and N A (x) > 
M B (x), for all x G A. 
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(4) A refines B (i.e., A is less fuzzy than B), denoted as A < B, iff M A (x) > 
M B {x) and N A {x) < N B (x) for M B {x) > N B (x), or M A (x) < M B [x) and 
N A (x) > N B (x) for M B (x) < N B (x). 



10.1] 




(0.0) M A - M A + [1.0] 



Figure 1: Geometrical interpretation of an IVIFS A = (A L , A v ) in X = {x}. 



3 Cardinality of IVIFSs 

Szmit and Kacprzyk [20] defined the concept of cardinality of IFSs. Vlachos 
and Sergiadis [21] provided an interpretation of cardinality under a geometrical 
framework and present the concept of average possible cardinality of IFSs. We 
extend these concepts in the interval-valued intuitionistic fuzzy setting. 

Definition 3.1 For a set A e IVIFS(X) the following two cardinalities are 
defined: 

• the least cardinality or min-sigma-count, which is given by 



the biggest cardinality or max-sigma-count defined as 



(5) 



max£CW(A) = £ ^±jW), (6) 

xtex 

The cardinality of the IVIFS A is defined as the interval 

card(A) = min^ Count(A), max ^ Count( A) . (7) 

For the smallest IVIFS O, according to Vlachos and Sergiadis's d efin ition 
of cardinality for IFSs, we call the magnitude A4(A) of the vector OA, us- 
ing Hamming distance, the average possible cardinality of the IVIFS A. The 
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characterization of average possible cardinality will be justified by the following 
analysis. The Hamming distance between two IVIFSs A and B is given in [17] 

1 ™ 

B) = tE (I M a^) - M b + lAtfCcO - M+O*)! 

i=l 

+ |V A (x 4 ) - 7V-(^)| + 1^+^) - N+( Xi )\) . (8) 

Definition 3.2 For A e IVIFS(X), the average possible cardinality M(A) is 
defined as 

M(A) = d[(0,A) 

= I E ( 2 + M a ( x i) - N a(^) + M+( Xi ) - N+( Xi )) . (9) 

XiEX 

From (9), taking into account (7), it follows that M(A) is the midpoint 
of the interval [min^ Count(A), max^ Count(A)]. So, (9) encompasses the 
notions of least, biggest and average possible cardinalities. 

In particular, if an IVIFS A becomes an IFS, then A4(A) reduces to average 
possible cardinality of IFS. To derive connection between the cardinality of 
IVIFSs and that of IFSs, for A e IVIFS(X), we consider the lower IFS A L = 
(MX, NX) and the upper IFS A v = (Mj,Nj) of A. From (9) and Definition 
18 of [21], we obtain 

M(A) = - E (MaM±^1M + 2-NX(xi)-N+( Xi ) 

= \ E ta(*<) + ^ + M 1{Xi) + ^M) 



M(A L )+M(Au) 



(10) 



Thus, the average possible cardinality of IVIFS A is half of the sum of the 
average possible cardinalities of Al and A\j . Moreover, from Proposition 20 of 
[21], we obtain the following result 

M(A) - M(D 0 . 5 (A L )) + M(D 0 . 5 (Au)), (11) 

where M(D 0 , 5 (Al)) and M(D 0 , 5 (Au)) are cardinalities of fuzzy sets Aj.sO^l) 
and Dq ^(Ajj), respectively. 

Vlachos and Sergiadis [21] provided a geometrical interpretation of the aver- 
age possible cardinality of IFSs. In order to consist with Vlachos and Sergiadis's 
work, we modify the Hamming distance of IVIFSs as follows 



1 ™ 

df{(A, B) = - E (\MX(xi) - M B { Xl )\ + \M+(xi) - M+( Xi )\ 

+ \N A {x t ) - N B { Xi )\ + \N+( Xi ) - N+( Xi )\) . (12) 
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Then, using (12), a modified definition of the average possible cardinality is 
obtained as 

M'(A) = d'{(0,A) 

= \ E ( 2 + M ~A fa) - N A~fa) + M A fa) ~ N+(xi)) , (13) 

which will be called pseudo- average possible cardinality, since M'(A) does not 
coincide with the midpoint of the interval [min^ Count (A), max^ Count (A)]. 
From (13), taking into account (10), we obtain the following 




(0,0) M A ~ M A + 1 1.0] 



Figure 2: Representation of the pseudo-average possible cardinality Ai'(A) in 
the unit square and its geometrical connection with least and biggest cardinal- 
ities. 



Fig. 2 depicts the notion of pseudo-average possible cardinality Ai'(A) in 
case of an IVIFS A in X = {x}. One can observe that the vectors OA^ and OAjj 
can be projected onto the membership and nonmembership axes, deriving the 
vectors m, a 2 , &i and 62, respectively, as illustrated in Fig. 2. The magnitudes 
of projections are 

\ai\ = IJ>a l (x)= MX{x), \a 2 \ = fi Au (x) = M£(x), (15) 

and 

1 61 1 = 1 - v Al {x) = ha l {x) + tta l (x) = M A (x) +tt Al (x), 

|&2| = 1 - VA L ( X ) = ^A[,(x) + TTA L (x) = M~X{x) + TT Au (x). (16) 

Moreover, from (15) and (16), we deduce that the magnitudes of the projections 
on the membership axis equal the min-sigma-counts of Al and Ajj, respectively, 

6 



362 



Jin Han Park et al 357-370 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



in the case of an one element universe X — {x}, while the magnitudes of the 
projections on the nonmcmbcrship axis coincide with the max-sigma-counts, 
respectively. Thus, from (14), the magnitude \a\ of the projection on the mem- 
bership axis equals the min-sigma-count of A, while the magnitude |6| of the 
projection on the nonmembership axis coincides with the max-sigma-count. 



4 Subsethood of IVIFSs 

We extend the works of Liu and Xiong [16] and Vlachos and Scrgiadis [21], in 
order to establish a connection between subsethood, entropy and cardinality in 
interval- valued intuitionistic fuzzy setting. 

Definition 4.1 A real function S : IVIFS(X) x IVIFS(X) -» [0, 1] is called a 
subsethood measure of IVIFSs if S satisfies the following properties: 

(51) S(A, B) = 1 iff A c B; 

(52) If A c C A, then S(A, A c ) = 0 iff A = J; 

(53) If B C A 1 C A 2 , then S{A 1 ,B) > S(A 2 ,B), and if B x C B 2 , then 
S(A,B!) <S(A,B 2 ). 

Theorem 4.2 For two IVIFSs A and B on X = {x\,x 2 , . . . , x n }, 
Sivifs(A,B) 

_ ( Ex.ex (max{0, M^sQ - M a (ij)} + max{0, M\(xj) - M+QcQ}) 
~ 1 ~ V E,, e x ( 2 + (MX( Xi ) - NX( Xi )) + (M+(x t ) - N+( Xi ))) 

| E,, e x (max{0, JVg^j) - N^jxi)} + max{0, N+( Xi ) - N+( Xl )}) \ 
+ Y, Xi exi? + { M A^i)-N2{x i )) + {MX{x i )-NX{x i ))) ) 

(17) 

is a subsethood measure of IVIFSs. 

Proof (SI) Let A C B. Then M A { Xl ) < M B {x t ), M£(xi) < M+(xi), 
N^{xi) > Ng(xi) and N A (xi) > N B (xi) for all Xj € X. Thus, we have 
max{0, M^ix^-Mg (x,)} = 0, max{0, Mj[(xi)-M£(xi)} = 0, max{0, N B (xi)- 
N^(xi)} = 0 and max{0, N+(xi) - N£(xi)} = 0 for all x t e X. Therefore, we 
obtain Sivws(A,B) = 1. Suppose that Sivifs(A B) = 1. Then, 

^2 (max{0, MX(xi) - M B {xi)} + max{0, M%(xi) - Af£(xi)} 

+ max{0, Ng( Xi ) - N A ( Xl )} + max{0, N+{ Xl ) - N+( Xi )}) = 0. (18) 

Since every term of the sum is non-negative, we deduce max{0, M^(xi) — 
M B {xi)} = 0, max{0, M+{ Xi ) - M+(x,)} = 0, max{0, N B { Xl ) - N A { Xl )} = 0 
and max{0, Ng(xi) — N^(xi)} = 0 for all Xi G X, which implies that M^(xi) < 
M B ( Xl ), M+( Xi ) < M+{ Xi ), N A ( Xl ) > Ng(xi) and N+( Xi ) > N+( Xi ). Hence 
A c B. 
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(52) From (17) wc obtain that 
S W i FS (A,A c ) 

{ 2 T, Xi ex (max{0, M^{ Xl ) - N A { Xl )} + max{0, M+( Xi ) - N+( Xi )} 
E„ e x(2 + NX( Xi )) + (M+( Xi ) N+( Xi )) ' 

(19) 

Assume that A = X D A c . Evaluating (19) for A = X, we deduce that 
Sivifs(A A c ) = 0. Let us now consider that Sivifs(A A c ) = 0 and A c C A. 
Then, (17) yields 

]T [(2 + (MX(xi) NX(xi)) + (M+(xi) N+( Xi )) 

XiEX 

-2(max{0, M A { Xl ) - N A { Xi )} + max{0, M+( Xi ) - N+( Xl )})] = 0. (20) 

Since A c C A, we obtain that N A ( Xi ) < M A ( Xi ) and N\( Xi ) < M A ( Xl ) for all 
Xl . Hence max{0, M A { Xi ) - N A ( Xi )} + max{0, M£(xi) - N£(xi)} = (M;(s ; )- 
N A ( x *))+( m a ( x i )~ N i( x i)) and from (20) we derive that J2 X , e x ( 2 - ( m a ( x i) ~ 
NX{xi)) - {M+{ Xi ) - N+{ Xi ))) = 0. However, 2 - (M^U) - NX(x t )) - 
{M£(xi) - N£(xi)) > 0 for a11 Xi e X. Thus, every summand should equal 
zero, that is 2 - (M A ( Xl ) - N A ( Xl )) + (M£( Xl ) - N%(xi)) = 0 for all Xl e X. 
Therefore, A = X. 

(53) Let A U A 2 , B e IVIFS(X) such that BciiC A 2 . Since B C A u we 
obtain 

Sivifs (^4i , -B) 

E a , e x(2 + (Mg( Xl ) - N B ( Xl )) + (M+fo) - iV+fo))) 

Similarly, we get 

-Sivifs (A 2 , B) 

E^(2 + (Mg(xj) - N B ( Xl )) + (M+( Xl ) - N+( Xl ))) 

E Xi ex^+(MXM)- N AM)) + ( M t( x i)-Nt( x ^y 

Since Ai C A2, we obtain that M^ 2 (xi) — {xi) > M Ai {xi) — N Ai {xi) and 
M+ 2 {xi) - N+ 2 { Xi ) > M+^i) - N+^i) for all Xl e X. Hence, £*,ex( 2 + 
(M^ (a*)-^ (^))+(M+ (a;,))) < E„ e x(2+(M^ 2 (a*)-^ (Xi))+ 

{M+ 2 { Xi ) - N+ 2 { Xi ))). Thus, from (21) and (22), we get Sivifs (^1 , B) > 
Sivifs {A 2 , B). 

Now assume that B 1 c B 2 • Then Af^ (a; j ) - M I3i ( Xi ) > MJ { Xl ) - M Ba { Xl ) , 
M+(^) - M+fo) > M+(^) - M+^Sj), iV^a*) - A^fo) > ^V B2 t) - 
N^(xi) and iV^a;*) - N£{ Xi ) > N+ 2 ( Xi ) - N£{xi) for all i,el. Due to the 
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monotonicity of the max operator, it follows that 

(max{0, MX(xi) - Mg^Xi)} + max.{0,MX(xi) - M^(xi)} 

XiEX 

+ max{0, Ng^Xi) - NX(xi)} + max{0, N+^x,) - N+( Xi )}) 
> J2 (max{0, MX{xi) - Mg a (x,)} + max{0, M+{ Xi ) - M+ 2 (x,)} 

XiEX 

+ max{0, Ng 2 (xi) - NXfa)} + max{0, N+ 2 ( Xi ) - N+( Xi )}). (23) 
Therefore, Stvifs(A Bi) < S W i FS (A,B 2 ). 

Remark 4.3 Note that if A = O, (17) is undefined, due to the fact that 
M(O) = 0. However, since O is a proper subset of any IVIFS B, from Definition 
4.1, we must have that Sivifs(0, B) = I. 

5 Entropy of IVIFSs 

In this section, similar to the works of Szmidt and Kacprzyk [20] and Zcng and 
Li [26] , we extend De Luca and Termini axioms [8] for fuzzy entropy to introduce 
the entropy concept of IVIFSs. 

Definition 5.1 A real function E : IVIFS(X) — > [0, 1] is called an entropy of 
IVIFSs if E satisfies the following properties: 

(El) E(A) = 0 iff A is a crisp set; 

(E2) E(A) = 1 iff M A {x) = N A (x) for all x e X; 

(E3) E(A) < E(B) if A refines B; 

(E4) E(A) = E(A C ). 

Generalizing the works of Kosko [13] and Vlachos and Sergiadis [21], we state 
the entropy-subsethood theorem for IVIFSs, based on the axiomatic skeleton 
(S1)-(S3). ' 

Theorem 5.2 Suppose S is a subsethood measure of IVIFSs on X and A e 
IVIFS (X), then 

E(A) = S(AU A c , An A c ) (24) 
is an entropy measure of A. 

Proof (El) Let A be a crisp set. Then A U A c = 1 and A n A c = O. Since 
A n A c = (A U A c ) c , we have A U A c = 1 D (A U A c ) c and thus, from (S2), we 
obtain E(A) = 0. Suppose that E(A) = 0; that is S(A U A c , A n A c ) = 0, which 
can be written as (A U A c , (A U A c ) c ) = 0. Then, since A U A c D A n A c = 
(A U A c ) c , by (S2) we obtain A U A c = 1. Hence A is a crisp set. 

(E2) Let us consider that M A {xi) = N A {xi) for all x t E X. Then, A (J A c = 
AC\A C = A = A C and thus from (SI), we obtain E(A) = 1. Let us assume that 
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E(A) = 1; that is S(A Ui c ,ifl A c ) = 1. Then, from (SI), we deduce that 
A U A c C A n A c . However, for any IVIFS A, it hold that A U A c D A n A c . 
Hence, A(jA c = AnA c , which implies M A {xi) = N A {xi) for all x % e X. 

(E3) Suppose that A refines B. Then, since An A c C B n B c C B U B c C 
AuA c , from (S3), we derive that E(A) = S(AuA c , A(~]A C ) < S(BUB C , B(~]B C ) = 
E(B). Hence E(A) < E(B). 

(E4) It is evident that E(A C ) = S(A C U A, A c n A) = E(A). 

Remark 5.3 Theorem 5.2 describes an interesting relationship between the 
entropy and subsethood measure of IVIFSs. It states that the entropy (24) 
expresses the degree to which the A U A c is a subset of its own subset An A c . 
Evaluating (24) for the subsethood measure (17), yields a new entropy of IVIFSs 
given by 

-Eivifs (A) 

= E x ,ex ( 2 - max{M^(x t ), N^ixj}} + min{M^> t ), jVjfa)} 
~ £*,ex (2 + max{M^(a; J ),^(a; J )}-min{M^(a; l ),A r A(^)} 
- max{M+(a; i ), N+(xA} + mm{M+(xA, N+(xA}) 



+ max{M| ( Xi ), Nj[(xi)} — min{M X ( Xi ),N%(xi)})' 



(25) 



Now, we state a relationship between the entropy and average possible car- 
dinality of IVIFSs, which generalize the works of Kosko [13, 14, 15] and Vlachos 
and Sergiadis [21]. 

Theorem 5.4 Suppose M is an average possible cardinality of IVIFSs on X 
and A e IVIFS(X), then 

M(A n A c ) 

E{A) ~ M(Al) A c ) (26) 
is an entropy measure of A. 

Proof For A e IVIFS(X) and its complement A c , it hold that 

Al)A c = {( Xi , [max{MX(xi),NX(xi)},max{MX(xi),NX(xi)}], 

[mm{NX(xi), M^(xi)}, min{N+(xA, M+fi,)}]) :x,el} (27) 

and 

AnA c = {(x h [m.m{MX(xi),NX(xi)},mm{MX(xi),NX(xi)}], 

[max{V^(a; l ),M^(a; l )},max{V+(a; l ),M+(a; J )}]) : x, G X}. (28) 

From Definition 3.2, we obtain that 

M(AuA c ) 

= \j2 (2 + max{MX(x i ),NX{x i )}-mm{MX{x i ),NX{x i )} 

+ max{M+(a; l ), N+(xA} - min{M+(a; J ), N+ixA}) (29) 
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and 



M(A n A c ) 

= \Y1 (^ + ^{ m a( x i), n a( x i)} -^' ax { m a.( x i), n a.( x i)} 

+ mm{M+{ Xi ), N+{ Xi )} - max{M+{ Xi ), N+( Xi )}). (30) 
Substituting (29) and (30) into (25) yields (26). This completes the proof. 

6 Modified entropy-subsethood theorem 

A desirable property that an entropy measure should possess, is described as 

n 

E(A) = Y,E(Ai), (31) 

i=\ 

which states that the sum of the entropy of separate of a set is equal to the 
entropy of the set. It is evident that the entropy -Eivifs (25) does not satisfy 
the condition (31), that is 

n 

E WIFS (A) ^^^ivifs(^). (32) 

In order to overcome the above-mentioned drawback, we can consider the anal- 
ysis of Section 4 to be carried out element-wisely, instead of considering the 
entire set. Thus, we modify the subsethood mesure (17) as follows 

"Sivifs(A B) 

1 ^ f (max{0,M^(xi) - M-( Xi )} +uia,x{0,M+(xi) - M+(xi)}) 
X ^^hx V (2 + (M^(zi) - N^xi)) + (M+(x t ) - N+( Xi ))) 
(max{0, Ns( Xi ) - NX(xi)} + max{0, N+( Xi ) - N+( Xi )}) \ 



(2 + (MXfa) - NX{xi)) + (M+( Xi ) - N+( Xi ))) 



(33) 



It is easy to verify that S'Jvifs a ^ so satisfies the conditions (S1)-(S3). Thus, from 
the entropy-subsethood theorem (24), the following modified entropy measure 



E[ vlFS is derived 
£ 'ivifs(^) 

1 y / 2 - max{M^ (xj ) , -ZVj (a* ) } + min{ (xj ) , (xj) } 
~ n ^x \2 + max{M^(a; i ),Ar-(a; i )}-min{M^(a; i ),7V-(a; i )} 

- max{M|(si), N^Xj)} + min{M|(xi), N£(xj)} 
+ max{M| ( Xi ),N£( Xi )}- min{ M| ( Xi ), N%(xi)} 

11 
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From (34) and (35), we obtain E[ VIFS (A) = Yh=i ^ivifs(^)- Note tnat > in 
(35), the average possible cardinality M. is calculated over the single-element 
universe X = {xi}, where the set Ai is defined. Furthermore, if IVIFS A 
become either an IVFS with M\ — (M^) c or a fuzzy set, then (35) reduces 
the modified entropy measure E[ VFS , proposed by Vlachos and Sergiadis [21], 
of IVFSs and the entropy measure E§j, proposed by Shang and Jiang [19], of 
fuzzy sets, respectively. 

7 Conclusions 

In this paper, a framework for susethood, entropy and cardinality for IVIFSs 
under conditions (S1)-(S3) and (E1)-(E4) was established. We introduced an 
axiomatic skeleton for subsethood, and proposed new subscthood and entropy 
measures in the interval-valued intuitionistic fuzzy setting, and presented the 
notion of average possible cardinality and derived both algebraically and geo- 
metrically its properties. Connections with the cardinalities of fuzzy sets and 
IVFSs were established. Moreover, we stated and proved interval-valued intu- 
itionistic fuzzy versions of the entropy and entropy-subsethood theorems, which 
generalize the works of Kosko for fuzzy sets and Vlachos and Sergiadis for IVFSs. 
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On preconditioned GAOR methods for weighted 
linear least squares problems 

Shu-Xin Miao* 

College of Mathematics and Statistics, Northwest Normal University, 
Lanzhou 730070, P.R. China 



Abstract 

In this paper, we consider the preconditioned generalized accelerated overrelaxation 
(GAOR) methods for solving weighted linear least squares problems. New type of precondi- 
tioners are proposed and the convergence rates of the new preconditioned GAOR methods 
are studied. Comparison results show the effectiveness of the proposed preconditioners in 
this paper. A numerical example is given to confirm our theoretical results. 

Keywords: Preconditioner; GAOR method; Preconditioned GAOR method; Weighted linear 
least squares problem 



1 Introduction 



In this paper, we consider the weighted linear least squares problem 

min (Ax - bfW-^Ax - b), 

where A £ M. nxn , b £ 1" and W £ M. nxn is a symmetric positive definite matrix. This problem has many 
scientific applications, a typical source is a parameter estimation in mathematical modelling, see [9, 10] 
for details. In order to solve it, one has to solve a linear system of the form 

Hy = f, yJeR n , (1.1) 

where 




is a non-singular matrix with B = {b l0 ) £ W x p, C = (c i:/ ) £ R qxq , L = (hj) £ R qx P, U = {u i3 ) £ RP X «, 
and p + q = n. Here and elsewhere in the paper, Ik denotes the identity matrix with dimension k. 

'Corresponding author. Email: shuxinmiao@gmail.com (S.-X. Miao). 
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Many iterative methods for solving the linear system (1.1) have been studied by many authors [5, 6]. 
Such iterative methods require the inverses of I p — B and I q — C, which is a main drawback of these 
methods. To avoid this problem, Yuan and Jin [10] proposed the generalized accelerated overrelaxation 
(GAOR) method for solving the linear system (1.1), and the convergence of the GAOR method have 
been studied in [3, 4, 10]. The GAOR method for solving the linear system (1.1) is defined by 



y k+ i =T. (UJ y k +ujg, fc = 0, 1, 2, • ■ ■ , (1.2) 



where 



T 



i P o 



(1.3) 



is the iteration matrix, 



lL I q 

{l-Lj)I p +L0B -LOU 

w(7 — 1)L — ivyLB (1 - uj)I q + loC + uj-fLU 

and oj and 7 are real parameters with co ^ 0. 

The spectral radius of the iteration matrix T 7W is decisive for the convergence, and the smaller it 
is, the faster the method converges. For improving the convergent rate of the corresponding iterative 
method, preconditioning techniques are used [2]. Especially, we consider the following equivalent left 
preconditioned linear system of (1.1) 

PHy = Pf, (1.4) 

where P e R nx ™, called the left preconditioner, is nonsingular. 
If we express PH as 

' Ip-B U \ 



PH 



Ig-C 



then the GAOR method for solving the preconditioned linear system (1.4), which is called the precondi- 
tioned GAOR method for solving the linear system (1.1), is defined by 



where 



and 



T 

70; 



Vk+i = T Ju y k + ujg, fc = 0, 1, 2, ■ ■ ■ , (1.5) 

(1-uj)I p + wB -ujU \ 

w(7 — 1)L — wyLB (1 — u)I q + u>C + lo^LU J 



I P 0 



-7L /, 



Pf- 



Recently, some left preconditioners P have been proposed for GAOR methods for solving the linear 
system (1.1), sec [12, 11, 7]. Yun in [11] have modified the preconditioners in [12]. Based on the ideals 
of Yun [11], in this paper, we propose a new type of preconditioners, which are the modifications of the 
preconditioners in [7], and study the convergence rates of the new preconditioned GAOR methods for 
solving the linear system (1.1). 
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3 



The remainder of the paper is organized as follows. Next section is the preliminaries. In Section 3, 
a new type of preconditioners are introduced and the corresponding preconditioned GAOR methods are 
proposed. In Section 4, we compare the convergence rates of the new preconditioned GAOR methods 
with that of the original GAOR method, those of the preconditioned GAOR methods proposed by Wang 
et al. [7] . Comparison results show that the convergence rates of the new preconditioned GAOR methods 
are better than those of the preconditioned GAOR methods proposed by Wang et al. [7], that of the 
GAOR method whenever these methods are convergent. In Section 5, a numerical example is provided 
in order to confirm the theoretical results. Finally, some conclusions are drawn in Section 6. 



2 Preliminaries 

For A = (ay), B = (bij) e R nxn , we write A > B(A > B) if a tJ > b tj { aiJ > b l3 ) holds for all 
i, j = 1, 2 • • • , n. We say that A is nonnegative (positive) if A > 0(A > 0), and A — B > 0 if and only 
if A > B. These definitions carry immediately over to vectors by identifying them with n x 1 matrices. 
p(*) denotes the spectral radius of a square matrix. A is called irreducible if the directed graph of A is 
strongly connected [6]. 

Some useful results which we refer to later are provided below. 

Lemma 2.1. [6] Let A E K™ x " be a nonnegative and irreducible matrix. Then 

(a) . A has a positive eigenvalue equal to p(A) ; 

(b) . A has an eigenvector x > 0 corresponding to p(A). 
Lemma 2.2. [1] Let A G R nxn be a nonnegative matrix. Then 

(a) . If ax < Ax for a vector x > 0 and x ^ 0, then a < p{A). 

(b) . If Ax < fix for a vector x > 0, then p(A) < (3. Moreover, if A is irreducible and if 0 ^ ax < Ax < 

fix, equality excluded, for a vector x > 0 and i^O, then a < p(A) < (3 and x > 0. 



3 Preconditioned GAOR methods 

In this section, we will propose a new type of preconditioners for GAOR methods for solving the linear 
system (1.1). Let us recall the preconditioners, proposed by Wang et al. [7], are of the form 
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where for a s > 0 and /? s > 0 (s = 2, 3, ■ • • ,p), 



S.-X. Miao 



Si = 



( 0 a 2 b\ 2 

/3 2 &2i 0 

( 0 a 2 b 12 
/3 2 &2i 0 



S 2 = 



0 

V o 



a p b lp \ 
0 



0 J 
0 



0 



0 



o \ 

0 



o J 



Applying the GAOR method to the peconditioned linear system (1.4) with the preconditioners 
Wang et al. [7] studied the preconditioned GAOR methods 



y k+1 =T^ iyk +Lug {1 \ fc = 0,l,2,-" , * = 1,2, 



(3.1) 



where are the iteration matrices, are the corresponding known vectors. 



Based on the ideals of Yun [11], in this paper, we propose new preconditioners of the form 



I'D + Si 

0 



Ig + Vi 



i = l,2, 



where Si are defined as above, and for S t > 0 and Tt > 0 (t = 2, 3, • • • , q), 



V 2 



( 0 S 2 c 12 

V T q C ql 0 

/ 0 S 2 C 12 
T 2 C 21 0 



0 

V o 



SqClq \ 
0 



o / 
0 

0 



0 

^~q c q,q—l 



o \ 
o 



$qCq—l.q 

0 / 



(2) 

Then the preconditioned matrices P± H can be expressed as 



Ip — E>i Ui 

Li Iq ~ Ci 



, i = l,2, 
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where 

A = 

u l = 

u = 

Ci = 

Note that Bj and Ci can be written as follows: 



B — Si(I p — B), 
(I P + Si)U, 
(I q + Vt)L, 
C-Vi(I g -C). 



B 1 =B-S 1 {I P -B) 

( &n + a 2 b 12 b 2 i H h a p bipbpi ■ ■ ■ 

&21 - /82&2i(l - hi) 

\ bpi - P p b p i(l - bu) 

B 2 = B - S 2 (I P - B) 

( &n + a 2 b 2 ib 12 

b 21 + a 3 b 23 b 31 - /3 2 b 21 (l - b n ) 



b P -i,i + Pp-ib 
b p i 



hp + a 2 bi 2 b 2p H h a p fei p (l - \ 

&2 P + fofaihp 



bpp 

+ Ppbp\b\p 



J 



hp + OL 2 b 2p hi 
b 2p + hh p b 2X + a 3 b 3p b 23 

bp—i,p — l&p— ibp— 2,p 

+ OLpbp-\#-<ibp-2,p 

bpp H~ $pbp p—±bp—i p 



C 1 = V-V 1 (I q -C) 
( en + <S 2 ci2c 2 i H 1- 5 q ci q c gl • • • 

C21 - T 2 C 2 l(l - Cu) 

V Cgl - TgCgl(l - Cll) 

C 2 = C- V 2 (/ g -C) 
/ en + <5 2 c 2 ici 2 

C21 + <^3C23C31 - T 2 C 2 i(l - Cu) 



Cg-1,1 + T g _lCg_l ig _ 2 Cg_ 2j l + 5 q C q -l yq C q \ 
\ C q l + T q C qiq -lC q -l,l 



C\q + 5 2 C 12 C 2q H h 5gClg(l - Cgg) \ 

C 2? + T 2 C 2 lCl g 



/ 



Clg + ^ 2 C 2( jCl 2 
C 2 g + T 2 Cl,jC 2 l + <5 3 C 3(Z C 2 3 

C 9 -l,g + Tg_lCg_l ig _ 2 Cg_ 2i g + 5 q Cg- 1 ; g_ 2 Cg_ 2 ,Q 
Cqq 4~ TgCg^—XCg—l^g 



Now, applying the GAOR method to the peconditioned linear system (1.4) with the preconditioners 



( 2 \ 

P- , we have the preconditioned GAOR methods 

y k+1 =T^y k +Log( 2 \ fc = 0,l,2, 

where for i — 1 , 2 



f(2) 



(1 — w)7p + wSj — wf/j 

w(7 - l)Li - ujL i B l (1 - w)7 9 + + cojLiUi 



(3.2) 



(3.3) 
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are the iteration matrices and 



4 Comparison results 



In this section, some comparison theorems are established. We first compare the convergence rates of 
the preconditioned GAOR methods defined by Equation (3.2) with that of the GAOR method defined 
by Equation (1.2). 

Theorem 4.1. Let T 1U] and T^J 1 be the iteration matrices defined by Equations (1.3) and (3.3), respec- 
tively. Assume that the matrix H in Equation (1.1) is irreducible with L < 0, U < 0, B > 0, C > 0, 

0 < u> < 1, 0 < 7 < 1, bn > 0, b\ t i > 0 for some i G {2,3, ••• ,p\, en > 0, > 0 for some 

1 G {2, 3, • • • , q}. If the parameters a s , (3 S , (s G {2, • • • ,p}) and S t , r t (t G {2, • • • , q}) satisfies 

(i) when 0 < b\\ < 1 and 0 < Cn < 1, 

ri - , bl,2+»2fal2&2,sH has-lbl,a-lba-l,a+Q;a + lfel,a + lba + l,3H |-Qpbl,pfrp,a 

U ^ " s ^ 6i,.(l-6.,.) 



0 < Ps < T^TT 
0 < 5 t < ^ 



L — Oil ' 

q , r , c 1|2 +Q2Ci2C2,tH h<5t-ici,t-ic t _ 1|t +i5 t+1 c 1|t + 1 c t+1|f j hi? g ci, g e, 

* ci,t(l-c t ,t) 



or 



(mJ w/ien 6n > 1 and en > 1, 



i/ien either 



a s > 0, /3 S > 0, 
5 t > 0, r t > 0, 

P(?S) < P{T^) < 1 



or 

Proof. The iteration matrix T 7U in (1.3) can be rewritten as 



^ V -w(l-7)L (l-w)/,+wC y ' V -LB LC/ 

Thus, we known that T 1L0 is nonnegative as £ < 0, U < 0, B > 0, C > 0, 0 < u; < 1 and 0 < 7 < 1. 
Since If is irreducible, it is easy to see that T 1Ui is irreducible. 

Similarly, it can be proved that T^j 1 is nonnegative and irreducible under the conditions of the theorem. 
By Lemma 2.1, there is a positive vector x such that 

T J0J x = Xx, (4.1) 

where A = p(T lul ). Clearly, A 7^ 1, for otherwise the matrix H is singular. Therefore, one gets that A < 1 
or A > 1. Note that 

U Hx=(*l j )(I n -T^)x=(l-X)(; / l (4.2) 
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holds. 

From (4.1) and (4.2), one can obtain that 



I P 0 



7^1 



I P 0 



-7L1 



"7^1 *q 



, 0 0 \ B 1 -Ui 

(i- W )j B + ( W - 7 )( _ £i 0 j+c ; 



Si 0 \ / -w(7 p - B) -wl/ 
0 Vt J { (-w + 7 - A 7 )i -w(J, - C) 



0 
0 



-7L1 



(A-l) 



5i 0 

0 Vi 

5i 0 

0 Vi 

0 



-ojH + 



0 



0 



(1 - A) 7 i 0 
(A - l)I p 0 



0 



(A - 1)1, 



-7L1 



Si 0 
0 Vx 



x — Xx 



By assumptions, L x = (I q + V\)L < 0, Si and V\ are non-negative matrices which are nonzero, so we 
have 



1^ 0 
-7^1 4 



Si 0 
0 Vi 



£ > 0 and 



I P 0 



-7L1 



Si 0 
0 Vi 



.x ^ 0. 



If A < 1, then T^z - Xx < 0 and f^\a; - Ax 7^ 0, Lemma 2.2 implies that p(T^\) < p(T W7 ) < 1. If 



A > 1, then T^x - Ax > 0 and T^x - Ax ^ 0, Lemma 2.2 yields p(r^) > p(T W7 ) > 1 



;(2) 



(2) 



□ 



Similarly, we can obtain the following comparison theorem between p(T^J 2 ) with p(T JU ). The only 
difference is that some assumptions are changed so that S2 ^ 0, V2 7^ 0 and T^j 2 i s irreducible. 



Theorem 4.2. Lef T 7W and T^J 2 be the iteration matrices defined by Equations (1.3) and (3.3), respec- 
tively. Assume that the matrix H in Equation (1.1) is irreducible with L < 0, U < 0, B > 0, C > 0, 

0 < to < 1, 0 < 7 < 1, > 0, 6i+i,i > 0 for some i G {2, 3, • • ■ ,p} 7 c^+i > 0, c i+ i^ > 0 /or some 

1 G {2, 3, • • • , q}. If the parameters a s , (3 S (s G {2, ■ ■ ■ ,p}) and o~ t , r t (t G {2, • • • , q}) satisfies 

(i) when 0 < 6 S;S < 1 and 0 < Ct,t < 1, 



0 < a s < 



i>a - 1, a -2 &s -2, s+hs-l, 3(1 — 63-2,8-2) 



/orsG {3,--- 



b»-l. »-2 [(l-6 s ,s)(l-6 s _2, s-2)- b s . »-2bs-2,s 

0<a 2 < T=T ^, 

0</3 fl < 5 ^ r i(i-^+i, s+ i)+fe 3 -i.^+i..-i /orae{2,--- ,p-l}, 

' Os,s-l[(l-Os-l,s-l)(l-Os+l,s+l)-O s -l, s +lO s +l,s-lJ J L ' J ' 

° < * < c < - 1 ,:^( 1 -^(^;: (1 2A^l2, t i **• * g {3, . . . , q } , 

0<<5 2<T ^, 

D < T . < ct,t-i(l-ct + i,t + i)+ct- M c t+ i,t-i y . ro . . . „ _ 1 X 

u < r * < ct.t-iKi-ct-i t-iXi-ct+i.t+O-ct-i.t+ict+i.t-i] J° rl fe i z ' / ' 

°< T «<ii 



or 
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(ii) when b s , s > 1 and c t j > 1, 

f a s > 0, P a > 0, s G {2, • • ■ ,p}, 
\ d* > 0, r t >0, tG{2,- 

then either 

P(T&) < P( T ^) < 1 

or 

> P(T^) > 1. 

In Theorem 4.2, > 0, fej+i,, > 0 for some i G {2,3,- •• Cj^+i > 0, c i+1 ^ > 0 for some 

i G {2, 3, • • • , q} imply that 5 2 ^0 and V 2 ^ 0. The conditions which were a s , (3 a (s G {2, • • • and 
5ti T t (i G {2, • • • , q}) satisfied ensure that T^J 2 is irreducible. 

We next compare the convergence rates of the preconditioned GAOR methods defined by Equation 
(3.2) with those of the preconditioned GAOR methods defined by Equation (3.1). 

Theorem 4.3. Let T^*\ and be the iteration matrices of preconditioned GAOR methods (3.1) and 

(3.2), respectively. Assume that the matrix H in Equation (1.1) is irreducible with L < 0, U < 0, B > 0, 
C > 0, 0 < co < 1, 0 < 7 < 1, bi t i > 0, bi.i > 0 for some i G {2, 3, • • • ,p}, c, ; i > 0 7 Ci ; j > 0 /or some 
i G {2, 3, • • • , q}. 1/ i/ie parameters a s , (3 S , (s G {2, • • • ,p}) and S t , r t (t G {2, • • • , g}) satisfies 

(i) when 0 < fe n < 1 and 0 < Cn < 1, 

ri , , bl,2+Q2&12&2,3H h»s-l&l,3-lbs-l,s+«j + lfal,3+lft3 + l,3H hQpbl.pfep.s 

U ^ ^ 6i,.(l-6.,,) 

0<^<1^7. 

0 < dt < c llt (l-c t , t ) 



ifeen either 



or 



or 

(ii) when fen > 1 and cu > 1, 

f« s >0,ft> 0, 
\ 5t > 0, T t > 0, 

< < i 

p(fS)>p(TW 1 )>l. 

Proof. By assumptions, it is easy to show that and are nonnegative and irreducible matrices. 
By Lemma 2.1, there is a positive vector x such that 

T$ lX = Ax, (4.3) 

where A = piT^i)- Clearly, A 7^ 1, for otherwise the matrix _ff is singular. Therefore, one gets that A < 1 
or A > 1. Note that 

^H X =^l l)(I n -f% 1 ) X = (l-X)(! f l °)x (4.4) 
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holds. 



In a manner similar to that done for Theorem 1, from (4.3) and (4.4), one can obtain that 



Ip 0 

7^1 Iq 

I P 0 \ / 0 0 

-7L1 I q )\ 0 V 1 

i P 0 \ / 0 0 

- 7 ii h ) \ 0 vi ; v 0 
' 0 0 



; 0 0 \ /Si -Ui 

(i- W )j B + ( W - 7 )( _ £i 0 j+c ; ^ 



x — Ax 



loP[ 1] H + 
(A-1)J P 



0 



0 



(1 - A) 7 L 0 



0 



0 ^1 



x. 



As Li < 0 and Vi > 0 are nonzero, we have 

0 0 



\ 0 
-7^1 ^ 



If A < 1, then T^x - Ax < 0 and T^x - Ax ^ 0, Lemma 2.2 implies that piT^) < p{T^) < 1. If 
A > 1, then fP> lX - Ax > 0 and T^x - Ax ^ 0, Lemma 2.2 yields p(f^\) > ^(T^\) > 1. □ 

Similarly, we can obtain the following comparison theorem between p{T^} 2 ) wrtn PC^y^)- 



0 Vi 



;(2) 



> 0 and 



/ P 0 



-7L1 j, ; v 0 



0 0 



X ^ 0. 



-(2) 



.(1) 



Theorem 4.4. Le£ T^j 2 and T^J 2 be the iteration matrices of preconditioned GAOR methods (3.1) and 
(3.2), respectively. Assume that the matrix H in Equation (1.1) is irreducible with L < 0, U < 0, B > 0, 
C > 0, 0 < ui < 1, 0 < 7 < 1, 6 i>i+ i > 0, bi+i t i > 0 for some i G {2,3, • • ■ c M+ i > 0, c l+1 j > 0 /or 
some i € {2, 3, • • ■ , q}. If the parameters a 8 , j3 s (s e {2, • • • ,p}) and <5t, (t e {2, • • • , q}) satisfies 

(i) when 0 < 6 S , S < 1 and 0 < c t;t < 1, 



;(2) 



0 < a s < 



oe-1,8-2^-2. 



2) 



forse {3,--- 



bs-l,s-2[(l-bs,s)(l-*>s-2,s-2)-fes,s-2i's-2,s] 

0 < "2 < db^ + 
0 < ^ s < b 3 . a - 1 [ ( 1 - £ -1 , s - 1 t + 1 , s + 1 )-bs-i, 1 + ib e + 1 , 3 - 1 ] ^° rS G i 2 '"' >-P~ 



0 < * < ^..^(^(l^S^^l,,, V t e {3, ■ ■ ■ , q}, 



n < T . < c f ,t-i(i-ct + i,t+i)+ct- M c t+ i,t-i fnr t G (2 ■ ■ ■ a - ^\ 

U <• T * ^ c t , t _i[(l- Ct _i, t _i)(l- Ct+1 , t+1 )-c t _ 1 , t+lCt+1 , t _ 1 ] J orl( = i z > .9 ^ 



0 < T„ < 



1 ^ l-c a 



or 



(ii) when b 8<s > 1 and Ct,t > 1> 



a s > 0, ft > 0, s G {2, • • • 
5t >0, r t >0, te{2,--- ,g}, 
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then either 

P{T%) < P(T« 2 ) < 1 

or 

P{f%) > P {T%) > 1. 

From Theorem 4.1-4.2, we can see that the preconditioned GAOR methods (3.2) are better than the 
GAOR method (1.2) whenever the GAOR method is convergent. And from Theorem 4.3-4.4, it is clearly 
that the preconditioners P^ are better than the preconditioners [7] for i = 1,2 whenever these 
methods are convergent. 

5 Numerical example 

In this section, an example with numerical experiments is given to illustrate the theoretical results 
provided in the present paper. 

Example 5.1. This example is introduced in [12], also studied in [7, 11]. The coefficient matrix H in 
Equation (1.1) is given by 

H= (I P -B U \ 
\ L I q -C )> 

where B = (b l3 ) G Rp x p, C = (c y ) G R qxq , L = {l l3 ) G R qxp , and U = {u tJ ) G R pxq with 



bu — — 7— — r, 1 < i < p, 
10(i + 1) ' ~ ~ 

bij = 3^' 30(z-/+l)+^ ' ^'^^ 

l<i<q, 



10(p + « + l) : 
1 1 
30 30(p + j)+p + i 
1 1 

Cjj = ; : , 1 < 7 < I < O, 

13 30 30(i-j + l)+p + f - J - y ' 

hj = T^r, — —. - 1 , 7T ■ — - ^r, l<i<q, l<j<p, 

30{p + i — j + 1) +p + i 30 

u a — 7TX7 — -7- , 1 < i < p, 1 < j < q. 

3 30(p + j) + i 30 ~ ~ -■>-•* 

Tabic 5 displays the spectral radii of the corresponding iteration matrices with some randomly chosen 
parameters w, 7, p and q. The randomly chosen parameters a s , f3 s , S t and r t satisfy the conditions of 
Theorem 4.1-4.4. In which p = p{T un ) and p{ = p{T ( jh for i = 1, 2 and j = 1, 2. 
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Table 1: Spectral radii of GAOR and preconditioned GAOR iteration matrices 



n 


V 




7 


P 


P\ 


P\ 


pi 


pi 


10 


5 


0.9 


0.8 


0.2830 


0.2823 


0.2524 


0.2813 


0.2513 


20 


5 


0.8 


0.6 


0.6259 


0.6258 


0.6162 


0.6247 


0.6151 


20 


10 


0.8 


0.6 


0.6146 


0.6142 


0.5847 


0.6135 


0.5838 


30 


8 


0.9 


0.6 


0.8843 


0.8842 


0.8796 


0.8839 


0.8793 


40 


16 


0.9 


0.5 


1.2220 


1.2222 


1.2397 


1.2228 


1.2403 



From Table 5, it can be seen that pf < p\ < p < 1 and p\ > p\ > p > 1 for i = 1, 2. These numerical 
results are in accordance with the theoretical results given in Section 4. 

Moreover, we find that the preconditioned GAOR methods (3.2) need fewer iteration numbers than 
the preconditioned GAOR methods (3.1) and the GAOR method (1.2) when the iterative methods are 
started from the same vector and terminated rule. Therefore, from the above numerical example and 
the theoretical analysis, we see that the effectiveness of the preconditioners constructed in this paper is 
obvious. 

6 Conclusions 

In this paper, a new type of preconditioners for the GAOR method are proposed, the convergence rates 
of the new preconditioned GAOR methods for solving generalized least squares problems are studied. 
Comparison theorems in Section 4 as well as numerical results in Section 5 show that the convergence 
rates of the new preconditioned GAOR methods are better than those of the preconditioned GAOR 
methods proposed by Wang et al. [7] whenever these methods are convergent. 

Like all-parameter based iterative methods, how to choose the optimal iteration parameters lo and 7, 
the optimal parameters a s , [3 S , S t and r t is a very difficult task. This aspect needed further in-depth 
study. 
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MIXING PROPERTIES IN THE OPERATOR ALGEBRA USING 
HILBERT-SCHMIDT OPERATORS 

LIANG ZHANG AND XING-TANG DONG* 

Abstract. In the present paper, we discuss the relation between the mixing property 
of any operator T on a Hilbert space and the mixing property of the corresponding 
left multiplication operator induced by T in the strong operator topology. Besides, we 
further prove that the Hypercyclicity Criterion with respect to some syndetic sequence for 
any weighted backward shift T on £ 2 (the Hilbert space of square summablc sequences) 
is equivalent to the mixing property of the corresponding left multiplication operators 
induced by T in the ||.|| 2 topology. 



1. Introduction 

Suppose that N is the set of all positive integral numbers and H is a separable infinite 
dimensional complex Hilbert space and T is a bounded linear operator on H. We say that 
T is hypercyclic if there is an / S H such that the orbit {T n f} n >o is dense in H. In such 
a case, / is called a hypercyclic vector for T. A vector / £ X is called supercyclic for T 
if its projective orbit, {XT n x; n > 0, A e C} is dense in H. Besides, for every pair U, V of 
nonempty open subsets of H, there is a non- negative integer N, such that T n (U) fl U ^ 0, 
for all n> N, then we call T mixing. Roughly speaking, the iterates of any open set become 
well spread throughout the space. 

Recently, there have been an increasing interest in studying the mixing operators. G. 
Costakis and M. Sambarinoa [7] proved that linear operator T : X — > X satisfying a special 
case of the Hypercyclicity Criterion is topologically mixing. Besides, A. Bonilla and P. 
Mianaour [2] provided sufficient conditions for the hypercyclicity and topological mixing of 
a strongly continuous cosine function and proved that every separable infinite dimensional 
complex Banach space admits a topologically mixing uniformly continuous cosine family. 
In 2012, in [4], the authors showed that every separable infinite-dimensional Frechet space 
supports an arbitrarily large finite and commuting disjoint mixing collection of operators. 
When this space is a Banach space, it supports an arbitrarily large finite disjoint mixing 
collection of Co-semigroups. For several works, see, e.g., [3, 5, 8]. 

Many results for supercyclicity and hypercyclicity have been given. In [10], bilateral 
weighted backward shifts on I 2 spaces are also discussed and hypercyclic and supercyclic 
properties are characterized, respectively. Some necessary and sufficient conditions for Hy- 
percyclicity Criterion were discussed, see, e.g., [15, 16, 18]. For discussion of hypercyclicity 
of composition operators, see, e.g., [1, 6, 9, 11, 12, 13, 14, 17] and the references therein. 



The authors were supported in part by the National Natural Science Foundation of China (Grant Nos. 
11371276; 11301373; 11201331). 
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Zhang and Dong: Mixing properties in the operator algebra 
The operator algebra B(H) consists of all bounded linear operators from H to H . Recall 

°° 2 1 

that {ej} is a basis for a separable Hilbert space H and A e B(H), then ||A|| 2 = ll^le^l ] 2 

i=l 

which is independent of the basis chosen and hence is well defined. If \\A\\ 2 < 00, then A is 
called a Hilbcrt-Schmidt operator. The set of Hilbcrt-Schmidt operators on H is denoted by 
B 2 (H). For a separable infinite dimensional complex Hilbert space H, the operator algebra 
B{H) has many topologies, but we use only three, namely the operator norm topology, 
the strong operator topology and ||.|| 2 -topology. And we use the convention that when a 
topology term is used for B{H) 1 it always refers to the operator norm topology, otherwise 
we add the prefix "SOT" in front of the term with reference to the strong operator topology 
and add the prefix ||.|| 2 in front of the term with reference to || .|| 2 -topology. 

We note that the operator algebra B(H) and Bi (H) respectively with the strong operator 
topology and |j .|| 2 -topology are separable. Suppose that {eA- is a basis for a separable Hilbert 
space H and S is a dense subset in H . Then S(H) will denote the set of all finite rank 
operators E such that there exists JVeN satisfying E(e n ) — 0 for n > N and E(e n ) e S 
for n < N. 

For any operator B(H), the left multiplication Lt ■ B(H) — > B(H) is defined by 
L T F — TF for all F in B(H). B. Yousefi and H. Rezaei [20] proved that the Supercyclicity 
Criterion for any operator T on a Hilbert space is equivalent to the supercyclicty of the left 
multiplication operator induced by T in the strong operator topology and Supercyclicity 
can occur on the operator algebra B{H) with strong operator topology and some equivalent 
conditions for Supercyclicity Criterion were given in [19]. 

2. Mixing properties of left multiplication operators on the operator 

ALGEBRA 

In this section, we will discuss mixing properties of left multiplication operators on B{H) 
with the strong operator topology and on B 2 {H) with the ||.|| 2 -topology. Besides, some 
necessary conditions for Hypercyclicity Criterion with respect to a syndetic sequence will be 
given. In the following, note that for vectors g, h in H, the operator g®h denotes a rank 
one operator and is defined by (g <g> h) (/) = (/, g) g. 

Definition 2.1. For T e B{H) and any sets A,B C H, the return set from A to B is 
defined as 

N T (A, B) = N (A, B) = {neN 0 : T n (A) n B ^ 0}. 

Definition 2.2. For T G B(H), let Lt ■ B{H) — > B(H) be a continuous linear mapping. 
We say that the operator L T is SOT-mixing if for any two nonempty SOT-open set U and 
V , there exists an integer N > 1 such that L T (U) fl V 7^ 0, for all n > N . Similarly, we 
say that Lt ■ B2(H) — > B2(H) is \\.\\ 2 -mixing if for any two nonempty \\.\\ 2 -open set U and 
V , there exists an integer N > 1 such that L T (U) HV^O, for all n> N. 

Definition 2.3. (Hypercyclicity Criterion). Let T be a bounded linear operator on a sepa- 
rable Hilbert space H. Suppose that there are {nk}keN C N strictly increasing, dense subsets 
X,Y C H and mappings S nk :Y — > H so that 

(i) T nk -> 0 pointwise on X, 

(ii) S nk — > 0 pointwise on Y and 

(Hi) T nk S nk — > id pointwise on Y . Then T is hypercyclic. 

An increasing sequence of positive integers {n^} is syndetic if 

sup{n fe+ i - n k } < 00. 
k 



384 



LIANG ZHANG ET AL 383-389 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Zhang and Dong: Mixing properties in the operator algebra 

We say that T satisfies the Hypercyclicity Criterion for a syndetic sequence if the sequence 
{iik} is syndetic in the above criterion . Notice that a large class of hypercyclic operators 
satisfies the Hypercyclicity Criterion for a syndetic sequence, for instance: XB where |A| > 1 
and B is the backward shift on I 2 = £ 2 (N) (the Hilbert space of square summablc sequences). 

Lemma 2.4. [12, Proposition 2.40]. Let T G B{H). Then T © T is mixing on H (B H if 
and only ifT is mixing on H. 

Proposition 2.5. Let T G B(H). Then the following are equivalent: 

oo oo 

i) © T is mixing on © H . 

n—l n—l 

ii) T@T is mixing on H © H . 
in) T is mixing on H . 

Proof, (i) => (ii). It is clear. 

(ii) <S=> (Hi). By Lemma 2.4, T © T is mixing on H © H if and only if T is mixing on H. 



(Hi) =>■ (i). Now suppose that T is mixing on H. Let any U, V C © H I be nonempty 



n=l 



open sets. Then there are e > 0, m > 1 and points x := (xi, x m , 0, 0, ...) G J7 and 
y := (t/i, y m , 0, 0, ...) G V such that the open balls of radius e around these points belong to 
U and V, respectively. Since T is mixing, there is some N > 1 such that, for each 1 < fc < m 



and n > N, there are xj! G i? such that 



(n) 



< e and 



< e. Then, for 



all n > N, X W : = ^™ } , -, x™\ 0, 0, G U and a;( n ) G V, which implies that 

oo 

© T is mixing. □ 

n=l 

Lemma 2.6. [7, Theorem 1.1 ]. Let T G B(H) and T satisfy the Hypercyclicity Criterion 
for a syndetic sequence. Then T is topologically mixing. 

Theorem 2.7. Suppose that T satisfies the Hypercyclicity Criterion for the syndetic se- 

oo oo 

quence (nk) k - Then © T is mixing on © H. 

n—l n—l 

Proof. Let T be a bounded linear operator on a separable Hilbert space H. Suppose that 
there are {n^jfegN C N strictly increasing, dense subsets X, Y C H and mappings S nk : Y — > 
_ff so that 

(i) T" fc -> 0 pointwise on X, 

(ii) S nk — > 0 pointwise on F and 

(iii) T Uk S nk — > id pointwise on F. 

oo 

Now let xo be the set of all sequence (x n ) n G © X such that x n — 0 for all but finitely 



many n G N. Similarly, let \i be the set of all sequence (y n ) n G © Y such that y n = 0 

oo 

for all but finitely many n G N. Consider Sfc = © 5 nfc acting on %i. Then xo and %i are 

i— 1 

oo 

dense in © if and clearly the hypotheses of the Hypercyclicity Criterion with respect to 

oo oo 

the syndetic sequence (n k ) k are satisfied. By lemma 2.6, © T is mixing on © H. □ 

i=l i=l 

Lemma 2.8. [19, Proposition 2.3]. For any operator T G B(H), the left multiplication 
operator Lt ■ f?2 (H) — > Bi (H) is unitary equivalent to the operator 

oo oo oo 

© T : © H^ © H. 

n—l n—l n—l 
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Lemma 2.9. [12, Proposition 2.37]. The operator T is mixing if and only if, for any 
nonempty open set U C H and any 0- neighbourhood W, the return sets N(U, W) and 
N(W,U) are co finite. 

Theorem 2.10. If an operator T satisfies the the Hypercyclicity Criterion for some syndetic 
sequence (nk) k , then Lt is mixing on B(H) with the strong operator topology. 

For the above proof, we will prove the following proposition first. 

Proposition 2.11. For the left multiplication operator L T : B(H) — > B(H), the following 
are equivalent: 

(i) the operator Lt is mixing on B(H) with the strong operator topology. 

(ii) the operator Lt is mixing on B2{H) with the \\.\\ 2 -topology. 

Proof. Note that B 2 (H) is a SOT-dcnsc subset of B(H) and L T : B 2 (H) -> B 2 (H) is well 
defined. So (ii) implies (i). 

It suffices to prove that (i) implies (ii). To see that, suppose that any non-empty Vq, V\ 
are |||| 2 -open subsets in B 2 (H) and let S(H) be the set that was defined as before. Choose 
Aj e Vj n S(H), j = 0, 1 such that for some N Q e N, A 0 ei = A i e l for i > N Q . Now let E 

N 0 

be a finite rank operator that is defined by E = ^ e„®e„. Then AjE — Aj, j — 0, 1. For 

n=l 

j = 0, 1 and every k E N, put 

V jtk =q{VeB (H) : \\Ve n - A 3 e n \\ < \}. 

n — 1 /C 

Then Vo,k and V\,k are 50T-open subsets of B(H). Since Lt is mixing on B{H) with 
the strong operator topology, we have L T k (Vo,fc) n ^ 0 for large enough n k G N. 
Therefore, there exists some S k € Vo.k and it follows that T ,lk Sk € V\.k- Consequently, for 
n = 1, • • • , 7V 0 and k e N, we get 

\\S k e n - A 0 e n \\ < p \\T n *S k e n - A.eJ < ^ 

No N 
\\SkE-A 0 E\\l = J2\\( S x- A ^( e ^\ 2 <ji 

n=l 

\\L? (S k E) A 1 E\\l = J2 W(T nk S k A,) (e„)|| 2 < ^ 

n=l 

for k G N and we have that SkE converges to A n and T nk (SkE) converges to A\ in ||.|| 2 . 
And we can see that S k E e V 0 n S(H) and L T k (S k E) e Vi n S(H) for large enough n k > 1. 

Besides, we note that S^i? and L^ fc (SkE) are finite rank operators and so they are 
Hilbert-Schmidt operators. Then it follows that L T k (V a ) fl V\ ^ 0, for large enough > 1. 
So the operator L T is mixing on B 2 (H) with the ||.|| 2 -topology. □ 

Proof, of Theorem 2.10. 

By Proposition 2.11, the operator Lt is mixing on B(H) with the strong operator topology 
if and only if the operator Lt is mixing on B 2 (H) with the ||.|| 2 -topology. By Lemma 2.8, we 

oo 

can know that L T is mixing on B 2 (H) with the ||.|| 2 -topology if and only if © T is mixing 

n=l 

on ® Again by using Theorem 2.7, Ly is mixing on B(H) with the strong operator 
topology. This proof is complete. □ 
The next corollary is an immediate consequence of Theorem 2.10 and Lemma 2.9. 



Therefore 



and 
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Corollary 2.12. If the operator T satisfies the the Hypercyclicity Criterion for some syn- 
detic sequence, then for any nonempty SOT -open sets U, W C H and W contains 0, the 
return sets N(U,W) and N(W, U) are cofinite. 

3. Mixing properties of weighted backward shifts on £ 2 

In this section, we will prove that the Hypercyclicity Criterion with a syndetic sequence 
for any weighted backward shift T on £ 2 is equivalent to mixing property of the corresponding 
left multiplication operator Lt in the strong operator topology. 

Let K a real or complex scalar field, and the space of all sequences K N = {(x„)„ : x n € 
l,n£ N}. Let 1 < p < oo. Then the space 



oo 



x = (x n ) n G K : 2, \x n \ p < oo 



k n=l ) 

/ oo \ VP 

of p-summable sequences, endowed with the norm ||a;|| := I \ x n\ p ) , is a Banach 

oo 

space. In particular, £ 2 is a Hilbert space with inner product defined by (x,y) := x n y^. 

71=1 

Occasionally we let the index start with 0. The finite sequences, that is, sequences of the form 
(xi, ■ ■ ■ , x n , 0, • • • ), n > 1, constitute a dense subset. Considering only the finite sequences 
with entries from Q or Q + iQ we see that any £ p , 1 < p < oo, is separable. The space £ P (Z) 
of p-summable sequences, indexed over Z, is defined analogously. 

In this section, we only consider £ 2 (N) and £ 2 (Z) as separable infinite dimensional complex 
Hilbert spaces. For simplicity, we use T on £ 2 to denote unilateral weighted backward shift 
on ^ 2 (N) or bilateral weighted backward shift on £ 2 (%). 

In the above section, we note that Lemma 2.6 is obvious. Thus, a natural question is 
whether a converse of this Lemma 2.6 holds. In other words, assuming that T is topologically 
mixing, must T satisfy the Hypercyclicity Criterion for a syndetic sequence ? This is true 
when T is a weighted backward shift by the following Lemma. 

Lemma 3.1. [7, Theorem 1.2]. A weighted backward shift T on £ 2 is topologically mixing 
if and only if T satisfies the Hypercyclicity Criterion for a syndetic sequence. 

Now, we will complement Theorem 2.10, when T is a weighted backward shift on £ 2 . 

Theorem 3.2. For weighted backward shift T on £ 2 and the corresponding left multiplication 
mappings Lt, then the following are equivalent: 

(i) The operator T satisfies the Hypercyclicity Criterion with respect to some syndetic 
sequence. 

(ii) L T is mixing on B{H) with the strong operator topology, 
(in) Lt is mixing on E>2(H) with the \\.\\ 2 -topology. 

(iv) For any nonempty SOT -open sets U,W C H and W contains 0, the return sets 
N Lt (U,W) and N Lt {W,U) are cofinite. 

Proof, (ii) <^> (Hi) (iv). By Proposition 2.11, it is clear. By Theorem 2.10, (i) implies 
(ii). By Proposition 2.5, Lemma 2.8 and Lemma 3.1, (Hi) implies (i). This completes this 
proof. 

□ 

Theorem 3.3. For any weighted backward shift T on £ 2 , the following are equivalent: 

(i) The operator T satisfies the Hypercyclicity Criterion with respect to some syndetic 
sequence. 
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(ii) For each pair U,V of nonempty open subsets of H , and each neighborhood W of zero, 
the return sets Nt(U,W) and Nt(W, V) are cofinite. 

Proof. The implication (i) — > (ii) is immediate. To see the implication (ii) — > (i), by 
Theorem 3.2, it suffices to show that Lt is mixing on 82(H) with the 1 1 . 1 1 2 -topology. Suppose 
that each pair U\ and V\ are nonempty ||.|| 2 -open subsets of B 2 (H). Next, for the orthogonal 
basis E = {a : i > 1} of H, there exist finite rank operator A and B such that A G S(H)r\Ui 
and B G S(H) n V\. For some integer N > 1, we have Ae^ = Be^ = 0 for i > N. And there 
exists certain e > 0 such that 



{5 G S(#) : US' - A\\ 2 < 2VNs} C L7i 

and 

{S 1 G S(£0 : ||S - B|| 2 < 2v^Ve} C Vi. 

Consider the open sets 

Ui = {x G H : \\x — Ae n \\ < e}, Vi = {x G H : \\x — Be n \\ < e} 

for i = 1, 2, iV. By the assumption, there exist strictly increasing integers 0 = tiq < n\ < 
ri2 < ... < njv-i and 0 = mo < mi < m2 < ... < m^-i such that 

u = u x n t-" 1 (f/ 2 ) n T-™ 2 (t/ 3 ) n ... n t^""- 1 (c/^) ^ 0 (3.1) 

and 

y = Fi n r mi (y 2 ) n r m2 (y 3 ) n ... n r (yjv) ^ (3.2) 

Let 8 = min{ || T ||"i-i , wt\^t=i '■ i — 1>2, ...,iV} and W — {x : \\x\\ < S}. By (ii), there 
exist x £ W and y G U such that T"a; G V and T ra y G IT for large enough integer n. For 
i = 1,2, ...,7V, by (3.1) and (3.2), we show that 

\\T n ^y-Ae t \\<e (3.3) 

and 

||T n (T m *- 1 a;)-.Bei||<e. (3.4) 

N N 

Next, we define Si = £ T n ^y® e, and 5 2 = £ T" 1 -^ <g> e*. Let 5 = 5 X + S 2 , since 

i=l i=l 

Si, S 2 are finite rank operators, then 5 is also a Hilbert-Schmidt operator. 
Again by using (3.3) and (3.4), we can obtain 

\\S-A\\ 2 < ||5i-A|| 2 + ||5 2 || 2 

N N 

= (E Ae ^ k + <E WT^xf} 1 * 

i=l i=l 

< 2sfNe, 

where x G W. Therefore, S G U\. Similarly, we have that 
||-L^S — B|| 2 — 1 1 -^^^2 — -^|| 2 1 1 B^pS± 1 1 2 

N N 

= {E \\T n S 2 e l Be t \\ 2 }^ + {E ll^^e, || 2 }* 
i=l i=l 

< 2\/Ae. 

where T n y G IT and large enough n. So it follows that Lt is mixing on B 2 (H) with the 
j|.|| 2 -topology. By Theorem 3.2, the operator T satisfies the Hypercyclicity Criterion with 
respect to some syndetic sequence. The proof is complete. □ 
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Abstract 

This paper addresses the approximation by feed-forward neural networks (FNNs) with sig- 
moidal active functions on the unit sphere. Firstly, some nice properties of typical logistic 
function are derived, and the function and its derivatives are taken as active functions to con- 
struct spherical FNNs approximation operators, where the spherical Cesaro mean is employed 
as a key link in constructing the operators. Subsequently, by using spherical quadrature for- 
mula and Marcinkiewicz-Zygmund type inequality, the error of the operators approximating 
continuous spherical function is estimated, and a Jackson type theorem is established by means 
of the best polynomial approximation. 

Keywords Feed-forward neural networks; Unit sphere; Approximation; Error estimate 

MSC 41A10, 41A25, 41A30, 65D30 

1 Introduction 

Feed-forward neural networks (FNNs) with one hidden layer is a class of basic and important 
neural networks, which can be described mathematically as 

JV 

Af(x) := ^2 Ci<j){uJi ■ x + 9i), (1.1) 

i=l 

where <j) ■ ^ — > R is the active function, x := (xi,X2, ■ ■ ■ ,x n ) J G R™ is the input, Cj G R (i = 
1, . . . ,N) are the output weights connecting the N nodes, u>i := (u!n,u>i2, ■ ■ ■ ,Uj„) G R™ are the 
input weights connecting the i-th hidden node and the input, and 6i G R (i = 1, . . . , N) are the 
biases of the i-th hidden node. 

As we know, FNNs arc universal approximator. Namely, for any continuous or integrable 
function defined on a compact set, there exists an FNN that can approximate the function with 
arbitrary accuracy. In connection with such paradigms there arise mainly three problems: A 
density problem, a complexity problem, and an algorithmic problem. The density problem deals 
with the question: Which functions can be approximated and, in particular, can all members of 
a certain class of functions be approximated in a suitable sense? By now, this problem has been 
satisfactorily solved. We refer the reader to [9, 13, 16] The complexity problem discusses the 
relationship between the size of the number of neurons and approximation capacity of networks. 
Many papers, such as [4, 5, 8, 17, 26], have addressed the solution of the problem, where some 
operators of FNNs have been constructed to approximate continuous or integrable target functions, 
and in particular, some estimates of the approximation error have been established. In this paper, 
we will focus on the complexity problem of FNNs approximation on the unit sphere. 

In many practical applications we require modeling by the data collected over the surface of the 
earth, that is, we need deal with the functions which arc defined on the unit sphere with geodesic 

"This research was supported by the National Natural Science Foundation of China(Nos. 61272023, 91330118, 
61179041) 

t Corresponding author. Email: feilongcaoagmall.com 

1 



390 



Feilong Cao et al 390-396 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

F. L. Cao & Z. X. Chen : Approximation by Spherical Neural Networks with Sigmoidal Functions 



distance. Naturally, it is necessary to consider the approximation by FNNs on the unit sphere, 
and there have been some studies associated with this topic [6, 7, 18, 21], where some estimates 
of upper bounds of approximation were built. In [19], Lin, Cao, and Xu studied the optimal rate 
of approximation for some Sobolev space by spherical feed-forward neural networks (SFNNs) with 
the square integrable active function. On the other hand, we know that the sigmoidal function 
defined by 

a(x) := — ^ . (1.2) 

is typical logistic function, and is usually used to be an active function in FNNs (see [1, 2, 3, 10, 
12, 27]). The main purpose of this paper is to investigate the analysis properties of the sigmoidal 
function (1.2), and take this function and its derivative as active function to construct SFNNs form 
as (1.1). Particularly, we will establish the error estimate of approximation using the SFNNs by 
means of the best polynomial approximation. 

This paper is organized as follows. In the next section, we will give some preliminaries con- 
cluding related notations and three lemmas. In Section 3, we will prove our main result. 



2 Preliminaries 

Let S 2 be the unit sphere in M. 3 , i.e., § 2 := {x e R 3 : \x\ 2 — 1}, where | • I2 denotes the Euclidean 
norm. The surface measure on § 2 will be denoted by fi. Corresponding to the surface measure /x, 
the space L 2 := L 2 (§ 2 ) is the usual Hilbert space of square- integrable functions on S 2 with the 
inner product 

if, 9) ■= I f(x)g(x)dn(x), (2.3) 
Js 2 

and the norm H/H2 := \J (/, /)• The space of continuous functions on S 2 is denoted by C(§ 2 ), 
and is a Banach space with the supremum norm ||/||oo := sup xe §2 |/(x)|. Using polar coordinates 
for a representation of the sphere S 2 , we have for a point x € § 2 the coordinate relation x = 
(sinflcost^sinflsin^, cos#), where (9,ip) € [0, 7r] x [0, 27r). 

Let n > 0 be a fixed integer. The restriction of a harmonic homogeneous polynomial of degree n 
to the unit sphere S 2 is called a spherical harmonic of degree n. The space of all spherical harmonics 
of degree at most n is denoted by II„ . It comprises the restriction to S 2 of all algebraic polynomials 
in 3 variables of total degree at most n. And II„ = ®f =0 Hi, where H n denotes the space of all 
spherical harmonics of precise degree n. The spaces H n are mutually orthogonal with respect to 
(2.3), and the dimension of H n is 2n+l. If we choose an orthogonal basis {Y Hj i : I = 1, 2, . . . , 2n+l} 
for each H n , then the set {Y^ : k = 0, 1, . . . , I = 1, 2, . . . , 2k + 1} is an orthogonal basis for L 2 (§ 2 ). 

The spherical harmonics on S 2 of degree I satisfies the addition formula 

21+1 9] , 

J2Y l , k (x)Y ltk (y) = -±-P l (x-y), (2.4) 
fe=i 

where x ■ y denotes the usual inner product on R 3 , and Pi is the Legendre polynomial with degree 
I and Pi(l) — 1. For more details of spherical harmonics, we refer the reader to [15], [23], and [25]. 

For any two points x and y on the sphere S 2 , the spherical distance dist(x, y) is defined to be 
the geodesic distance, that is, dist(x, y) := arccos(x, y). For a point set X = {x\, X2, ■ ■ ■ , xn} C S 2 
the global mesh norm, defined by 

hx '■= sup inf dist(a;, Xj), (2.5) 
xeS 2x 3 ex 

measures how far away a point i£§ 2 can be from the closest point of the point set X. It is not 
difficult to see that S 2 = {J x . eX B(xj, hx), where B(xj,hx) is the closed spherical cap with center 
Xj and radius hx- 
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Now we first discuss the property of function a and give a lemma. Since 

1 e x , 1 1 1 2 

+ e~ x 1 + e x 1 + e x ' 1 + e x e x — 1 e 2x — 1 ' 

and 



x™ \ e x - 1 e 2x - 1 y 2 1 + e 1 

By a known expansion 



x=0 



z x - I ^ nl 



n=0 



where B n is Bernoulli number. Then we have — e £ x _i — Y^=i ~ 2 n \ B ' ' xT t > which leads to 

_J L_ = (1-2")^ n -l 

e 1 - 1 e 2a; - 1 ^ n! 

n— 1 

Hence, 

M i P \ j ~ (2" - j 1 \T^, „2k-l 

er(a;) = (1 + Bi) H x H 1 ( a; H = - + ^ o 2 k-ix , 

Z - n - Z fc=i 

where &2fc-i 7^ 0, fc = 1,2,.... By a simple calculation we get 



Set 



a(x) := (*(*))' = j—^. (2.6) 



^ -/ x 3 (2 2 -l)5 2 3(2 4 -l)B 4 2 
a(x) := a(x) + a(x) = -+ y - ^^x + - + • • • . (2.7) 



From (2.6) we see 



lim a(x) = lim — = 0. 

|a;|^+oo |a;|^+oo (e x + V) 1 



So o(x) has properties: 

(i) lmXj,^ +00 a(x) = 1, lim a .^_ 00 a(x) = 0, that is, a(x) is also a sigmoidal function; 

(ii) ctW(0) 7^ 0, fe = 0,1,2,.... 

Thus, from Proposition 1 of [4] we have the following Lemma 1. 

Lemma 1. For any polynomial with degree n, p n (x) — a n x n + a n ~ix n ~ l + • • • + a\x + do, and 
if is a compact subset of K. Then for any given e > 0, there exist real numbers bo, &i, • ■ • , b n and 
c 0 ,ci,c 2 , . . . ,c„, such that sup xeif E™=o M(cjx) - p n (x)\ < e. 

To get the numerical integration formula on the unit sphere we need introduce the following 
equiangular grid points Tn = {(9 m , pi),0 < m < 2N, 0 < I < 27V}, where 

mir In 

d ™=2N> Vl = N- (2 ' 8) 
We can prove the following lemma. 

Lemma 2. For spherical point set Tn C § 2 , its mesh norm hr N satisfies the following relation 

hr N < 4- 

Proof. For given x G § 2 , x can be represented as x = (sin 9 cos sin 0 sin tp, cos 0). By (2.8), 
there exists 9,(0 < i < 2N) such that sin^ ^ 0, and - ^ < 0 - 9 { < ^. So cos(fl - 0;) > cos ^. 
Writing y = (sin cos sin 0j sin <p, cos 0j), then we have 

x ■ y = cos 9 cos 9i + sin 9 sin 9i cos 2 <p> + sin $ sin 9, sin 2 = cos(0 — 9i). 
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Therefore, arccos(x • y) < 

Similarly, for tp, there exists j(0 < j < 2N) such that — < <p — ipj < ^. Hence cos(^s — 
<Pj) cos § . 

Set z = (sin 9i cos ipj , sin 9i sin ipj , cos 0i) . We get 

y ■ z — cos 2 0i + sin 9i cos ip cos + sin 2 9i sin ^3 sin <pj 

= 1 - 2 sin 2 6>j sin 2 1—!£± > l - 2 sin 2 - ~ ^ = cos(<£ - <pj), 

that is, arccos(y • z) < j^. By spherical triangle inequality (see Lemma 1 in P. 120 of [11]), we have 



i \ i \ , . 7T 7T 3 

arccosix • z) < arccoslx • y) + arccosfw • z) < = n. 

This shows that for any x G § 2 it holds that vai x . eX dist(ar,arj) < ^ n. Thus, the lemma follows 
from the definition of mesh norm (2.5). 

In what follows we introduce the decompositions of the sphere S 2 coming along with the points 
in r^v- We denote by TZ a decomposition of S 2 , i.e., TZ is a finite collection of closed regions flcS 2 , 
having no common interior points and covering the whole sphere, i.e., Uks-r.-^ = For a given 
set C 0 , the decomposition TZ is called C 0 -compatiblc if each region R G TZ contains at least one 
point of C 0 in its interior. In this case each R G TZ can be labeled uniquely by a point £ G Co- The 
set of such points will be denoted by C and called a reduced set. 

The further illustration related to the existence and construction of compatible decompositions 
can be found in [22] . 

Clearly, C is the essential subset of Co- For the region uniquely determined by £ G C we write 
Moreover, we define the discrete L 1 -norm and oo-norm of a function / as follows: 

H/IICI :=£|/(0I/W, 

and H/Hcoo ; — su P{ec 1/(01- ^ n addition, we define the partition norm of the decomposition 
R: \\R\\ := sup^g^ diami? = sup Ren snp xyeR d(x,y). Below, we give an important result (see 
Proposition 3.2 of [22], Theorem 4.2 or Theorem 5.1 of [14]). 

Proposition For any given set Co G § 2 , and a Co-compatible decomposition of S 2 with 
reduced set C, TZ, we have 

(1) 2h Co < \\TZ\\ <8V3h Co ; 

(2) If 7] G (0,1) is arbitrarily fixed and \\TZ\\ < g^, then for any p G IT„, we have ||p||c < 

(i + »7)lblli; 

(3) If r\ G (0, \) is arbitrarily fixed and \TZ\ < g£^, then there exist nonnegative numbers 
{a c : £ G C}, such that J g2 p(x)dp,(x) = Ejec V P G n m- 

Furthermore, we have 



»(R S ) 



C,oo 



here and in the following c is an absolute positive constant, and its value may be different at 
different occurrences, even within the same formula. 

Now we consider spherical point set r^y, and choose 77 = \. For given n, we set N > 12^/3 x 
3367m, and obtain 

IWSSA.SS^.I^^. (2.9) 

From above Proposition, (2.9) and Lemma 2, it follows the following lemma. 
Lemma 3 Let T N be a spherical point set as above, N satisfies N > 12^/3 x 3367m, and Cr N 
denote the reduced set of Tat. Then 

(1) For any p G II„, there holds \\p\\cr N < 3INI1; 

(2) There exist nonnegative numbers {a^ : £ G Cr N }, such that J g2 p(x)dp(x) = X^ec r a ?^(£)> e 



II„, and 



(Re)) 



< c. 

Cr„ ,00 
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We also need to introduce a de la Vallee-Poussin kernel to construct a spherical integral operator. 
We thus define a function /i:R->las 



h(t) :- 



1, x e [0, l) 

l-2(.x-l) 2 , *€[!,§; 



2(2 -xf 
0, 



xe [|,2), 

.t G [2,+co). 



Then (see [24]) 



2L-1 

E 

Z=0 



A 3 fo 



16 

Z 2 ' 



where A 3 (j-) denotes the third order forward difference of the sequence ft (£) , ft (77) , Using 

addition formula (2.4) we define kernel 



21+1 



2] 1 1 

Kt(x,y) := tf,(a; ' 2/) ~ E = ■ v) 



k=l 



47T 



Furthermore, we construct a new kernel Hl(x ■ y) by way of h(t) 



tf L (z-y) := £ ft (^) ■ v)- 

1=0 ^ ' 



For given / E L 2 (§ 2 ), we take the approximation form: 

V L f(x) := (f,H L (x,-)) = [ f(y)H L (x,y)df,(y). 

From [24] we know Vl has properties: 

(1) Vl reproduces polynomials with degree up to L, that is, 

VlP = p for all p E Ul; 

(2) The linear operator sequence V\, V2, ■ ■ ■ , is bounded uniformly. 



(2.10) 



3 Main Result and Its Proof 

We construct SFNN operators with active function a given by (2.7) as follows: 

2n 2n 

Af N {x):= a if(OYjb j a(c j ^-x)= ^ E a « 6 i/(0*(cjf ' 2 

?ec rjv j=i eec rjv j=i 



(3.11) 



where 6j, Cj and otj are defined as Lemma 1 and Lemma 3, respectively. Then we obtain 

Theorem. Let / E C(§ 2 ), and spherical point set Tjv C § 2 defined as lemma 3. Then for 
FNN operator defined by (3.11) and arbitrary positive number e > 0, we have 

\f(x)-M N f(x)\<c(E n (f) + \\f\U), 

where E n ( f) := inf p e n niax a , eS 2 \f(x) — p n (x)\ is the best approximation of degree n of / ( see 
[20]). 

Proof. For / E C(S 2 ), we denote by p n (x) the best approximation polynomial with degree n. 
Then 



f(x)- J2 a if(t)H n (x-0 



< \f( x )-p n (x)\ + 

< £?„(/) + A. 



Pn(aj)- E a d(0 H n{x-0 



394 



Feilong Cao et al 390-396 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.2, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

F. L. Cao & Z. X. Chen : Approximation by Spherical Neural Networks with Sigmoidal Functions 



By (2.10) and Lemma 3 we have 



/ p n {y)H n (x ■ y)dfi(y) - V a € /(£)if„ 



E a €Pn (0iTn(a;-0- E ^/(O^^-O 
< £„(/) E ad^(«-OI<cS n (/) E M^f)l^n(a:-0I 

= c(l + v)E n (f) [ \H n (x ■ y)\ dii(y) = c(l + »?)£ n (/)||K|| < cE n (/), 
where we have used the result (see (4.12) of [24]) ||V^|| = sup x£ g 2 / g2 \H n (x ■ y)\ dfi(y). Therefore, 



< c£7„(/). 



(3.12) 



Since 



/(*)- E ^f(0H n (x-0 



E o«/(0^n(a;-0- E 



By Lemma 1 and the construction of operator A/at (a;) we have 

2n 

E a*/(Off„(s-o- E ^EW' 1 ) 

2n 



< E a «i/«)i 



<4f\\oo E a « — 47r||/|| 00 e. (3.13) 



Thus, by combining (3.12) with (3.13) we obtain that \ f(x) - Af N (x)\ < c(E n (f) + H/lUe). 
The proof of Theorem is complete. 
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elements collinear digit set 
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Abstract In this paper, using the feature of zero-point sets Z(j2 M ^ D ), where 
jj>M,D is the Fourier transform of self-affine measures Hm,d, we discuss the 
spectrality and non-spectrality of the collinear digit set. We give a method to 
deal with the spectrality and non-spectrality with collinear case. The results 
here provides some supportive evidence to the two related conjectures. 

Keywords and Phrases: Iterated function system, self-affine measure, collinear digit 
set, spectral measure, compatible pair 

2010 Mathematics Subject Classification: 28A80; 42C05; 46C05. 

1 Introduction 



We call a probability measure [i a spectral measure if there exists a discrete 
set A G R" such that E(A) := { e 2ni<x < x > : A G A} forms an orthogonal basis 
for L 2 (fi). Let M e M n (Z) be an expanding integer matrix, that is, all the 
eigenvalues of the integer matrix M have modulus greater than 1. Relating to 
the IFS {(pd(%) = M^(x + d)}d<=D, there exists a unique probability measure 
A* := Hm,d satisfying 



Gui-Bao Gao 1 ' 2 , Xi-Yan Yao 2 




(1. 1) 
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where \D\ be the cardinality of D. Let Q and P be finite subsets of W 1 of 
the same cardinality q. We say (Q, P) is a compatible pair if the q x q matrix 
H Q,p '■= [l~ 1/2e27ri{b ' p) ]beQ, P eP is unitary i.e., H QjP Hq P = I q . Here we use * to 
denote the transposed conjugate. 

We recall the following related conclusions. 

The plane Sierpinski gasket T(M, D) corresponding to 

M=( M.-D "o wi wo 



d c J ' IV 0 / ' V 0 / ' V 1 

Li [2-4] proved that Hm,d is a spectral measure or a non-spectral measure. 

In the present paper, we will consider expanding integer matrix M G M 2 (Z) 
and D G Z 2 as follows, 



M 



(2 ^),^ = {0,l,3,4n + 2}v. (1. 2) 



where v = {a, } T , a 2 + /3 V 0, n G Z. 
We will get the following two Theorems. 

Theorem 1. For an expanding integer matrix M G M 2 (Z) and a collinear 
digit set D given by (1.2), let (a,f3) T is an eigenvector of the matrix M and / is 
eigenvalue, then, 

i) if I G 4Z + {1, 3}, then there are at most 4 mutually orthogonal exponential 
functions in L 2 {ji MD ); 

ii) if I G 4Z, then /im,d is a spectral measure. 

Theorem 2. For an expanding integer matrix M G M 2 (Z) and a collinear 
digit set D given by (1.2), let (a,(3) T is not an eigenvector of the matrix M, 
if det(M) G 4Z, then there are infinite families of orthogonal exponentials in 
L 2 (hm,d)- If, in addition, a + c = 0, then /Um,d is a spectral measure. 

The two related conjectures about the spectrality and non-spectrality as fol- 
lows: 

Conjecture i. LetM G M n (Z) be an expanding integer matrix, and D C Z n 
a finite digit set with 0 G -D. If there exists a subset S C Z", 0 G 5 such that 
(M~ 1 D, S) is a compatible pair, then /j,m,d is a spectral measure. 

Conjecture ii. For an expanding integer matrix M G M n (Z) and a finite 
digit set -D C Z n , if |D| ^ VF(m), where W(m) denote the non- negative integer 
combination of the divisor of \det(M)\, then Hm,d is a non-spectral measure, and 
there are at most a finite number of orthogonal exponentials in L 2 (fi M ^ D ). 
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2 Proof of the results 



Proof of Theorem 1. Since I is an eigenvalue of the matrix M, then / 
is a zero of the characteristic polynomial det(XI — M). Since M is expanding 
and det{\I — M) is a monic polynomial with integer coefficients, we have / G 
Z\{0,±1}. Since 

oo oo 

VmMO = Y[rn uD (M*- j ^) = Y[m D (M*- j u>0 = ^m.dK), 

3=1 3=1 

so the two measures Pm,d and Pm^d have the same spectrality for any non-zero 
number uo G R. Without loss of generality, we assume that gcd(a,(3) = 1. Then, 
we have p, q G Z such that pa — q(3 = 1 and gcd(p, q) — 1. Let 



0 p r 



then cfetQ = 1 and Q 1 = y ^ of ^ ' VAV - Vi( " c-onsi< 1<t the pairs (M.D) 
given by 

m q mq 

and 



Z fyo 2 — dq 2 + (a — c)pq \ 
0 a+c-l J 



B ^- 1 -{(o)'(0'(o)^( (4,l o +2) )}- < 21 ' 

i) Let # 0 = {£ g M 2 , m s (f ) = 0}, then 9 0 = Z x U Z 2 U Z 3 , where 



Zi = {[ * + kl ) , fci G Z, ai G R } C 



ai 



^ 2 = {( ) GZ,a 2 GM| C 



^ = 



( * ^) , A; 3 G Z, a 3 G m| C M 2 . (2. 2) 



Then 



! bp 2 - dg 2 + (a - c)pg o + c- i j \ p J \ Pl 
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M*Z 2 



M*Z 3 



I 0 

bp 2 — dq 2 + (a — c)pq a + c — I 

I 0 

bp 2 — dq 2 + (a — c)pq a + c — I 

























P3 



SinceJ G 4Z + 1 or I G 4Z + 3._When I E 4Z + 1, M*% C M*Z 2 C 
Z2, M*Z 3 C Z 3 ; When I G 4Z + 3, M*Zi C Z 3 , M*Z 2 C Z 2 , M*Z 3 d Z x . We get, 
M*{Z 1 {jZ 2 {j Z 3 ) cZ 1 [jZ 2 [j Z 3 , so 

Z(ji m ) = Uf =l {M*^{Z 1 UZ 2 U Z 3 ) C^U^U Z 3 . 
If Aj G M 2 (j = 1, 2, 3, 4, 5) are such that the five exponential functions 

2iri\ix 2ni\2X 2-KiX^x 2ni\nx 2iri\^x 

are mutually orthogonal in L 2 (fi^ g), then the differences 

A2 — Ai, A3 — Ai, A4 — Ai, A5 — Ai 

A3 — A2, A4 — A2, A5 — A2 
A4 — A3, A5 — A3 
A5 — A4 

are in the zero set Z 1 |J Z 2 |J Z 3 . Now, the four elements A2 — Ai, A3 — Ai, A4 — 
Ai, A 5 — Ai are also in the union of the three sets Z iy i = 1,2, 3, this will deduce 
an impossible result easily. For example, if A 2 — Ai, A3 — Ai G Z±, then 

A 3 - A 2 = (A 3 - Ai) - (A 2 - Ai) G Z 1 -Z 1 G j( ^ ,fc 4 GZ,a 4 el 
Since A 3 — A 2 G Z 1 IJ Z 2 |J Z 3 a contradict with 

(Z 1 U Z 2 U Z 3 ) n I ^ , k 4 G Z, a 4 G M J = 0. 

Then there are at most 4 mutually orthogonal exponential functions in L 2 (fij^ g), 
so there are at most 4 mutually orthogonal exponential functions in L 2 (/zm,d)- 
ii) Since / G 4Z, 

00 

^M,S(0 = II + e ~ + e ^^~ + e ~)' ( 2 - 3 ) 
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wheree_=(6,6) r eK 2 . 

Let M = [I], D = {0, 1, 3, 4n + 2}, then 



OO 

If 5 = {^,0, f, §} C [2 - \p\ - 2], we can get (M^D, S) is a compatible 
pair, by Theorem 1.2 in [10], we get 



{fc-i 
5>)^,fc > 1, a,- G S 
3=0 

is a spectral of /J>m,d- Hence 

E I%d(6-A)| 2 = 1,V6gM. (2.5) 

AeA(M,5) 

Define A = |^^,Ae A(M,S) J, from (2.3), (2.4), (2.5) we get 

E I^M,D(e - A)| 2 = E_ I^m,d(6 - A) | 2 = l,V£ = (6,6) T G K 2 . 

AeA AeA(M,5) 

Then A is a spectral of ^ q, hence Q*~ l K is a spectral of \im,d- This completes 
the proof of Theorem 1. 

Note that, in the above proof, we have det(M) = (a + c — 1)1. If det(M) 4Z, 
then / ^ 4Z, so /iM,D is a non-spectral measure and there are at most 4 mutually 
orthogonal exponential functions in L 2 (^ m ,d)- If det(M) G 4Z and I G 4Z, 
then fiM,D is a spectral measure. If det(M) G 4Z and I 4Z, then /xm,d is a 
non-spectral measure and there are at most 4 mutually orthogonal exponential 
functions in L 2 {^m,d)- For example, let M and D be given by 

Thou 1/ ( J = 4 f ) , / = 4, so Hm,d is a spectral measure. If M and D be 



given by 



M =( 0 4 V 6Z ' C = o)-( 0 ■ TV 2 
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Then M ^ q J = 3 ^ ^ J , / = 3, so Hm,d is a non-spectral measure and there 

are at most 4 mutually orthogonal exponential functions in L 2 (hm,d)- 

Proof of Theorem 2. Since (a,P) T is not an eigenvector of the matrix M, 
we can verify the integer matrix B defined by 

g / aa + bp a 

'~ \ da + c/3 0 

is invertible. Now, consider the pairs (M, D) given by 

M — B~ X MB = 

and 



a + c 1 
bd — ac 0 



Let 

g \ / bd—ac \ / bd—ac \ / ac—bd 



such that (M _1 D, 5) is a compatible pair, so E(A(M, S)) is an infinite orthogonal 
exponentials in L 2 (/i^^). 

If a + c = 0, the following we proved A(M , 5) is a spectrum for /i^ ^. 
We need the following lemma due to Strichartz [1]. 

Lemma 3. Let M E M n (Z) be expanding, D and S be finite subsets of Z n 
such that (M^D, S) is a compatible pair and 0 E D (1 S. Suppose that the zero 
set Z(m M -i D (x)) is disjoint from the set T(M*, S). Then A(M, S) is a spectrum 

for /I M ,D- 

Since, 

I I Xa \ o 27Tixi 2-7ri(4n+2)xi 27ri3a;i j 

Z ( m M-ir>( x )) = \ [ x ) ^ ' 1+ 6l ^ C + 6 " d ~ aC + eTd ^ = 0, x 2 G M > 



; : X! e (6d-ac)((- + Z) U(- + Z) U(- + Z)),x 2 e 

if rr G Z{m^-i^{x)), we have |xi| > 1. 

e(v;0(::;:) + S(- T)(sM;;;:>- 
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= { ( x 1 J E R2 : Xl E Tl ' °° 2 E R \ ' V = M ~~ ° C ' Where 

Ti = jf> - ac)-1 8llj : s hj G {0, -1, 1, 2}| . 

Since det(M) = ac - bd G 4Z, if x G T(M*, 5), then |xi| < |, so 

T(M*,S)nZ(m M (x))=|, 

Therefore, the conditions of Lemma 3 are satisfied, so /i^ g is a spectral measure, 
then Hm,d is. 

From the proofs of two Theorems, we also yields the following result which we 
list as Corollary 1. 

Corollary 1 For an expanding integer matrix M G M2(Z) and a collinear digit 
set D given by (1.2), let (a,(3) T is not an eigenvector of the matrix M, if M have 
two integer eigenvalues, and one of them in 4Z, then Hm,d is a spectral measure. 

Acknowledgements. The author would like to thank the anonymous referees 
for their valuable suggestions. The present research is supported by the Natural 
Science Foundation of Shanxi Province (2013011003-1). 
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Abstract 

In this paper, a new second-order symmetric duality in multiobjective programming over ar- 
bitrary cones is fomulated. The weak, strong and converse duality theorems are proved for these 
programs under ^-invexity assumptions. Our results generalize these existing dual formulations 
which were discussed by the authors in [5, 6, 7, 8, 21]. 

Key words: Multiobjective programming, symmetric duality, cones, 77-invexity. 

MR(2000)Subject Classification: 49N15,90C30 

1. Introduction 

The notation of symmetric dual was first introduced by Dorn [1] for quadratic programming. Subse- 
quently, it was extended to general nonlinear programs for convex\concavity functions by Dantzig [2] 
and Mond [3]. Later on, another pair of symmetric dual nonlinear programs under weaker convexity 
assumptions were presented by Mond et al.[4]. Weir et al.[5] as well as Gulati et al.[6] proved mul- 
tiobjective symmetric duality results. Chandra and Kumar [7] studied Mond- Weir type symmetric 
duality with cone constraints. His results were extended by Khurana [8] to the case which the objective 
function has been optimized with respect to a closed convex cone. 

Mangasarian [9] introduced the concept of second-order duality for nonlinear programs. He has 
indicated a possible computational advantage of the second-order dual over the first order dual. Since 
then, several authors [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] in this field have worked on the 
second order duality. Recently, Yang et al. [18, 19] studied second-order multiobjective symmetric 
dual programs and established the duality results under F-convexity assumptions. Gulati et al.[20] 
studied Wolfe and Mond- Weir type second-order symmetric duality over arbitrary cones under 77- 
bonvexity\?7-pseudobonvexity assumptions. Gulati et al.[21] considered a pair of Mond- Weir type 
second-order symmetric dual programs over arbitrary cones and proved duality results under invexity 

"This work was supported by the Basic Research Projects of Hunan Provincial Scientific Department of China 
(2010FJ3138), Research Projects of Humanities and Social Sciences Foundation of Ministry of Education of China 
(No.llYJAZH083) and The Social Science Fund of China (No.l2GBL028). 

* Corresponding author. 

^E-mail address: hqj0715@126.com.cn. 
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assumptions. Ahmad et al.[22] formulated a pair of mixed symmetric dual programs over arbitrary 
cones and established duality results by using cone-invexity assumptions. 

In this paper, motivated by [21, 22], we consider a new second-order multiobjective symmetric 
dual programs over arbitrary cones and prove weak, strong, converse duality results under r/-invexity 
assumptions. Our results generalize the work in [5, 6, 7, 8, 21]. 

2. Preliminaries 

Let R n denote the n-dimensional Euclidean space. For N = {1, 2, • • • , n} and M = {1, 2, • • • , m}, let 
Ji C Af, K\ C M and J 2 = N\Ji, K2 = M\K\. Let | J\ | denote the number of elements in J\. The 
other symbols | J 2 |, | K\ | and | K2 | are defined similarly. 
We consider the following multiobjective programming problem: 

(P) K — minimize f(x) 

s.t. —g(x) G Q, x 6 S, 

where S C R n + m [ s open, / : S -+ R k , g : S -+ R m , K and Q are closed convex pointed cones with 
nonempty interiors in R k and R m , respectively. 

Let X° = {x 6 S : —g{x) G Q} be the set of all feasible solution for (P) and / be differentiable on 

S. 

Definition 2.1 [8]A point x 6 X° is an efficient solution of (P) if there exists no x 6 X° such that 
f{x)-f(x)€K\{0}. 

Definition 2.2 [23]The function h : S — > R is rj-invex at u £ S with respect to rj : S x S — > R n if for 

any x £ S, 

h(x) - h(u) > n(x,u) T Vh(u). 

Definition 2.3 [23]The function h : S — > R is pseudoinvex at u 6 S with respect to rj : S x S — >• R n 

if for any x £ S, 

n(x,u) T Vh(u) > 0 => h(x) > h{u). 

Definition 2.4 [24] Let C be a closed convex cone in R n with nonempty interiors. The positive polar 
cone C* of C is defined by 

C* = {z£ R n : x T z > 0 for all x G C}. 

3. New second-order symmetric duality 

We consider the following pair of second-order multiobjective symmetric dual problem and establish 

weak, strong and converse duality theorems. 

Primal(MP): 

K - minimize /i(zi,yi) + fi{x 2 ,y2) - [^(V^A^X^, 2/2) + V y2y2 (uj T g 2 ){x 2 , y2)pi)]e 
s-t. -(Vy 1 (X T f 1 )(x 1 ,y 1 ) + Vy iyi (uj T g 1 )(x 1 ,y 1 )p 1 ) 6 C|, 

-(V 2/2 (A T / 2 )(x 2 ,y2) + V y2 y 2 (uj T g2)(x2, y 2 )P2) e C|, 
yi r (V 2/1 (A T /i)(xi,yi) + V yryi {uj T gi){xi,yi)pi) > 0, 
\£intK*, X T e = 1, x\ S Ci, x 2 6 C 2 , 
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Dual(MD): 



K - maximize h{u\,v\) + /2 (1*2,^2) - [m 2 (V X2 (A T / 2 )(u2, v 2 ) + V X2X2 (oj t g 2 ){u2, v 2 )r 2 )]e 

s.t. V xl (A T /i)(ui,vi) + V xi;cl (u; T #i)(ui,t;i)ri e CJ 1 , 

Va; 2 (A T / 2 )(w 2 ,w 2 ) + V X2X2 {uj t g 2 ){u2,V2)r2 G C|, 
mT(V x1 (A t /i)(ui,ui) + V xi:E1 (w T #i)(ui,ui)ri) < 0, 
XGintK*, X T e = 1, i/i G C 3 , t> 2 G C4, 

where 

(i)e = (l,l,---,l) T €/2 fc ) 

(it)/i : # |Jl1 x -»• i? fe is a twice differentiable function, 

(iii)gi : i? |Jl1 x R\ K *\ -»• # m is a twice differentiable function, 

is a twice differentiable function, 
(v)g 2 : i?' j2 ' x i?l X2 l — ► is a twice differentiable function, 
(w)w G iT\ pi G i?^ 1 !, p 2 G 12^1, n G R\ Jl \ r 2 G fll Ja l, 

(viz) for i = 1,2,3,4, Ci is a closed convex cone with nonempty interior in R} Jl \, R} j ^, R) Kl \, R} k ^ 
and C* is its positive polar cone, K is a closed convex pointed cone in R k such that intK / 0 and K* 
is its positive polar cone. 

Remark 3.1 If we set J 2 = 0,-ftT 2 = 0, then (MP) and (MD) reduce to Mond-Weir type symmetric 
dual programs in [21]. If we set J\ = 0, K\ = 0, then (MP) and (MD) reduce to Wolfe type symmetric 
dual programs. 

Theorem 3.1 (Weak duality) Let (xi, y\, x 2 , 1/2, A, uj,p\,p 2 ) be feasible for (MP) and 
(ui, vi, U2, V2, A, u, r±, V2) be feasible for (MD). Suppose that 

(i) (A T / 2 )(-, V2) be rji-invex at u 2 with respect to r\\ for fixed i> 2 , r/i(x 2 , w 2 )+« 2 G C 2 for all x 2 G C 2 ; 

(ii) — (A T / 2 )(x 2 , •) be r]2-invex at y 2 with respect to n 2 for fixed x 2 , ?7 2 (v 2 ,?/ 2 ) + y 2 G C4 for all 
v 2 G C 4 ; 



(Hi) 



r T 


0 " 




0 


T 
P2 _ 





V X2X2 (ui T g2)(u2,v 2 ) 



0 



0 

(w T 5 2 )(x 2 ,y 2 ) 



m(x2,u 2 ) 



< 0 



(otJ (A T /i)(-,fi) 6e pseudoinvex at u\ with respect to 773 for fixed v\, r]z(x\,u\) + ui G Ci /or a// 
xi G Ci; 

(?/,) — (A T /i)(xi, •) 6e pseudoinvex at y\ with respect to 774 for fixed X\, r\±(v\,y\) + y\ G C3 /or a// 
«i G C 3 ; 



(vi) 



0 



0 



< 0 . 



V XlXl (w T c/i)(ui,t;i) 0 

0 -V tflWl (a; T 5i)(a;i,yi) 
T/ien ?ji)-/i(xi, yi)+/ 2 (u 2 , w 2 )-n 2 n (V :C2 (A T / 2 )(?j 2 , t> 2 )+V X2:C2 (w T fii 2 )(?j 2 , w 2 )r 2 )e-/ 2 (x 2 , y 2 )+ 

y 2 r (V y2 (A T / 2 )(x 2 ,y 2 ) + Vjdj|j(w 92)(%2, U2)P2)e & K\0. 



m(vi,yi) 



Proof. Suppose, to the contrary, that 

fi{u u vi) -/i(xi,yi) + / 2 (n 2 ,?j 2 ) - n 2 n (V a;2 (A T / 2 )(?j 2 ,t; 2 ) + V X2X2 (co T g 2 )(u2, w 2 )r 2 )e 
~h{x2,y2) +y 2 r (Vj /2 (A T / 2 )(x 2 ,y 2 ) + V J/2?/2 (a; T c/ 2 )(x 2 ,y 2 )p 2 )e G K\0 

Since A G intK*, we obtain 

A t {-/i(mi,«i) + /i(xi,yi) - f2{u 2 ,v 2 ) + ul(V X2 (\ T f2){u2,v 2 ) - V X2X2 {oj t g2){u2,V2)r2)e 
+ h{x2,y2) - y 2 r (V ?/2 (A T / 2 )(x 2 ,2/ 2 ) - V J/2 j /2 (w T 5 2 )(x 2 ,y 2 )p 2 )e} < 0. 



(3.1) 
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In view of X T e = 1, one gets 

X T fi(x 1 ,yi) - A T /i(ui,wi) - X T f 2 (u2,v 2 ) + u^(V X2 {X T f 2 )(u 2 ,v 2 ) + V X2X2 (u; T g 2 )(u 2 , v 2 )r 2 ) 
+ ^ T f2(x 2 ,y 2 ) -y 2 {Vy 2 (\ T f 2 )(x 2 ,y 2 ) + V y2 y 2 {u T g 2 )(x 2 , y 2 )p 2 ) < 0. 

(3.2) 

By 771-invexity of X T f 2 (-,v 2 ), 772-invexity of —X T f 2 (x 2 , •) and hypothesis (iii), we have 

X T f 2 (x 2 ,v 2 ) - X T f 2 (u 2 ,v 2 ) > r]f(x 2 ,u 2 ){V X2 (X T f 2 )(u 2 ,v 2 ) + V X2X2 (uj T g 2 )(u 2 ,v 2 )r 2 }, (3.3) 

>?f2{x 2 ,y 2 ) - X T f 2 {x 2 ,v 2 ) > -v 2 (v 2 ,y 2 ){V y2 (X T f 2 )(x 2 ,y 2 ) + V V2 y 2 {uj T g 2 )(x 2 ,y 2 )p 2 }, (3.4) 
The second constraint in (MD) and hypothesis (i) implies that 



(3.5) 



Vi (x 2 ,u 2 ){V X2 (X T f 2 )(u 2 ,v 2 ) + V X2X2 (uj T g 2 )(u 2 ,v 2 )r 2 } 

> -u^{V X2 (X T f 2 )(u 2 ,v 2 ) +V X2X2 (uj T g 2 )(u 2 ,v 2 )r 2 }. 

Similarly by hypothesis (ii) and the second constraint in (MP), 

-r) 2 {v 2 ,y 2 ){V y2 {X T f 2 )(x 2 ,y 2 ) + V y2y2 (uj T g 2 ){x 2 ,y 2 )p 2 } . , 

> y 2 r {Vy 2 (X T f 2 )(x,y)+V y2 y 2 (u J T g)(x 2 ,y 2 )p 2 }. ^ 

Finally, the above four inequalities (3.3) (3.4) (3.5) (3.6) yield 

-X T f 2 (u 2 ,v 2 ) + u^(V X2 (X T f 2 )(u 2 ,v 2 ) + V X2X2 (co T g 2 )(u 2 ,v 2 )r 2 ) . . 

+ X T f 2 (x 2 ,y 2 )-yJ(Vy 2 (X T f 2 )(x 2 ,y 2 ) + Vy 2 y 2 (u J T g 2 )(x 2 ,y 2 )p 2 )>0. { ' } 

Similar to the proof of Theorem 3.1 in [21], we obtain 

X T f 1 (x 1 ,y 1 )-X T f 1 (u 1 ,v 1 ) >0. (3.8) 

The sum of (3.7) and (3.8) contradicts (3.2). 

Theorem 3.2 (Strong Duality) Suppose that (x~i,x 2 ,y 1 ,y 2 ,X,uj,p l ,p 2 ) be an efficient solution for (M- 
P). Let 

(i) V yiyi (uj gi)(x~i,yi) and V y2y2 (uJ g 2 )(x 2 ,y 2 ) be all nonsingular, 

(ii) the columns of (V yi fi(xi, y x ), V y2 f 2 (x 2 , y 2 )) be linearly independent, and 

(iii) V yiyi (uJ T 5i)(xi,yi)|>i i span{V yi fn{xi,y~i), ■ ■ ■ , V yi fik(xi, Pi)}\{0}, 
v ?/2j/2 (u T g2 ) (x 2 , y 2 )p 2 i span{V y2 f 21 (x 2 , y 2 ),•••, V y2 f 2k (x 2 , y 2 ) } \ { 0} , 

where f x = (f n , f 12 , • • • , f lk ) and f 2 = (f 21 , f 22 , ■ ■ ■ , f 2k ). 

Then, (xi,x 2 ,y 1 ,y 2 ,uJ,ri = 0,f2 = 0) is feasible for (MD)j, and the objective function values of 
(MP) and (MD)j are equal. Also, if the hypotheses of the weak duality theorem are satisfied for all 
feasible solutions of (MP)j^ and (MD)^, then (xi,x 2 ,y 1 ,y 2 ,uJ,fi = 0,r 2 = 0) is an efficient solution 
for(MD)j. 

Proof. Since (x±, x 2 , y l5 y 2 , A, uJ,p 1 ,p 2 ) be an efficient solution for (MP), by using the Fritz John type 
necessary optimality conditions established by Suneja et al. in 2002 (See Lemma 1 in [24]), there 
exist a G K* , /?i G C3, /3 2 £ C4, 7 6 R + , £ G R such that the following conditions are satisfied at 
(xi,x 2 ,y 1 ,y 2 ,X, uJ,p 1 ,p 2 ): 

(xi -x 1 ) T [V Xl f 1 a + (Vj, lXl (A /1) +V Xl (V yiyi (uj T g 1 )p 1 ))((3 1 -7^)] > 0, for all x 1 G d, 

-T (3 ' 9) 
(x 2 - x 2 ) T [V X2 f 2 a + (Vy 2X2 (X f 2 ) + V X2 (Vy 2y2 (u T g 2 )p 2 ))(/3 2 - a T ey 2 )] > 0, for all x 2 £ C 2 , 

(3.10) 
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(yi - yi) T {Vj /1 /i(a-7A) + [V yi j /1 (A /i)+V OT (V yiOT (w T ^i)p 1 )](/3i-7j/ 1 ) ^ ^ 

~ lVyiyi(u T gi)Pi}>0, 

for all y\ G F$ Kl \ 

rp 

(V2 ~ y 2 ) T {V^/ 2 (a-a T eA) + [Vy 2y2 (A / 2 ) + V y2 (V^ 2y2 (w T 5(2)p2)](/ 3 2-a T ej/2) ^ 12 ) 
- a T eV y2 y 2 (uj T g 2 )p 2 } >0, 

for all y 2 £R lK2{ , 

[(01 - IVifVyJi + (02 ~ a T ey 2 ) T V y2 f 2 - £e](A - A) > 0, for all A € intK*, (3.13) 

(01 ~ iyi) T (^U^y iyi (p T 9i)Pi)) + (02 ~ a T ey 2 ) T (VUV y2 y 2 (p T g 2 )p 2 )) = 0, (3.14) 

(P 1 -- f y 1 ) T V yiyi (iJ T g 1 ) = 0, (3.15) 
{02 - a T ey 2 ) T V y2 y 2 (uJ T g 2 ) = 0, (3.16) 

^(V w (A T /i) + V yiyi {UJ T g 1 )p 1 ) = 0, (3.17) 

/? 2 T (V, 2 (A T / 2 ) + V^^Jft) = 0, (3.18) 

7 yf (Vj, 1 (A r /i)(xi,y 1 ) + V yiyi (uj T g^x^y^) = 0, (3.19) 

£(A T e - 1) = 0, (3.20) 

(a, ft, 02, 7 , 0 / 0. (3.21) 
(3.11)(3.12) and (3.13) yield the equations 

V M /i(« - 7A) + [V yiyi (ffi) + V y ^y^ T 9i)PiWi ~ IVi) ~ lV yin (u T g 1 )p 1 = 0, (3.22) 

V 2/2 /2(« - a T e\) + [V OTW (A / 2 ) + Vj /2 (V y22/2 (aJ T 5 2 )p 2 )](/3 2 - a T ey 2 ) - a T eV y2y2 (uJ T g 2 )p 2 = 0, 

(3.23) 

and 

(ft - jy 1 ) T V y J 1 + {02 - a T ey 2 ) T V y J 2 - £e = 0. (3.24) 
By hypothesis (i), (3.15) and (3.16), we have 

0i=lVi, 02 = a T ey 2 . (3.25) 

Now, we claim that a T e / 0. Indeed, if a T e = 0, then 0 2 = 0 from (3.25). Therefore, from (3.23), we 
get 

(V y2 f 2 )a = 0, 

which by hypothesis (ii) give a = 0. In view of (3.22) (3.24) (3.25) and hypothesis (hi), we conclude 
that 7 = 0, 0i = 0, £ = 0, and contradicts (a, 0 2 , 7, £) / 0. 

Similarly, we also claim that 7 / 0. 

Substituting (3.25) into (3.22) and (3.23), we have 

V Wi /i(q - 7 A) = 7 V J/1 j /1 (w T 5 ri)p 1 , V y2 f 2 (a - a T e\) = a T eV y2m (uj T g 2 )p 2 . 
Using hypothesis (iii), the above relation implies 

lVyiyi(u T gi)Pi = 0, a T eVy 2y2 (u} T g 2 )P2 = 0, 
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which in view of hypothesis(i) yields p 1 = 0, p 2 = 0. Thus V J/1 /i(a — 7 A) = 0, S7 y2 f 2 (a — a T e\) = 0. 
By hypothesis (ii), one gets a = 7A, a = a eX. Further, the above equation, (3.9), (3.10)and (3.25) 
imply 

(xi -xi) T V Xl (X T fi) > 0 for all xi € d, 
[xi - x 2 ) T V X2 (f f 2 ) > 0 for all x 2 £ C 2 . 
Let x\ £ Ci, then x\ + x\ £ C\ and the above inequality implies 

Xi'V xl (A r /i)>0 forallx 1 £C 1 . 

Therefore V ' Xl (f /1) € C{. 

—T 

Similarly, we also obtain that Va; 2 (A $2) £ C 2 . 

Hence (xi,x 2 ,y 1 ,y 2 ,uj,ri = 0,r 2 = 0) satisfies the constraints of (MD)j, that is, it is feasible for 
the dual problem (MD)j. Moreover, (MP) and (MD)j have equal objective function value from the 
above proof and (3. 10) (3. 18). 

Now, suppose (xi,x 2 ,y 1 ,y 2 ,uJ,ri = 0,f 2 = 0) is not an efficient solution for (MD)j, then there 
exists a feasible solution (ui,u 2 ,vi,v 2 ,oo,ri,r 2 ) for (MD)j, such that 

rp 

fi(ui,vi) - h(xuyi) + h(u2,v 2 ) -u^(V X2 (X f2)(u 2 ,v 2 ) + V X2X2 (uj T g2){u2,V2)r2)e 
- f2(x 2 ,y 2 ) + vl (V OT (A h){x2,Vi) + ^ y2y2^ T 92){x2,y 2 )P2y £ K\0. 

which contradicts the weak duality theorem. Hence (xi, x~2, Vi, V21 r\ = 0,r2 = 0) is an efficient 
solution for (MD)j. 

Theorem 3.3 (Converse Duality) Suppose that (ui,v,2,vi, V2, A, w, r\,T2) be an efficient solution for 
(MB). Let 

(i) V xixi (a; gi)(ui,vi) and V X2X2 (uJ 52X^2, ^2) be all nonsingular, 

(ii) the columns of (V Xl /i(«i,t;i), V X2 /2CS2 5^2)) be linearly independent, and 

(iii) V xlxl (uj T gi)(ui, v 1 )f 1 £ span{V xl fu(ui,vi), ■ ■ ■ , V :ri /i fc (ui, : iJi)}\{0}, 
V X2X2 (Uj T g 2 ){u2 ,v 2 )r 2 ^ span{V X2 f 2 i {u 2 , v 2 ),-■■, V X2 f 2 k (u 2 , v 2 ) } \{0} . 

where fi = (f u , f 12 , • • • , f lk ) and f 2 = (/21, /22, ■ ■ • , f2k)- 

Then, (ui,U2,vi,V2,Uj,pi = 0,p 2 = 0) feasible for (MP)j, and the objective function values of 
(MD) and (MPW are equal. Also, if the hypotheses of the weak duality theorem are satisfied for all 
feasible solutions of (MP)j and (MD)j, then (ui,U2,vi,V2,w,Pi = 0,p 2 = 0) is an efficient solution 
for(MP)j. 

Proof. Follows on the lines of Theorem 3.2. 
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On the second kind Barnes-type multiple twisted 
zeta function and twisted Euler polynomials 



Abstract : In this paper we introduce the second kind Barnes-type multiple 
twisted Euler numbers and polynomials, by using fcrmionic p-adic invariant 
integral on Z p . 

Key words : the second kind twisted Euler numbers and polynomials, the 
second kind Barnes-type multiple twisted Euler numbers and polynomials 

1 Introduction 

Several mathematicians have studied the Euler numbers and polynomials and 
the Barnes-type multiple twisted Euler numbers and polynomials(see [1-9]). In 
this paper, we construct the second kind Barnes-type multiple twisted Euler 
polynomials, by using fcrmionic p-adic invariant integral on Z p . Throughout 
this paper we use the following notations. By Z p we denote the ring of p-adic 
rational integers, Q p denotes the field of rational numbers, N denotes the set 
of natural numbers, C denotes the complex number field, and C p denotes the 
completion of algebraic closure of Q p . Let v p be the normalized exponential 
valuation of C p with \p\ p = p^ u p^ =p~ x . For 

g e UD(Z p ) = {g\g : Z p — > C p is uniformly differentiable function}, 

Kim defined the fermionic p-adic invariant integral on Z p , 



= / g{x)dn- 1 {x) = lim \ g(x)(-ir, see [1, 2, 3]. (1.1) 
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From (1.1), we note that 

g{x + 1)c^-i0e) + / g(x)d^ 1 (x) = 2. 9 (0). (1.2) 



First, we introduced the second kind Eulcr numbers E n . The second kind Euler 
numbers E n arc defined by the generating function: 

2e* ^ t n 



e 2t + - 

n— 0 

We introduce the second kind Euler polynomials E n (x) as follows: 

2e* 



e 2t + 



\ 00 -in 

{)e xt = Y J E n{x)- v (1.4) 

' n=0 



In [4] , we studied the second kind Euler numbers E n and polynomials E n (x) and 
investigate their properties. The main aim of this paper is to study the second 
kind Barnes-type multiple twisted Euler polynomials, by using fermionic p-adic 
invariant integral on Z p . 

2 The second kind Barnes-type multiple twisted 
Euler polynomials 

In this section, we use the notation 

mm m 

£■■■£ = £ • 

ki— 0 k n — 0 ki---k n — 0 

We assume that w\, ... ,Wk € Z p . Let T p = Uat>iC p ]v = limjv^oo C p «, where 
C p N = {uj\uj pN = 1} is the cyclic group of order p N . For to e T p , we denote by 
4>u ■ Z p — > C p the locally constant function x i — ► u; 1 . We introduce the second 
kind Barnes-type multiple twisted Euler polynomials, E njU! (wi, . . . , \ x). 

For k e N, we define the second kind Barnes-type multiple twisted Euler 
polynomials as follows: 

F U (W!, ...,w k \ x,t) 

= { ■■■ [ Lj Xl+ --- +Xk e^ +2wiXl+ --- +2wkXk+k ^ t d^ 1 (x 1 )---d^ 1 (x k ) 

fe-times , . 

r,k„kt \ ' ' 

6 Z- ~+ 



( ue 2wit _|_ l)( we 2w 2 t + 1) . . . ( We 2™fc* + 1) 

"Y] E n u (wi, . . . ,Wk | x) — . 

n=0 
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In the special case, x = 0, E n ^ {w\ , . . . , w k | 0) = E n>u: (w\, . . . , w k ) are 
called the second kind n-th Barnes-type multiple twisted Euler numbers. 

Theorem 1. For positive integers n and k, we have 
E n ^( Wl , ...,w k \x) = 

/ ••• / u J Xl+ - +Xk {x + 2w 1 x 1 + --- + 2w k x k + k) n d^ 1 {x 1 )---d^ l {x k ). 
JZj, Jz p 
v ' 

fc-times 

By using the above Theorem 1, we have the following corollary. 
Corollary 2. For positive integers n, we have 
E n ,u{w\, ■ ■ ■ ,w k ) 

I ■■■ u!^-'^= 1 Xi (1w\X\ H \-2w k x k + k) n dii- 1 {x 1 )---dn-i{x k ). (2.2) 

s v ' 

k- times 

By Theorem 1 and (2.2), we obtain 

E n>u (wi,.. .,w k \x) = J2 {^jx n ~ l E Uu} {wi, . . .,w k ), (2.3) 

where (£) is a binomial coefficient. 

In the special case, (w\, . . . ,w k ) = (1, . . . , 1), we have E n (w\, . . . , w k \ x) = 

k- times 

E^t\x), where En\x) denotes the second kind twisted Euler polynomials of 
higher order (see [5]). 

We define distribution relation of the second kind Barnes-type multiple 
twisted Euler polynomials as follows: For m £ N with m = 1( mod 2), we 
obtain 

y^E n . LJ (w 1 ,...,w k I x) — 

n=0 

2& gfcmi 



(oj m e 2t0imt + l)(oj m e 2w2mt + 1) • • • (cj m e 2tUfemt + 1) 

fx + 2wil\ + • • • + 2w k l k + k — rak^ 

m-l I (mi) 

h,...,i k =o 
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From the above, we obtain 

°° t n 

EE nu (w 1 , . . . ,Wk | x) — 

n=0 

oo m— 1 

n=0 ii,...,; fc =o 

a; + 2wi/i H + 2w fc ^ fc + fc — to/c\ t n 

m ) n\ 



x [wi,...,Wk 



t n 

By comparing cocfBcients of — in the above equation, we arrive at the following 

TV. 

theorem. 

Theorem 3 (Distribution relation). For m £ N with m = 1( mod 2), we 
have 

E n>ul {w u . . . ,w k | or) 

m— 1 

= m™ Y2 (-l) h +-+ lk uj h +-+ lk 
h,...,h=o 

x + 2w\li H + 2wkh + k — mk 



X E nu m [Wl,...,W k 



m 



From (2.1), we derive 

f ■ ■ f w a:i+ - +:l;fc e( a:+2,1,ia:i+ -+ 2, " fc:l;fc+fe ) t d M _ 1 (x 1 )---d/i_ 1 (a; fe ) 
Jz p Jz p 

fe-times (2.4) 



2 k y ' (— I)™ 1 " 1 ^ m t W m l 



H Vm k p {x+2w 1 m l ^ V2w k m k + k)t 

mi....mk—0 



From (2.1) and (2.4), we have the following theorem. 
Theorem 4. For positive integers n and k, we have 
E„, u ( w i> ■■■,Wk\x) 

OO 

= 2 fe ^ (_ 1 )mi + -+m fcw r ni +...+m fc ^ + + . . . + 2w fe m fe + k) n . 

mi ,...mk— 0 

(2.5) 

From (2.2) and (2.5), we have the following corollary. 
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Theorem 5. For positive integers n and k, we have 
E n ,u{wi, ...,Wk) 

= 2 k jr, (-l) mi+ - +mk uj mi+ - +mk {2w 1 m 1 + ••• + 2w k m k + k) n . ^ 

mi ,. . .mfc— 0 

By using binomial expansion and (2.1), we have the following addition the- 
orem. 

Theorem 6 (Addition theorem). The second kind Barnes- type multiple 
twisted Euler polynomials E n>u (wi, . . . ,w k \x) satisfies the following relation: 

E niU (w 1 ,...,w k | x + y) = (^Ei^{wi,...,w k \ x)y n ~ l . 

3 The second kind Barnes-type multiple twisted 
Euler zeta function 

In this section, we assume that the parameters wi, . . . , w k are positive. Let to be 

S 

thep^-th root of unity. By applying derivative operator, —f\t = a to the generat- 
or 

ing function of the second kind Barnes-type multiple twisted Euler polynomials, 
E n ,u(wi, . . . ,w k | x), wc define the second kind Barnes- type multiple twisted 
Euler zeta function. This function interpolates the second kind Barnes-type 
multiple twisted Euler polynomials at negative integers. 
By (2.1), we obtain 

F u (w\,. . . , w k I x,t) = - — - — — - — - — —e xt 



(3-1) 



= E n .^ (w 1 ,...,w k \x) — . 

Hence, by (3.1), we obtain 



n=Q 



y~]E„ tU (wi,...,Wk | x) — 

n=0 



2 k ^2 (-l) mi+ ' 

mi ,...mfc— 0 



■+mn w mH hnifc e (x+2w 1 m 1 ^ Y2w k m k +k)t 



By applying derivative operator, — T U =0 to the above equation, we have 

at 1 

E„, u (wi, ...,w k \x) = 

2 k jr (-l) mi+ --- +mk uj^=i m *{x + 2w 1 m 1 + ---+2w k m k + k) n . ^ 

mi,...mfc— 0 
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By (3.2), we define the second kind Barnes- type multiple twisted Euler zeta 
function £w(wi, . . . , w k | s, x) as follows: 



Definition 7. For s, x e C with Re(x) > 0, we define 

(_l)mi+-+™k w £*= 

(x + 2tuimi H 1- 2w k m k + k) s 



mi,...,mfc— 0 

For s = — I in (3.3) and using (3.2), we arrive at the following theorem. 
Theorem 8. For positive integer I, we have 

Cu{w 1 ,...,w k | -l,x) = Ei iU (w 1 ,...,w k | x). 



By (2.6), we define the second kind multiple twisted Euler zeta function 
Cuj(wi, . . . , w k | s) as follows: 

Definition 9. For s e C with Re(s) > 0 , we define 

°2, f_11"»i+-+mfc t .X;f=i"H 

C.K,..., Wfe | s ) = 2 fe ^ , 9 — — t^t r^i- ( 3 - 4 ) 

roi) .^=o (2wimi + --- + 2i« fc m fc + fc)- 



For s = — I in (3.4) and using (2.6), we arrive at the following theorem. 
Theorem 10. For positive integer I, we have 

C u (wi, . . . ,w k | -I) = Ei^{wt, . . .,w k ). 
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Abstract 

This paper is devoted to find the form of the solutions of the following 
rational difference equations: 

Xn+1 = , T, 71 = 0,1,..., 

X„_ 3 (±l ± X n X n -i) 

where the initial conditions are arbitrary real numbers. Also, we study 
the behavior of the solutions. 

Keywords: local stability, global attractor, solution of difference equations. 
Mathematics Subject Classification: 39A10 



1 Introduction 

The study of difference equations has been growing continuously for the last 
decade. This is largely due to the fact that difference equations manifest them- 
selves as mathematical models describing real life situations in probability the- 
ory, queuing theory, statistical problems, stochastic time series, combinatorial 
analysis, number theory, geometry, electrical network, quanta in radiation, ge- 
netics in biology, economics, psychology, sociology, etc. In fact, now it occupies 
a central position in applicable analysis and will no doubt continue to play an 
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important role in mathematics as a whole. For some results in the direction of 
this study, see for example [1-32] and the papers therein. 

Touafek [24] dealt with the behavior of the second order rational difference 
equation 

ax n +bx n x^ l _ 1 +cx^ l x^ l _ l +dx^ l x ri -i+ex n _ 1 
Xn+1 = Axi+Bx n xl_ 1 +Cxlxl_ 1 +Dxlx n - 1 +Ex i Tl _ 1 ' 

In [29] Yalgmkaya dealt with the behavior of the difference equation 

x n +i =a + ^. 

Zayed [33] studied the dynamics of the nonlinear rational difference equation 

r — At -4- Rt , px n +x n - k 

■ L n+1 — s±-L n -\- DX„_); -|- qj rXn _ k ■ 

Elsayed et al. [16] dealt with properties of the local stability, global attractor 
and boundedness of the solutions of the following difference equation 

Also, they gave the form of the solutions of some special cases from this equation. 
Obaid et al. [23] investigated the global stability character, boundedness and 
the periodicity of solutions of the recursive sequence 

_ . bx rl ^i+cx rl ^2 J rdx n —^ 

Xn+1 — aXn + aXn _ 1 +p Xrl ^ 2 + 1 x n -z ' 

We obtain in this paper the form of the solutions of the following difference 
equations 

x n +i = rrrz v n = 0,l,..., 1 

where the initial values x_4, x_ 3 , x_ 2 , x_i, x 0 are arbitrary real numbers. 
Also, we study the behavior of the solutions. 

Let I be some interval of real numbers and let 

/ : I k+1 -» I 

be a continuously differentiable function. Then for every set of initial conditions 
X-k,x_k + i, ...,x 0 G /, the difference equation 

x n +i = f{x n , x n —i, x n —k) , n = 0, 1, (2) 

has a unique solution {x n }^L_ k [21]. 

Theorem A [21]: Assume that pi £ R, i = 1,2, ...,k and k £ {0,1,2,...}. 
Then 

k 

E \Pi\ < i, 

is a sufficient condition for the asymptotic stability of the difference equation 

X n +k +PlX„+ k -l + ■■■ +PkX n =0,71 = 0,1,... . 
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2 On the Recursive Sequence x n+ \ = 



%n— 3 (l^^n^-n— 4) 

In this section we give a specific form of the solution of the equation in the form 
x n+1 = — — -, n = 0,l,..., (3) 

where the initial values are arbitrary positive real numbers. 

Theorem 1 Let {x n }^L_ 4 be a solution of Eq.(3). Then for n — 0,1, ... 

n— 1 / ., , \ n— 1 



To A - T A TT ( _}M^ho^_\ To o — T o TT ^i±M±il^2^4 N \ 

^8n-4 - x -4 11 I l + (8i+4)x 0 x-4 / ' 8n— 3 3 11 I i + (8i+5)x 0 x_ 4 I ' 

0 v 7 i— 0 v 7 

"pr 1 / 1+^+2)^0^4 A _ - r TrV l + (8'+3)^o^-4 N \ 

- 11 I l + (8i+6)x 0 x_ 4 i ' x 8n-l— 11 I l + (8i+7)x 0 x_ 4 j ' 

i=0 v 7 i=0 v 7 

_ "pf 1 f l + (8z+4)a:oZ-4 N \ _ x 0 X- 4 "pf 1 f l+(8i+5)x 0 x_ 4 ^ 

X 8 „ - X 0 11 I l + (8i+8)x 0 x_ 4 ) ' X8n+1 ~~ x_ 3 (l+x 0 x_ 4 ) 11 I 1+(8j+9)x 0 x_ 4 J ' 
t—0 v 7 z— 0 

x 0 x_ 4 "j-r / l + (8i+6)x 0 X- 4 \ 

J-Sn+2 — x_ 2 (l+2x 0 x_ 4 ) 11 I l + (8i+10)x 0 x_ 4 I ' 

i=0 v 7 

xpX-4 "pr 1 / l + ( 8 i+7)x 0 X-4 \ 

^8n+3 — x_i(l+3x 0 x_ 4 ) H I l + (8i+ll)x 0 x_ 4 / ' 

j=0 x 7 

Proof: For n = 0 the result holds. Now suppose that > 0 and that our 
assumption holds for n — 1. That is; 



~ 2 f l + (8i+l)x 0 x_ 4 N 
^l+(8i+5)x 0 x_ 4 
i— 0 v 7 z— 0 v 7 



X 8 n-12 = X_ 4 II ( l+lif+iTxox^ ) ' = ^ II 

z— 0 x 7 i— 0 

"pr 2 / l + (8»+2)x 0 x_ 4 \ _ "pr 2 f l + (8z+3)x 0 x_4 N \ 

-t-Sn-lO — 11 I l + ( 84 +6)x 0 x_4 J ' x 8n-9 - H I l + (8i+7)x 0 x_ 4 j ' 

i=0 x 7 i=0 x 7 

_ "pf 2 ( l + (8i+4)x 0 X- 4 ^ _ xpX-4 "pr 2 / l+(8i+5)x 0 x_ 

•i8n-8 — x 0 11 I l + (8i+8)x 0 x_ 4 j ' -^Sn-T ^ x_,(l+x 0 x_ 4 ) 11 I l+(8i+9)x 0 x_ 
i=0 v 7 i=0 v 

XpX-4 "pr 2 / l + (8z + 6)x 0 X_4 \ 

■l8n-6 — x_ 2 (l+2x 0 x_ 4 ) H I l+(8i+10)x 0 x_ 4 j ' 

i— 0 v 7 

n— 2 / . . . > 

Ts , = x " x -4 TT I 1 + (8 t +7)a:o^-4 

x_i(l+3x 0 x_ 4 ) 11 I l+(8i+ll)x 0 x_ 4 



i=0 

Now, it follows from Eq.(3) that 



_ X S n-5X 8 n-9 



x 0 x_ 4 Vr 2 / (l + (8i + 7)x 0 x_ 4 ) \ pf 2 / (l + (8i+3)x 0 x_ 4 ) \ 

x_ 1 (l+3x 0 x_ 4 ) 1 = 1 ^ (l + (8i + ll)x 0 x_ 4 ) ^ X -! 1 = 1 ^ (l + (8i + 7)x 0 x_ 4 ) j 

(l+(8i + 4)x 0 x_ 4 ) \ | / x 0 x_ 4 x_ 1 ^ l + (8i + 7)x 0 x_ 4 l + (8i+3)x 0 x_ 4 



n/ (l+(8i + 4)x 0 x_ 4 ) \ x 0 x_ 4 x_ 1 pr _ _ 

i=fJ ^ (l+(8i + 8)x 0 x_ 4 ) J J I + x_ 1 (l+3x 0 x_ 4 ) 1 = 1 l + (8i + ll)x 0 x_ 4 l + (8i + 7)x 0 x_ 4 
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x_ 4 TT / (l + (8i+3)x 0 x_ 4 ) 
(l+3x 0 x_ 4 ) ll^(l+(8i+ll)x 0 x_ 4 ) 



| TT/ l + (8i+4)x Q x_ 4 \ ] / xpx_ 4 r ff ( 1 + (gj + 3)x 0 X_ 4 \\ 

I llVl+(8i+8)xox_ 4 ^ j ^+(l+3x 0 x_ 4 ) 1 = 1 ^1 + (gj + ll)3; oa; _ 4y | J 

n 2 / (l + (8»+8)x 0 x_ 4 ) \ Z ~ 4 ( (l + (8»-5)x 0 x_ 4 ) / 
^(l + (8i+4)x 0 x_ 4 ) ) ( x 0 x_4 
i=0 l 1+ (l + (8n-5) 

n-2 

n/ (l + (8»+8)x 0 x_ 4 ) \ x_ 4 
^(l + (8i+4)x 0 x_ 4 ) j (l + (8n-4)x 0 x_ 4 ) ' 

i=0 

Hence, we have 

n-1 



X&n—A — X— 4 

i=0 



n/ (1 + (8z)a:oa:_4) 
..1(1 + (8i + 4)x 0 x_ 4 ) 



Also, we see from Eq.(l) that 

^8n-4£8n-8 



X8n-3 — 



x Sn - 7 (l + x 8ri _ 4 x 8 „_ 8 ) 

n 1 "' ( (l+(8i)»Q»_ 4 ) \ \( ff f ( 1 + (Si+4.)x 0 x 
i = a l v (l + (8i + 4)x 0 x„ 4 ) 7 J 1 ° ^(l + (8i + 8)x 0 x 



. , n-2 
X 0 X_ 4 t-t l + (8i + 5)x 0 x_ 4 I TT l + (8i)x Q x_ 4 TT l + (8i+ 4 )x 0 x _ 4 

X_ 3 (1+X 0 X_ 4 ) 1_1 l + (8i + 9)x 0 x_ 4 I I i + a; -4 J_[ l + (8i + 4)x 0 x_4 X 0 1_1 l + (8i + 8)x 0 X 

(-0X- 4 g (l+(gi+ ^. 0 ._ 4) ) (n(l+(8i+4)xox_.)j 

x-, ( 'i+,-ox- 4 ) n i:5i:g:g::: ) (1+---* n (1+(M 4. 0 ._ 4) gW^^j 

( (l +( 8 W -4)x 0 x_ 4) ) -r-r /(l + (8i + 9)x 0 x_ 4 ) 

M Id 



( I ( i 4. x » x -* 1 ^ V (1 + (8« + 5)a; 0 x_ 4 ) 

l,x_ 3 (l+x 0 x_ 4 ) y ) ^ + (l+(8n-4)x 0 x_ 4 ) ) 4=0 

_ x„ 3 (l+x 0 x_ 4 ) TT / l + (8»+9)x 0 x_ 4 \ _ TT / 1 + (»» + jjXQX-i 

(l + (8n-3)x 0 x_ 4 ) 11 ^l + (8i+5)x 0 x_ 4y | X - 3 llll 
•■— 0 i=0 V - 



+ (Si + 5)xox_4 

Similarly, we can prove the other relations. Thus, the proof is completed. 



Theorem 2 Eq.(S) has a unique equilibrium point which is the number zero 
and this equilibrium point is not locally asymptotically stable. 

Proof: For the equilibrium points of Eq.(3), we can write 

x 2 

x = 



(i + a?) 
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Then we have 



x l 1 + x z 



x 2 (1 + x 2 - 1) = 0, => x 4 ^ 0. 



Thus the equilibrium point of Eq.(3) is x = 0. 

Let / : (0, oo) 3 — ► (0, oo) be a function defined by 

f(u,v,w) 



u(l + vw) 



Therefore it follows that 

vw 



f u (u,v,w) 



we see that 



u 2 (l + vw) 



f v (u,v,w) = - W -2, f w (u,v,w) 



u (1 + vw) 



u (1 + vw) x 



fui^x^x^x) 1, f v (x : x : x) 1, f w (x : x : x) 1. 
The proof follows by using Theorem A. 

Example 1. We assume an interesting example for Eq.(l) where x_4 = .4. 
ie_3 = .2, x-2 — 1.3, x-i —7, x 0 — .5. See Fig. 1. 



plot of x(n+1 )= x(n)x(n-4)/x(n-3)(1 +x(n)x(n-4)) 




Figure 1. 



3 On the Recursive Sequence x n+ \ — 



150 



Xn .'J ( l^^n^n— 4) 

In this section we obtain the solution of the difference equation in the form 

•En%n— 4 



n = 0,1,.. 



where the initial values are arbitrary non zero real numbers with £0^-4 7^ 1 



(4) 



5 
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Theorem 3 Let {x n }^L_ 4 be a solution of Eq.(4). Then the solution of Eq.(4) 
is bounded and periodic with period eight and given by the following formula for 
n = 0,1,2, ... 



Xsn-4 = X-4,, X 8n -3 = X_ 3 , X Sn -2 = X-2, X6n-1 = X-l, X Sn = Xq, 

XqX-4 XoX-4 XoX-i 
X8n+1 = — 7 — - A — , 7, Xgn+2 = — , X^n+3 



Z_ 3 {— 1 + XqX-4,) X-2 X_ 1 (-1 + X 0 X_4) 

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our 
assumption holds for n — 1. That is; 

X-4, X$ n -n = X- 3 , X$ n -io — X- 2 , ^8n-9 = X- 1 , XSn-8 = ^0 j 



a?8n-12 

X_ 3 (-1 + XqX-4) 

Now, it follows from Eq.(4) that 

X8n-5X8n-9 



, #871-6 



XoX_4 
£-2 



-> X8n-5 



xoa;_4 



%8n-4 — 
%8n-3 — 

X8n-2 = 



i) 



X8n-8{~ 1 + x 8n-5 x 8n-9) 

X8n-iX8n-8 
X8n-r{—^ + X8n-4X8n-8) 



x 0 (-l+- 



X-\ (-1 + XqX-±) 



X-4, 



_ 1 (-l + x 0 x_ 4 ) " 
X — 4XQ 



3(-l + a:0 x -4) 



( — l+a;_4a;o) 



£-3, 



X8n-3X8n-7 


X-3 


/ x 0 x„ 4 > 




\ a! -3(- 1 + x o x -4) y 




( XqX-4 \ 


/ 1 x- 3 x 0 x- 






\ x_ a (-l+x 0 


x_ 4 )) 



= X_2- 



Similarly, we can obtain the other relations. Thus, the proof is completed. 

Theorem 4 Eq.(4) has three equilibrium points which are 0,±\/2- and these 
equilibrium points are not locally asymptotically stable. 

Proof: As the proof of Theorem 2 and will be omitted. 

Example 2. Fig. 2. shows the solutions when x-4 = 4, x-3 = —2, x_ 2 = 
3, X-i = .7, Xq = —5. 



plot of x(n+1 )= x(n)x(n-4)/x(n-3)(-1 +x(n)x(n-4)) 




Figure 2. 

The following cases can be proved similarly. 



C 
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4 On the Recursive Sequence x n+ i — 



&n— 3 (1 %n%n— 4) 

In this section we get the solution of the third following equation 



-, 71 = 0,1,.. 



•E71— 3(1 X n X n —<±) 

where the initial values are arbitrary positive real numbers. 
Theorem 5 T/ie solution of Eq.(5). can be in the form for n = 0, 1, ... 



(5) 



XSn-i 



XSn-2 



X8n 



Xgn+2 



XSn+3 



8i)xQX — 4 



n-1 

n (t 1 

i=0 
n-1 

i=0 
n-1 



£8n-3 = X-3 



-(8i+6) 



£_4_\ 
X_ 4 ^ ' 



2?8n-l = 



i=0 

a;oa:_4 



n/ l-(8i+l)z 0 a;_4 \ 
^l-(8i+5)a:oa;_4 J ' 

i=0 
1-1 

n/ l_ L (8i+3)£o£-4 N \ 
^l-(8i+7)z 0 z-4 J ' 

i=0 

n-1 

nf l-(8i+5)x Q x-4, \ 
^l-(8i+9)a:oa;-4 J 

n-1 

nf l-(&i+6)x 0 X- i A 
^ l-(8i+10)a: 0 a;_4 J ' 



TT / l-(8i+4)a:oa;-4 \ _ zqZ-4 

0 11 {l-(&i+S)x 0 X-4. J ' X 8n+1 - x _ 3 (l- XoX _ i ) 



i=0 



x_ 2 (t-2x 0 x_ 4 ) 11 I l-(8i+10)a; o a;_ 
i=0 
n-1 

3:q3:-4 I I / 1— (8i+7)a;oa:-4 \ 

x-i (1— 3^oa;-4) 11 \l — (8i+ll)XQX-4 J 



i=0 



Theorem 6 Eq.(5) has a unique equilibrium point which is the number zero 
and this equilibrium point is not locally asymptotically stable. 

Example 3. See Fig. 3. where we take the initials £_4 = .9, x_3 = 2, x_2 = 
.1, X-i — .2, xq = 6. 



plot of x(n+1 )= x(n)x(n-4)/x(n-3)(1 -x(n)x(n-4» 




120 



Figure 3. 
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5 On the Recursive Sequence x n+ \ — 

Here we obtain a form of the solutions of the equation 

XnXn— 4 



XnXn— 4 



Xn— 3( 1 X n X n — 4) 



Xn+1 



n = 0,1,..., 



(6) 



Xn—s( 1 ^n^n— 4) 

where the initial values are arbitrary non zero real numbers with XqX-4 =/= — 1. 

Theorem 7 Let {a; rl }^_ 3 6e a solution of Eq.(6). Then for n = 0,1,2,... the 
solution of Eq.(6) is bounded and periodic with period eight and given by 

XSn-4 — X&n-3 — x -3i x 8n-2 = &-2j %8n-l = x 8n = x (b 



^8n+l 



a;_ 3 (-1 +x 0 a;_4) : 



2^8ri+2 = 1 ^8n+3 = 



X-2 



X-i (-1 + x 0 x-±) 



Theorem 8 Eq. (6) has a unique equilibrium point which is the number zero 
and this equilibrium point is not locally asymptotically stable. 

Example 4. Fig. 3. shows the periodicity of the solutions when x_4 = 4, 

X-3 = 2, x_ 2 = -1, x_i = .2, x 0 = -6. 



plot of x(n+1 )= x(n)x(n-4)/x(n-3)(-1 -x(n)x(n-4)) 
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Approximation by complex Stancu type 
Durrmeyer operators in compact disks 

Mei-Ying Ren 1 * Xiao-Ming Zeng 2 

1 Department of Mathematics and Computer Science, Wuyi University, 
Wuyishan 354300, China 
2 Department of Mathematics, Xiamen University, Xiamen 361005, China 
E-mail: npmeiyingr@163.com, xmzeng@xmu.edu.cn 

Abstract. In this paper we introduce a class of complex Stancu type Dur- 
rmeyer operators and study the approximation properties of these operators. 
We obtain a Voronovskaja-type result with quantitative estimate for these op- 
erators attached to analytic functions on compact disks. We also study the exact 
order of approximation. More important, our results show the overconvergence 
phenomenon for these complex operators. 

Keywords: Complex Stancu type Durrmeyer operators; Voronovskaja-type 
result; Exact order of approximation; Simultaneous approximation; Overcon- 
vergence 

Mathematical subject classification: 30E10, 41A25 , 41A36 
1. Introduction 

In 1986, some approximation properties of complex Bernstein polynomials in 
compact disks were initially studied by Lorentz [14]. Very recently, the prob- 
lem of the approximation of complex operators has been clausing great concern, 
which has become a hot topic of research. A Voronovskaja-type result with 
quantitative estimate for complex Bernstein polynomials in compact disks was 
obtained by Gal [3] Also, in [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15, 16] similar results 
for complex Bcrnstcin-Kantorovich polynomials, Bernstcin-Stancu polynomi- 
als, Kantorovich-Schurcr polynomials, Kantorovich-Stancu polynomials, com- 
plex Favard-Szasz-Mirakjan operators, complex Beta operators of first kind, 
complex Baskajov-Stancu operators, complex Bernstein-Durrmeyer polynomi- 
als, complex genuine Durrmeyer Stancu polynomials and complex Bernstein- 
Durrmeyer operators based on Jacobi weights were obtained. 

The aim of the present article is to obtain approximation results for complex 
Stancu type Durrmeyer operators which are defined for / : [0, 1] — > C continuous 

* Corresponding author: Mei-Ying Ren 
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on [0, 1] by 

D^\f-z):={n + l)Y,Pn,k{z) / Pn , k {t) f{-frr)dt, (1) 
fe =o Jo n + P 

where a, (5 are two given real parameters satisfying the condition 0 < a < (3, 

zeC,n=l,2,...,andp„, fe (z)= ^ £ ^ z fe (l - 

Note that, for a = /? = 0, these operators become the complex Bernstein- 
Durrmeyer operators D n (f; z) = Dn'°\f; z), this case has been investigated in 
[2]- 

2. Auxiliary results 

In the sequel, we shall need the following auxiliary results. 

Lemma 1 Let e m (z) = z m , m £ N U {0}, z £ C, n £ N, 0 < a < /3, then 
we have the 
(ra, n) and 



we have that D^"'^\e m ;z) is a polynomial of degree less than or equal to rain 



Proof By the definition given by (1) , the proof is easy, here the proof is 
omitted. 

Let m = 0,1, 2, by a simple computation, we have 
D^\e 0 ;z) = l; 
D^ ) (e 1 ;z) = -^-<z+ 1 f^) 



n + f3 y n + 2 ' n + f3' 



(n + /3) 2 



z2 + 2 l + 2nz-3(n+l)z 2 



(n + 2)(n + 3) 



2na , 1 — 2z . 



(n + /3) 2y n + 2 ' (n + /3) 2 



Lemma 2 Let e m (z) = z m , m £ N U {0}, z £ C, n £ N, 0 < a < f3, for all 
\z\ < r, r > 1, we have \D^'^\e m ; z)\ <r m . 

Proof The proof follows directly Lemma 1 and [2, Corollary 2.2]. 



2 
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Lemma 3 Let e m (z) = z m , m,n G N, zeC and 0 < a < (3, then we have 

(n + p)(m + n + 2) 

(m + 1 + nz)n + a(2m, + 2 + n) n ( a ,p), * 
+ (n + [i)(m + n + 2) " (€m ' Z) 

( n + /3 )2 (TO + n + 2 )^ ^m-i,z). [2) 



Proof Let 



o 



then we have 



nt + a 

z) = (n + 1) J2P^Kf\f), 



fc=0 



~( a ,f3), , f 1 n + (3 nt + a a nt + a 



n n 



\ f 1 uu n + (3 2 nt + a a 2 nt + a 
T nM (e m ) = / PnAt)( — ) (-^g - — p ) i^j) dt 



o 



By a simple calculation, we obtain 

z ( 1 - z )Pn.k( z ) = ( k - nz)p ntk (z), (k - nt)p, hk (t) = t(l - t)p' nk (t), 
it follows that 
z(l-z)(D^\e m ;z))' 

= {n + l) s T(k-nz)p n , k {z) I Pn , k (t)( n ^^) m dt 
fc=o Jo n + P 

n „i 

= {n + l)Y^p n , k {z) ^ ( k -nt + nt)p n Mt)( 1 ^^rdt~nzDi a ^(e m -,z). 



3 
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Since 



(n+1) J"p n ,k{z) / {k-nt + nt)p n ,k{t){^^) m dt 



n + (3 



= {n+i)Y,Pn,k{*) / t{i-t) P ' n , k {t)C^rdt 

fe=o Jo n + P 

n 

+ n(n+l)^ fe (z)T£f ) (e m ) 

k=0 

= (n+l)]>>„, fc (z) / t(l-t)p' nik (t)( r ^rdt+(n + (})D^\e m+1 -,z) 



k=0 

aD^\e m] z), 



also 



[\{i-t)p' ntk {t)C*±*rdt 

Jo n + p 



= -J 0 pnAm-^—) m dt~—^ Q Pn , km i-t)(—r-i dt 

- ^(m + 2)T( r /)(e ro+1 ) - (1 + £ + m + ^)T^(e m ) 

am(a + n) ( gj9) 
+ n(n + /3) "< fe 1 m ^ lj ' 

So, in conclusion, we have 

z(l - z)(i^«(e m ; *)) = + n + 2)D^\e m+1 ; z) 

- (1 + — +m+ +a + nz)D^ m (e m ;z) 

n n 

am(a + n) (aJj) 
which implies the recurrence in the statement. 

Lemma 4 Let n e N, m= 2,3, ■ ■ e m (z) = z m , si°m\z) := D^ ,l3 \e m ; z) - 



4 
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z m , zeC and 0 < a < (3, we have 



^ m [Z) ~ (n + [3)(m + n+l) [IJn ^ m ~^ Z >> 
(ro + nz)n + a(m + n) {aJj) 
(n + /3)(m + n+l) b ^ m ~ l{z) 

+ ^ D^Xe tz) 

+ (n + P)(m + n+l) n ^ m ~^ Z > 

a(m-l)(n + a) (a , 0)( } 

(m + + a(m + n) _^ m _ 1 _ ^ m 
(n + /3)(m + n+ 1) 



(3) 



Proof Using the recurrence formula (2), by a simple calculation, we can easily 
get the recurrence (3), the proof is omitted. 

3. Main results 

The first main result is expressed by the following upper estimates. 
Theorem 1 Let 0 < a < (3, 1 < r < R, D R = {z e C : \z\ < R}. Sup- 

oo 

pose that f : Dr — > C is analytic in Dr, i.e. f(z) — c mZ m for all z e Dr. 

(i) For all \z\ < r and n £ N, we have 

\D^\f-,z)-f{z)\< I \^l, 
where K ( r a ' P \f) = (1 + r) f] |c m |m(m + 1 + a + ^r 7 "" 1 < oo. 

m— 1 

(ii) (Simultaneous approximation) If 1 < r < r\ < R are arbitrary fired, 
then for all \z\ < r and n,peN we have 

\{D^{f;z))W-f(P\z)\< K ^' 0) W^ 



(n + f3)(n -r)P +1 ' 



where Kr"'^\f) is defined as in the above point (i). 

Proof Taking e. m (z) = z m , by hypothesis that f{z) is analytic in Dr, i.e. 

oo 

f(z) — c mZ m for all z <E Dr, it is easy for us to obtain 



m=0 



D^{f;z)=^c m D^{e m ;z). 



m=0 



5 
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Therefore, we get 

oo 

\D^ f3 Hf; z) f(z)\ < J2 \c m \ ■ \D^\e m - z) - e m (z)\ 

m=0 
oo 

= \c m \-\Di a ^(e m ;z)-e m (z)\, 

m—l 

as D { n ,l3 \e 0 ; z) = e 0 (z) = 1. 

(i) For m G N, taking into account that Dn"'^\e m -i; z) is a polynomial 
degree < min(m — l,n), by the well-known Bernstein inequality and Lemma 2 
we get 

|(£>^)(e ro _ i; z))'\ < "^-ImaxUD^H^i; z)\ : \z\ < r} < (m - l)r™- 2 . 

On the one hand, when m = 1, for |z| < r, by Lemma 1 we have 
!!*■■«(.,;*) - e, W| - |^(. + + ^ - .| < i±l(2 + a + ffl. 

When m > 2, for n e N, |z| < r, 0 < a < /3, in view of \(m + nz)n + a(m + n) \ < 
(n + (3)(m + n + l)r, using the recurrence formula (3) and the above inequality, 
we have 



\D^\e m ;z)-e m (z)\ = \S^\z)\ 



< 
n 



-^.(m-l^-' + rlS^iz) 



a ! a 2 m + l + /3 



+ — (l + r)r- 1 + ^ T ^d + ^ m 

= r|« 1 (,)| + 2 ^±^(l + r)^. 

By writing the last inequality, for m = 2, • • • , we easily obtain step by step the 
following 



\D^\e m ; z) - e m (,)| < r (r|s££ 9 (*)| + + 



r)r r ' 



2m + a + /3 ! 



= r*|s£f> 2 (z)| + 2(m - 1+ n m + ) ; 2(Q + /?) (l + r)r— 
< . . . < ±+Lm(m + 1 + a + fflr™- 1 . 
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In conclusion, for any to, n <E N, \z\ < r, 0 < a < [5, we have 

\D^(e m ; z) - e m (z)\ < ^-m(m + 1 + a + (3)r m -\ 
from which it follows that 



D ( n aJj) (/; z)-f(z)\ < Yl l c ™ H m + 1 + a + ^ r " 1 ^- 



n + [3 



m—l 



By assuming that f(z) is analytic in Dr, we have p 2 '(z) — c m m(m — 

m=2 

oo 

l)z m " 2 and the series is absolutely convergent in \z\ < r, so we get Yl \°m \m(m— 

m=2 

\)r m - 2 < oo, which implies K^ a ' P) (f) = (1+r) £ |c TO |m(TO+l + a+/3)r ro - 1 < 

m— 1 

OO. 

(ii) For the simultaneous approximation, denoting by T the circle of radius 
ri > r and center 0, since for any |z| < r and d 6 T, we have \v — z\ > r\ — r, 
by Cauchy's formulas it follows that for all \z\ < r and n € N, we have 



\{D<f'®{f;z))V> - f<*\z 



PL 

2tt 



Jr (* 



(f;v)-f(v) 



r (w-z)p +1 



< 



n + 27r(ri-r)P +1 
n + /3 ' (n - r)P +1 ' 



which proves the theorem. 



Remark 1 Taking now a = /3 = 0 in Theorem 1 (i), we get the estimates of 
[2, Corollary 2.2 (ii) ]. 

Theorem 2 Let 0 < a < {3, R > 1, D R = {z e C : \z\ < R}. Suppose 

oo 

that f : Dr — > C is analytic in Dr, i.e. f(z) = c kZ k f or o-H z € -D_r. For 
any fixed r € [1, -R] anrf all n G N, |z| < r, we /iaue 



^(/ ; *) - /<*) - (1+a) ; (2+/3)z /^) - z -^r 



< M r (/) | Mif(/) | Mg^Cf) (4) 



r ("./3)/ 



n' 1 



n(n + /3) (n + /3) 2 ' 

OO 

w/iere M r (/) = £ |cfc|fcB fe:I .r fc - 1 < oo with B k , r = 2(fc-l) 3 +r(4fc 3 +6fc 2 + 6fc+ 



fc=i 



2) + 2r 2 fc(fc 2 + l)+4fc(fc-l) 2 (l + r), M^ ,/3) (/) = £ |c fc | [2fc 2 (A: - 1)« + 2fc 2 (/e - 

fe=i 



446 



Mei-Ying Ren et al 440-453 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Proof For all z G Dr, wc have 



fc=l 



D™(f; z) - f(z) - (1 + a) : (2 + ^ /-(,) - (*) 



n 



7i 



= D(f ■«(/; *) - /(*) - ^/'(z) - ML^l (,) _ " — —f'(z) 

n n n 



= D n {f-z)-f{z)- 
:=h+h. 



[z(l-z)f(z)]> 



+ 



D^\f;z)-D n {f;z)-°-^f'{z) 



By [2, Theorem 2.4 ], we have |7i| < -^P-, where 

OO 

M r (f)= \c k \kB k . r r k - x < oo with B k . r = 2(fc - l) 3 + r(4fc 3 + 6fc 2 + 6fc + 2) + 

k=l 

2r 2 k(k 2 + 1) + 4fc(fc - 1) 2 (1 + r). 
Next, let us estimate |/2|- 

oo 

By / is analytic in Dr, i.e. f(z) — £ c kZ k for all z e we have 

k=0 

oo _ a 

c k {D^\e k ; z) - D n (e k ; z) - ^-^fcz^ 1 ) 
D^)(e fc ;«)- D n (e k ;z) 



\h\ = 



fe=i 

oo 

<Ei c *i 

fe=l 



fc fe ~ 1 / fc 

Since / — xTaY^r - 1 = - E 



™n+/3)k ' ^ Lemma 1, we obtain 



D^\e k ;z)-D n (e k ;z) 



< ^kz^ 



fc-i 

E 

fc-2 



fc \ n j a k j 



3 J (n + 0) 



jD n (ej;z) + 



n 



(n + l3) k 



D n (e k ;z) - - — —kz k 1 



v - a • k \ T\P oft ^ kfl^ ^ OL 



fc-1 

-E 

fc-2 

E 

J=0 



] J {n + (3) k n 



k \ n 3 a 



3 n k-j 



J J {n + pf D ^ Z) + JtTW [Dniek - 1 ' Z) ~ ek - l{Z) 



+ 



kn k 1 a 
(n + f3) k ' 



fc-2 



3=0 



k \ nif3 k -i 



j J (n + (3) k 



D n (e k ;z) 
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kn k 1 (3 , ... kn k 1 f3 k a-(3z k _ x 
H [D n (e k ;z) -e k (z)] - , „", z k — kz k \ 



(n + f3) k 



k-2 

E 

3=0 
k-2 

-E 

3=0 

'1 



k \ n° a. 



j J (n + /3) k 
k \ n 3 p k ~ 3 ' 



j J (n + (3) k 

„k-l 1 



D n (ej;z) + 
D n (e k ;z) 



(n + f3) k 
kn k ~ 1 a 



n (n + j3) k 



kaz k 1 + 



(n + 0) 

kn k ~ 1 j3 
~ [n + p) k 

1 n k ~ 1 



n (n + /3) k 



k [D n (e k -i;z) - e k -i(z)] 
[D n (e k ;z) - e k (z)] 
kf3z k . 



By [2, Corollary 2.2 ], for any k <E N, \z\ < r, r > 1, we have 
\D n (e k ; z)\ < r k , \D n (e k ; z) - e k \ < 2k ^ k + 1 \ k . 
Hence, we can get 



k-2 

E 

3=0 
k-2 

^E 

3=0 
k-2 



k \ n 3 a 



3r» k -3 



j J (n + P) k 



D n (e 0 ;z) 



k \ n 3 a 



3n,k-j 



„k-2 



E 

3=0 



j J (n + f3) k 
fc(jfe-l) 



k-2 \ n 3 a k - 2 - 3 



(k-j)(k-j-l)\ j J(n + f3) k - 2 (n + j3) 



„k-2 



k-2 



k(k — 1) a 2 y-v 



3=0 



k — 2 \ n 3 a 



-.j^k-2-j 



„fe-2 



3 J (n + 13) 



k-2 



< 



k(k-l) a 2 k _ 2 
2 '(n + (3) 2 



and 



kn k ^ ol 

(n + /3) k l D n(ek-i;z)-e k - 1 (z) 
Also, using 



< 2k 2 (k-l)a rk _ 1 
~ n(n + (3) 



,fe-i 



3=0 \ J 



3 ftk-j 



n 3 (3 



< 



k/3 



n (n + /3) k n(n + f3) k ~n(n + P)' 
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we get 



\D^\e k ; z) - D n (e k] z) - ^-J^kz k ~ x \ 



< 



fc(fc-l) 



Jfe-2 



(n + /3) 2 



+ 



2k 2 (k- I) a fe _! , k(k - 1) /3 
n(n + /3) 



+ 



+ 



2k\k + l)P k k 2 a(3 fe _! , fc 2 /3 2 k 



n(n + f3) T + n(n + /3) 
„fc-i 



+ 



n(n + (3) 



n(n + (3) 

„fc-2 



[2k 2 (k - l)a + 2fc 2 (fc + l)0r + k 2 a/3 + k 2 f3 2 r 



+ 



k(k - l)(a 2 + /?V) 



(n + /3) 2 
So, we have 

r(«,/3). 



n(n + /3) (n + /3) 2 ' 



I/2I < 



where M^f'U) = E |c fc |[2/c 2 (fc - l)a + 2fc 2 (fc + l)/3r + k 2 a/3 + k 2 l3 2 r\r k - 1 
fe=i 



= E M 

In conclusion, we obtain 



fc(fc-l)(a 2 +/3 2 r 2 )^fc-2 



dmmz) - /(,) - (1+a) ; (2+ ^V w - x ^-nz) 

S 2 S s H 



n(n + /3) {n + (3f 



In the following theorem, we obtain the exact order of approximation. 

Theorem 3 Let 0 < a < (3, R > 1, D R = {z e C : |,z| < Suppose 
that f : D_r — > C is analytic in Dr. If f is not a polynomial of degree 0 , then 
for any re [1, R) we have 

P^/;0-/ll,>^^, «£N, 

w/iere ||/|| r = max{\f(z)\; \z\ < r} and the constant ci a ^ 3 \f) > 0 depends on 
f , r and a, (3, but it is independent of n. 



Proof Denote e\(z) = z and 

H^(f;z) = D^(f-z) f(z) + + _ 
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For all z e Dr and n £ N, we have 
DW\f;z)-f(z) 

= I {[(1 + a) - (2 + 0)z]f(z) + z{\ z)f'(z) + l - [n 2 Ht P) {f; z) 

In view of the property ||F + G|| r > | ||F|| r - ||G|| r | > ||F|| r - ||G|| r , it follows 
||^(/;-)-/llr 

> 1 (||[(1 + a) - (2 + /3)ei]/' + ei(l - ei )/"||r - - \n 2 \\H^\f; -)\\ r ] } . 
n i n L J J 

Considering the hypothesis that / is not a polynomial of degree 0 in Dr, we 
have 

|| [(1 + a) - (2 + P)e 1 ]f + ei (l - ei)/"|| r > 0. 
Indeed, supposing the contrary it follows that 

[(1 + a) - (2 + 0)z]f'(z) + z{\ - z)f"(z) = 0, for all z e D~ r . 

Denoting y{z) = f'(z) and looking for the analytic function y(z) under the 

oo 

form y(z) = a>kZ k , after replacement in the differential equation, the coeffi- 

k=0 

cients identification method immediately leads to = 0, for all k e N1J{0}. 
This implies that y(z) = 0 for all z G D r and therefore / is constant on D r , a 
contradiction with the hypothesis. 
Using inequality (4), we get 



n 2 \\H^\f;.)\\ r <N^\f), 



(5) 



where N^\f) = M r (f) + M% 0 \f) + M^\f). 

Therefore, there exists an index no depending only on /, r and a, (3, such 
that for all n > n 0 , we have 



(1 + a) (2 + (3) ei ]f + ei(l - ei)/"|| r - - [n 2 \\H^\f; -)\\ r 



>-||[(l + a)-(2 + /3)e 1 ]/' + e 1 (l-e 1 )r|| r , 



which implies 



\D^\f; -)-f\\ T > ^ || [(1 + a) - (2 + P) ei }f + ei (l - ei )/"|| r , for all n > 



n 0 - 



For n e {1, 2, • • •, n 0 — 1}, we have 

\\D^\fr)-i\\r> w ^y\ 

where W^\f) = n\\D^\f- ■) - f\\ r > 0. 
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As a conclusion, we have 

i(a,/3). 



\\D^\f-,.)-f\\ r > C ^—U> 



for all n e N, 

n 



where 



C^\f) =min {W^\f), W%'\f), W^Uf), 

l||[(l + a)-(2 + /3) ei ]/' + e 1 (l-e 1 )/"|| 7 .J, 

this complete the proof. 

Combining Theorem 3 with Theorem 1, we get the following result. 

Corollary Let 0 < a < (3, R > 1, D R = {z e C : \z\ < R}. Suppose that 
f : Dji — > C is analytic in Dr. If f is not a polynomial of degree 0 , then for 
any r e [1, R) we have 

\\D^\f--)-f\\ r ^ 1 -, neN, 

where ||/|| r = max{\f(z)\; \z\ < r} and the constants in the equivalence depend 
on f, r and a, (3, but they are independent of n. 

Theorem 4 Let 0 < a < [3, R > 1, D R = {z € C : \z\ < R}. Suppose 
that f : Dr — > C is analytic in Dr. Also, let 1 < r < r\ < R and p E N be 
fixed. If f is not a polynomial of degree < p — 1, then we have 

\\(Dt f3 Hf;-)) (p) -f {p) \\r^K neN, 

where \\f\\ r = max{\f(z)\; \z\ < r} and the constants in the equivalence depend 
on f, r, n, p, a and (3, but they are independent of n. 

Proof Taking into account the upper estimate in Theorem 1 , it remains to 
prove the lower estimate only. Denoting by T the circle of radius r\ > r and 
center 0 , by Cauchy's formula, it follows that for all \z\ < r and n g N, we 
have 

{ D^\f;z)r-f^z)=f.f ^t:/^ 

ZTTl J r (V — Z)P +L 

Keeping the notation there for H^^\f; z), for all n e N we have 
D^\f-z)-f{z) 

= 1 + a) - (2 + I3)z]f'(z) + z(l z)f'(z) + I [n*H^\f; z)] J . 
By using Cauchy's formula, for all v G T, we get 



{D^Xf; z))V> fW(z) = l - {[((1 + a) (2 + 0)z)f\z) + z(l z)f"(zf p 
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+ - 



pi 



dv 



n 2ni J r (v — z)p +1 
passing now to || • || r and denoting e\{z) = z, it follows 

1 



> 



n 

Pi 
2m 



[((l + a )-(2 + /3) ei )/' + ei (l- ei ).n (p) 

(/;«) 



n 2 Hi a ' 0) < 



-dv 



Since for any \z\ < r and weTwe have \v — z\ > r\ — r, so, by inequality 
(5), we get 



2iri 



dv 



< 



p\ 27rr 1 n 2 \\H^\f; 
2tt ' (n - r)P+ 1 



< 



(/)p!ri 



(n - r)P +1 



where N^>(f) = M ri (/) + M^f (/) + M^f (/). 

Taking into account the function / is analytic in Dr, by following exactly 
the lines in Gal [5], seeing also the book Gal [13, pp. 77-78 ], (where it is proved 
that 



[(a-/?ei)/'+ e ^- ei) n {p) >0), we have 

r 

[((l + a )-(2 + /3) ei )/' + ei (l- ei )/"] (p) 



> 0. 



In continuation, reasoning exactly as in the proof of Theorem 3, we can get 
the desired conclusion. 
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Abstract. In this paper, we consider the problem of finding a common element of the solution set of 
generalized equilibrium problems, of the solution set of variational inequalities and of the fixed point 
set of strictly pseudocontractive mappings by the shrinking projection method. Strong convergence 
theorems of common elements are established in real Hilbert spaces. 

Keywords: equilibrium problem; variational inequality; strictly pseudocontractive mapping; non- 
expansive mapping; inverse-strongly monotone mapping. 
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1 Introduction and Preliminaries 



Throughout this paper, we assume that if is a real Hilbert space with inner 
product (•,•) and norm || • ||, and C is a nonempty closed convex subset of H. Let 
S : C — > C be a nonlinear mapping. We denote F(S) the set of fixed points of S. 

Recall that the mapping S is said to be nonexpansive if 

\\Sx-Sy\\<\\x-y\\, Vx,yeC. 

S is said to be K-strictly pseudocontractive if there exists a constant k e [0, 1) such 
that 

\\Sx - Sy\\ 2 < \\x - y\\ 2 + 4 (I - S)x -(I- S)y\\ 2 , Vz, y e C. 

Note that the class of strict pseudocontractions strictly includes the class of nonex- 
pansive mappings. It is also said to be pseudocontractive if k = 1, that is, 

\\Sx - Sy\\ 2 <\\x-y\\ 2 + \\(I- S)x -(I- S)y\\ 2 , Vx, y G C. 

S is said to be strongly pseudocontractive if there exists a positive constant A G (0, 1) 
such that S — XI is pseudocontractive. Clearly, the class of strict pseudocontractions 

°This work was supported by the Kyungnam University Research Fund, 2012. 
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falls into the one between classes of nonexpansive mappings and pscudocontractions. 
We remark that the class of strongly pseudocontractive mappings is independent of 
the class of strict pseudocontractions (sec [1-3]). 

Let A : C — > H be a mapping. Recall that A is said to be monotone if 

{Ax - Ay,x-y) > 0, \fx, y EC. 

A is said to be strongly monotone if there exists a constant a > 0 such that 

(Ax — Ay, x — y) > a\\x — y\\ 2 , \/x, y E C. 

For such a case, A is also said to be a-strongly monotone. A is said to be inverse- 
strongly monotone if there exists a constant a > 0 such that 

(Ax - Ay,x - y) > a\\Ax - Ay\\ 2 , Vx,y € C. 

For such a case, A is also said to be a-inverse-strongly monotone. A is said to be 
Lipschitz if there exits a constant L > 0 such that 

\\Ax-Ay\\ <L\\x-y\\ 2 , Vx,y E C. 

For such a case, A is also said to be L-Lipschitz. 

A set-valued mapping T : H — > 2 H is said to be monotone if, for all x,y E H, 
f E Tx and g ETy imply 

(x -y,f- g) > 0. 

A monotone mapping T : H — > 2 H is maximal if the graph G{T) of T is not properly 
contained in the graph of any other monotone mapping. It is known that a monotone 
mapping T is maximal if and only if, for any (x, /) E H x H, (x — y, f — g) > 0 for 
all (y,g) E G(T) implies / E Tx. 

Let F be a bifunction of C x C into R, where R denotes the set of real numbers 
and A : C — > H an inverse-strongly monotone mapping. 

We consider the following generalized equilibrium problem: Find x E C such that 

F(x,y) + (Ax,y-x) >0, \fy E C. (1.1) 
The solution set of (1.1) is denoted by EP(F,A), i.e., 

EP(F, A) = {x EC : F(x, y) + (Ax, y-x)>0, Vy E C}. 

To study generalized equilibrium problem (1.1), we may assume that F satisfies 
the following conditions: 
(Al) F(x,x) = 0 for all x E C; 

(A2) F is monotone, i.e., F(x, y) + F(y, x) < 0 for all x,y E C; 
(A3) for each x,y,z E C, limsup t ^ 0 F(tz + (1 — t)x, y) < F(x, y); 
(A4) for each x E C , y ^ F(x, y) is convex and lower semi-continuous. 

Now, we give two special cases of problem (1.1). 

(I) If A = 0, then generalized equilibrium problem (1.1) is reduced to the following 
equilibrium problem: Find x E C such that 
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F(x,y)>0, VyeC. (1.2) 

The solution set of (1.2) is denoted by EP(F), i.e., 

EP(F) = {x G C : F(x, y) > 0, Vy G C}. 

(II) If F = 0, then problem (1.1) is reduced to the following classical variational 
inequality: Find x G C such that 

(Ax,y-x)>0, Vi/gC. (1.3) 

We denote VI(C, A) the solution set of (1.3). It is known that x G C is a solution to 
(1.3) if and only if x is a fixed point of the mapping Pc{I — pA), where p > 0 is a 
constant, 7 is the identity mapping, and Pc is the metric projection from 77 onto C. 

Recently, many authors studied the problems (1.1), (1.2) and (1.3) by iterative 
methods; see, for examples, [5-10,16,18-21,23,26]. 

In 2007, Tada and Takahashi [24] considered problem (1.2) and proved the follow- 
ing theorem. 

Theorem TT Let C be a nonempty closed convex subset of H. Let F be a bifunction 
from C x C to R satisfying (Al)-(AA) and let S be a nonexpansive mapping of C into 
77 such that 

T := EP{F) n F(S) ^ 0. 
Let {x n } and {u n } be sequences generated by 
X\ = x e 77, 

F(u n ,y) + ^(y-u n ,u n - x n ) > 0, Vy e C, 
w n = (1 - a n )a;„ + a n Su n , 

C n = {zeH:\\w n -z\\<\\x n -z\\}, (1.4) 
D n = {zeH : (x n - a;,a;-ar n )}, 
k x„ + i = P Cn nD n x, n > 1, 

w/iere {a„} C [a, 1] /or some a G (0,1) and {r n } C [0, oo) wit/j lim inf n _j.oo r„ > 0. 
Then, {x n } converges strongly to Pj=x. 

Recently, Lin and Takahashi [16] and Kim, Cho and Qin ([13], [15]) further im- 
proved Theorem TT by considering generalized equilibrium problem (1.1). And, Cho, 
Qin and Kang [8] considered the generalized problem and a strictly pseudocontractive 
mapping. 

Theorem CQK. Let C be a nonempty closed convex subset of a real Hilbert space 
H and let F : C x C — > R be a bifunction satisfying (Al)-(AA). Let A be an a- 
inverse- strongly monotone mapping ofC into H and B a (3-inverse-strongly monotone 
mapping of C into H . Let S : C — > C be a k-strict pseudocontraction with a fixed 
point. Define a mapping Sk : C — > C by SkX = kx + (1 — k)Sx for all x G C. Assume 
that 

T := EP(F, A) n VI(C, B) n F(S) + 0. 
Let {x n } be a sequence generated by the following algorithm: 

' x 1 €C = C 1 , 

F(u n ,y) + (Ax n ,y- u n ) + ±{y - u n ,u n - x n ) > 0, Vy G C, 
t z n = Pc{u„ - X n Bu n ), (1.5) 

C n+ i = {w G C n : \\y n - w\\ < \\x n - w\\}, 
k x n+ i = Pc n+1 xi, Vn > 1, 
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where a n C [0, 1], {A„} C (0,2/3) and {r n } C (0,2a) satisfy the following conditions: 
0 < a„ < a < 1, 0 < b < A„ < c < 2/3, 0 < d < r n < e < 2a for some 
a,b,c,d,e G R. Then sequence {x n } defined by algorithm (1.5) converges strongly to 
a point x — PjrXi . 

In this paper, we consider generalized equilibrium problem (1.1) and a strictly 
pseudocontractive mapping based on the shrinking projection algorithm which was 
first introduced by Takahashi, Takeuchi and Kubota [25]. A strong convergence theo- 
rem of common elements of the fixed point set of strictly pseudocontractive mappings, 
of the solution set of the variational inequality (1.3) and of the solution set of the gen- 
eralized equilibrium problem (1.1) is established in the framework of Hilbert spaces. 
The results presented in this paper improve and extend the corresponding results 
announced by Cho, Qin and Kang [8], Kumam [9], Kim, Anh and Nam [12], Kim and 
Buong ([11], [14]), Lin and Takahshi [16], and Tada and Takahashi [24]. 

In order to prove our main results, we also need the following lemmas. 

Lemma 1.1 ([17]). Let C be a nonempty closed convex subset of a Hilbert space H 
and S : C — > C a K-strict pseudocontraction. Then S is jz^-Lipschitz and I — S is 
demiclosed, that is, if {x n } is a sequence in C with x n — 1 x and x n — Sx n — > 0, then 
xeF(S). 

Lemma 1.2. ([4], [5]) Let C be a nonempty closed convex subset of a Hilbert space H 
and let F : C x C — > R be a bif unction satisfying (A1)-(A4). Then, for any r > 0 and 
x € H , there exists z <G C such that 

F{z,y)+ 1 (y-z,z-x)>0, Vy e C. 
r 

Further, define 

T r x = {zeC : F(z,y) + ^(y-z,z-x)> 0, Vy e C} 

for all r > 0 and x G H. Then, the following hold: 

(a) T r is single-valued; 

(b) T r is firmly nonexpansive, i.e., for any x,y e H, 

\\T r x - T r y\\ 2 < (T r x -T r y,x - y); 

(c) F(T r ) - EP(F); 

(d) EP(F) is closed and convex. 

Lemma 1.3 ([27]). Let C be a nonempty closed convex subset of a real Hilbert space 
H and S : C — > C a k-strict pseudocontraction with a fixed point. Define S a : C — > C 
by S a x = ax + (1 — a)Sx for each x e C. If a G [k, 1), then S a is nonexpansive with 
F(S a ) = F(S). 

Lemma 1.4. ([22]). Let A be a monotone hemicontinuous mapping of C into H and 
N c v the normal cone to C at v G C , i.e., 

N c v = {w G H : (v - u,w) > 0, Vu G C} 
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and define a mapping M on C by 



Mv = | 



Av + N c v, v £ C 
0, v i C. 



Then M is maximal monotone and 0 £ Mv if and only if (Av, u — v) > 0 for all 

u e C. 



2 Main Results 

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. 
Let F m be a bifunction from C x C to R which satisfies (Al)-(A4) and A m : C — > H 
a \ m -inverse- strongly monotone mapping for each 1 < m < N, where N is some 
positive integer. Let S : C — > C be a n-strict pseudocontr action and B : C — > H a 
[3 -inverse- strongly monotone mapping. Assume that 

N 

T := P| EP(F m , A m ) n VI(C, B) n F(S) ± 0. 

m— 1 

Lei {a n } ; {/3 n }, {j n .i}, ■ ■ ■, and {7„.tv} be sequences in [0, 1]. Let {p n } be a positive 
sequence in [0,2/3] and {r n>m } a positive sequence in [0, 2A m ] for each 1 < m < N. 
Let {x n } be a sequence generated in the following manner: 

' x 1 €C = C 1 , 

z n -PcCy] m — i l / n,m'V j n,m Pn ^ '^2im— 1 'Tn,m'^n,m) •> 

< y n = a n x n + (1 - a n )(/3 n z n + (1 - P n )Sz n ), (2.1) 

C n +i = {v £ C n : \\y n - v\\ < \\x n - v\\}, 
k a; n+ i = Pc n+1 xi, n>l, 

where u n _ m is such that 

^m(^n,ro>^m) "i" (A m X n , U m U nrn ) (^m u n,m> u n,m ^n) ^ 0) Vli 7n £ C 

' 7l,m 

/or eac/i 1 < m < N . Assume that X)m=i 7n,m = 1 for each n > 1 and f/ie sequences 
{a n }, {/3 n }, {7„,i},..., {7«,Af}; {»*n,i}, ■ • • , {V-w} <wid {/?«} satisfy the following 
restrictions: 

(a) 0 < a„ < a < 1; 

(b) 0 < k < (3„ < b < 1; 

(c) 0 < c < "f n . m < 1 /or eac/i 1 < m < N; 

(d) 0 < d < p n < e < 2/3 and 0 < d' < r n>m < e' < 2X m for each 1 < m < N. 
Then sequence {x n } generated by (2.1) converges strongly to some point x, where 

X = PjrXl . 

Proof. Note that u„. m can be rewritten as 

V'n.m — ^r U]m (•''n ^n.mA m X n ^ , VI ^ m ^ N. 

Fix p £ T . It follows that for all n > 1, 

p = Sp = P C (I - p n B)p = T rn l (p - r„,iAip) = • • • = T r . n N (p - r n . N A N p). 
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||(/ - r^A^x -{I- r„,iAi)y|| 2 
= ||(a;-y)-r ni i(i4ia;-Aiy)|| 2 

= \\x - y\\ 2 - 2r nA (x - y, A x x - A x y) + r 2 nl \\A lX - A lV \\ 2 

< \\x - y\\ 2 - r n ,i(2Ai - r„,i)||Aia: - A iy \\ 2 

< \\ x -y\\ 2 - 



This shows that 1 — r n ^A\ is nonexpansive for each n > 1. In a similar way, we can 
obtain that I — r n ^Ai, I — r n , 3 A 3 , . . . , I — r„ ; jvA/v and I — p n B are nonexpansive for 
each n > 1. 

Step 2. Now, we prove that C„ is closed and convex for each n > 1. 

From the assumption, we see that C\ — C is closed and convex. Suppose that Ci 
is closed and convex for some i > 1. We show that Cj+i is closed and convex for same 
i. Indeed, for any v e Ci, we see that \\yi — v\\ < \\xi — v\\ is equivalent to 



Thus Cj+i is closed and convex. This shows that C n is closed and convex for each 
n > 1. 

Step 3. Next, we show that J 7 C C„ for each n > 1. 

From the assumption, we see that J- C C = C\. Suppose that T C Cj for some 
« > 1. For any t£ JcC„we see that 

= Ha^j + (1 - atijSiZi - v\\ 
< Oi\\xi - v\\ + (1 - ai)\\zi - v\\ 

N 



The proof is divided into several steps. 

Step 1. We prove that I — r n ^Ai is nonexpansive for each n > 1. 
Indeed, for any x, y G C, we see from the condition (d) that 



ViW 2 - ll^ll 2 - 2(u,j/i - Xi) < 0. 





This shows that u e C+i. This proves that Jc C„ for each n > 1. 
Step 4. Now, we prove that 



lim \\x n - y, 



0. 



(2.2) 



n 



For each d e J c C„, we have 



||zi - x„|| < ll^! 



v\\. 



In particular, we have 



\\x\ - x„|| < Hxj - P^:ei||. 
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This implies that {x n } is bounded. Since x n — Pc n %i and x n +i = Pc n+1 xi € C n +i C 
C n , we have 

0 < (xi-x n ,x n -x n+ i) 



< 



\Xi - x n \ 



\\xi - x n \\\\%i - ar n+ i||. 
It follows that 

\\x n - < ||a; n+ i - x\\\. 
This proves that lim^oo \\x n — x x \\ exists. Notice that 

x n 1 
Xn X\ ~\~ X\ X n -^-i | 

X n - »l|| 2 + 2(x„ - X!,Xi - X n+X ) + \\X! - X„ + i|| 2 
x n - «i|| 2 + 2(x„ - X 1 ,X 1 -X n + X n - X n+ i) + \\X! - X n+1 \\ 2 
Xn - Tl|| 2 - 2\\x n - Tl|| 2 + 2(T„ - X!,X n ~ T„ + l) + ||Tl - T„ + l|| 2 



< 



X\ - T„ + l|| 2 - \x n - Tl|| 2 . 



It follows that 



(2.3) 



lim ||t„ - t„ + i|| = 0. 

n— >oo 

Since x n +i = Pc n+1 x i <= C„+i, we see that 

\\Vn - X n+ l\\ < \\x n - X n+1 \\. 

This implies that 

\\Vn T n || < WlJn T n ^_l|| + ||T n T n ^l|| < 2||T n T n +l||. 

From (2.3), we obtain that limbec \\x n — y n \\ = 0. 

Step 5. Next, we show that {u num } converges weakly to £ for each 1 < m < N. 
Putting 

S n = P n I + (1 - 0 n )S, Vn>l, 

then we see from Lemma 1.3 that S n is a nonexpansive mapping with F(S n ) — F(S) 
for each n > 1. On the other hand, we have 

||t„ - y„\\ = \\x n - a n x n - (1 - a n )S n z n \\ = (1 - a n )||a; n - S n z n \\. 
From the restriction (a) and (2.2), we have 

lim \\x n - S n z n \\ = 0. 
For any p e J 7 , we have for all 1 < m < N, 



(2.4) 



< 



< 



\U ntm -p\\ 

|-^T"n,m {I ^n,mA m ^)X n ^r n)Tn {I ^n,m-^m )p|| 

\{x n — p) — T n ^ m (A m x n — A m p)\\ 

\ x n ~ p\\ ~ 2 r n,m{ x n ~ Pi A m X n ~ A m p) + T nm || A m X n — A m p^ 
\x n P|| ^n,m(2A TO Tn,m)\\A m X n j4 m p|| . 



(2.5) 
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It follows that 



\\Vn - p\\ 2 = \\u n x n + (1 - a„)S n z n - p\\ 2 (2.6) 

< a n \\x n -p\\ 2 + (1 - a n )\\S n z n -p\\ 2 

< a n \\x n -p\\ 2 + (1 - a n )\\z n -p\\ 2 



N 

2 



< a„||a; n - p\\ 2 + (1 - a n ) ^ 7n,m||«n,m - Pll 1 

m— 1 

N 

< ||x n — p|| — (1 — a n ) y ^ 7n,m r n,m(2A m — f n ,m) \\ -^m x n ~ -^mP|| ■ 

m— 1 

This implies that 

< ||a;„-p|| 2 - ||y„-p|| 2 

< (\\x n - p\\ + \\y n - p\\)\\x n - y n \\, VI < TO < N. 

In view of the conditions (a), (c) and (d), we obtain from (2.2) that 

lim \\A m x n - A m p\\ = 0, Vl<m<7V. (2.7) 

n— >oo 

On the other hand, we have from Lemma 1.2 that for all 1 < m < N, 

\\un,m -p\\ 2 

l|-^Vn,m("^ y*n,mA n i')X n T Vnrn ( < L ^n,m-^-m )p|| 
^ ((-^ Vn.mA-m^Xn (/ ^n.mA m )p 7 Un,m P) 

= 2 ^ ^ — r n,mA m )x n — (I — r n ^ n A m )p\\ -\- \\u n ^ m — p\\ 
— 1| (J — r nm A m )x n — (I — r nm A m )p — (u nm — p)\\ ) 

— T^iW-En ~ P\\ + || u n,m ~ p\\ ~ 1 1 X n — U n _ m — T n ^ m (A m X n — A m p) | ) 
= ^ (ll^n — P|| 2 + ||Un,m ~ P\\ 2 ~ (\\x n - U n . m \\ 2 

2r n _ m (x n ^ji.m ; A m x n A m p^ -\- T n m 1 1 A m x n ^4 7n j>| ^ ^ . 
This implies that for all 1 < m < N, 

|| u n,m P\\ 1^\\x n ~P\\ \\x n Wn.mll "I" 2r„ iTO \\x n U n>m || || A m X n -A TO p||, 

from which it follows that 

\\Vn-p\\ 2 

< a n \\x n -p\\ 2 + (1 - a n )\\S n z n -p\\ 2 

< a n \\x n - pf + (1 - a n )\\z n - pf (2.8) 

N 



< Oi n \\x n -p\\ 2 + (1 - a n ) ^ 7n,m||«n,m ~ pf 



m—1 
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N 



< \\ x n -p|| 2 + (1 - a n ) ^2 1n, m 2r n . m \\x n - u nim \\\\A m x n - A m p\\ 

m—l 

N 

(1 <^n) ^ ^ T™,m||<£n ^n,m| 
m—l 

N 

— \\%n P\\ "i" ^ ^ 2r n ?n || X n Wn.m || || A m X n ^4 m £)|| 
m—l 
N 

-(1 - Q!„) ^ 7n,r, 



, a ||.T n Wn,m|| • 



m—l 

Hence, we get that for all 1 < to < N 

2 / |i i|2 



(1 - a n )^„ im \\x n - u„, m || < ||a; n -p|| -|l2/n-p|| (2-9) 



at 



~t~ ^ ^ 2r n _ 7n ||x n Un,m 1 1 1 1 A ra x n A m p\\ 



m—l 



< (ll^n ~P\\ + \\jjn - P\\)\\x n -y n \\ 
N 

"i" ^ ^ 2r n _ m ||x n ^n,m|| ||^-m^n ^mP||- 
m—l 

In view of the restrictions (a) and (c), we obtain from (2.2) and (2.7) that 

lim \\x n - u nm \\ = 0, VI < to < N. (2.10) 

Since {x n } is bounded, we may assume that a subsequence of {x n } converges 

weakly to £. It follows from (2.10) that {u num } converges weakly to £ for each 
1 < to < N. 

Step 6. Next, we show that 

N 

£e f) EP(F m ,A m ). (2.11) 

m—l 

Since u njm = T rn m (x n - r n:ni A m x n ), we have for all u m G C\ 

^ m ('U rj ,. m , "Urn) H~ (^m^ni w m ~~ ^n.m) H~ {^m ^n,m> ^n.m ^n) ^ 0. 

From the condition (A2), we see that for all u m G C\ 

{A 7n X n , U m W n _ m ) + (^m ^n,m? ^n,m ^n) ^ -^m (^m 5 u n,m)- (2.12) 

Replacing n by r^, for all u m G C, we arrive at 

{A m X ni , li m — U Ui _ m ) + (tZ m lA ni . m , ) ^ -^m, (^mi %i,m)- (2.13) 

For £ m with 0 < t m < 1 and u m G C, let u im = £ m u m + (1 — £ m )£ for each 1 < m < AT. 
Since w m G C and £ G C, we have u tm G C for each 1 < m < AT. It follows from 
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(2.13) that 

(u tm - u num ,A m u tm ) 

— ( U tm u ni,rm A m ltt m ) — (A m X nim ,Ut m U ni m ) 

-( u t m ~ Um,m, — —) + F m {u tm ,u num ) (2.14) 
( U tm u rii,mi A m Uf m A m u nim ) + (ut m u ni ^ m , A m u ni ^ m A m x ni ) 

From (2.10), we have Au n .^ m — Ax n . —> 0 as i — > oo for each 1 < m < N. On the other 
hand, we obtain from the monotonicity of A m that (u tm — w ni , m , A m u tm — A m it num ) > 
0. It follows from (A4) that 

(u tm -t,A m u t J>F m (u tm ,Z), Vl<m<N. (2.15) 

From (Al), (A4) and (2.15), we obtain that 

0 = F m (u tm ,u tm ) 

< t m F m (u tm ,u m ) + (1 -t m )F m {u tm ,C) 

< t m F m (u tm ,u m ) + (1 - t m )(u tm - £,A m u tm ) 

t'mFm ( w i m i u m) ~l~ (1 t m ^)t m (u m £, A rn Uf m ) , 

which yields that 

F m {u tm ,u m ) + (1 - t m )(u m - £,A m u tm ) > 0, VI < m < N. 
Letting t m — > 0 in the above inequality for each 1 < m < A, we arrive at 

F m {^u m ) + {u m -^A m Ci > 0, Vl<m<A. 
This shows that £ € EP(F m , A m ) for each 1 < to < A, that is, 

£e p| EP(F m ,A m ). 

m—l 

Step 7. Next, we show that 

lim \\z n — x n \\ = 0. (2-16) 

Putting ii)„ = J2m=i 1n,m u n,m f° r eacn n > 1, we see that 

\\Vn-p\\ 2 = \\a n x„ + (1 - a n )S n z n - p\\ 2 

< a n \\x n - p\\ 2 + {1 - a n )\\S n z n - p\\ 2 (2.17) 

< a n \\x n -p\\ 2 + (1 - a n )\\z n -p\\ 2 

< a n \\x n - p\\ 2 + (1 - a„)||(/ - p n B)w n - p\\ 2 

< \\x n - pf - (1 - a n )p n {2p - Pn )\\Bw n - Bp\\ 2 . 

This in turn implies that 

{l-a n ) Pn {2p- Pn )\\Bw n -Bp\\ 2 < \\x n - p\\ 2 - \\y n - p\\ 2 (2.18) 

< (\\ x n ~P\\ + \\Vn -P\\)\\xn ~ Vn\\- 

10 
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In view of the conditions (a) and (d), we obtain from (2.2) that 

lim \\Bw n - Bp\\ = 0. (2.19) 

n— >oo 

On the other hand, we have from the firmly noncxpansivity of Pc that 

\\z n -p\\ 2 = \\P c {I-p n B)w n -P c {I-p n B)p\\ 2 

< ((I - p n B)w n - (I - p n B)p, z n - p) 

= - PnB)w n -(I- Pn B)p\\ 2 + \\z n -p\\ 2 

- Pn B)w n -(I- Pn B)p - {z n -p)\\ 2 ) 

< \{\\ w n -P\\ 2 + \\z n -p\\ 2 - \\w n - Z n - p n (Bw n - Bp)\\ 2 ) 

< ^{\\ x n -P\\ 2 + \\Z„ -P\\ 2 - \\w n - Z n \\ 2 

+2p n (w n - z n ,Bw n - Bp) - p 2 n \\Bw n - Bp\\ 2 ). 

This implies that 

\\z n -p\\ 2 < \\x n -p\\ 2 - \\w n - z n \\ 2 + 2p n \\w n - z n \\\\Bw n - Bp\\, 
from which it follows that 

||y«-p|| 2 < a n \\x n -p\\ 2 + (1 - a n )\\S n z n -p\\ 2 

< a n \\x n -p\\ 2 + (1 - a n )\\z n -p\\ 2 

< \\x n -p\\ 2 - (1 - a n )\\w n - z n \\ 2 + 2p n \\w n - z n \\\\Bw n - Bp\\. 
Hence, we obtain that 

(1 - a n )\\w n - z n \\ 2 

< \\x n -p\\ 2 ~ \\y n ~ p\\ 2 + 2p n \\w n -z n \\\\Bw n -Bp\\ 

< (\\x n -p\\ + \\y n -p\\)\\x n - y n \\ +2p n \\w n - z n \\\\Bw n - Bp\\. 

In view of the restriction (a), we obtain from (2.2) and (2.19) that 

lim \\w n -z n \\ =0. (2.20) 

n— >oo 

Note that 



N 

\\ z n x n I ^ \\ z n w n I II x n I — \\ z n w n I + ^ ' 7n,m 1 1 u n,m ~~ 1 n 

In view of (2.10) and (2.20), we obtain that lim^oo \\z n — x n \\ = 0. 
Step 8. Next, we show that 

£eVI(C,B). (2.21) 
In fact, let T be the maximal monotone mapping defined by 



Tx 



Bx + N c x, x e C 

0, x i c. 



11 
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For any given (x, y) € G(T), we have y — Bx e Ncx. Since z n £ C, by definition of 
Nc, we have 

(x-z n ,y-Bx)>0. (2.22) 
In view of z n — Pq(I — p n B)w n , we obtain that 

(x - z n , z n -(I- p n B)w n ) > 0, 

and hence 

(x - z n , Zn ~ Wn + Bw n ) > 0. (2.23) 

Pn 

From (2.22) and (2.23), we obtain from the monotonicity of B that 

(x-z ni ,y) > (x-z ni ,Bx) 

> (x - z ni ,Bx) - {x - z ni , — — — i-Bw,,;) 

Pm 

= (x- z nt ,Bx - Bz ni ) + {x- z ni ,Bz ni - Bw ni ) 

\X Z ni , / 
Prii 

> (x — z n , Bz n — Bw n ) — {x — z n , — — — ). 

It follows from (2.16) that z ni — ^ £. On the other hand, we know that B is -g-Lipschitz 
continuous. It follows from (2.20) that (x — £, y) > 0. From the maximality of T, we 
get 0 e T£. This means that £ e VI(C, B). 

Step 9. Next, we show that 

£ € F{S). (2.24) 

Note that 

no n ^ \\ x n S n z n \\ (3 n \\z n x n 1 1 

In view of (2.4) and (2.16), we obtain from the restriction (b) that 

lim ||5^„-a;„|| =0. (2.25) 

On the other hand, we see from Lemma 1.1 that 



H'S'Xn — x n \\ < ||5'a;„ — S'Znl + ||>5Zn — 

< 1 + - \\x n - z n \\ + \\Sz n - x n \\. 

1 — K 

It follows from (2.16) and (2.25) that lim„_ i . 00 \\Sx n —x n \\ = 0. We can conclude from 
Lemma 1.1 that £ e F(S). 

Step 10. Finally, we prove that sequence {x n } converges strongly to some point 
x, where x = Pj=x\. 

From (2.11), (2.21) and (2.24), we know that 

N 

S e T = p| EP(F m , A m ) n vi(C, B) n f(S). 



12 



465 



Jong Kyu Kim 454-471 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Put x = P?x\. Since x = Pjrx\ C C n+ \ and x n+ \ = Pc n+1 xi, we have 

ll^l — ^n+lll < \\ x l ~ %\\- 

On the other hand, we have 

\\xi - x\\ < \\xi - £|| < liminf ||xi - x ni \\ < limsup||a;i - x ni \\ < \\xi - x\\. 

% ~ i— too 

We, therefore, obtain that 

\\xi - £|| = lim \\x 1 - x n .\\ = \\x 1 - x\\. 

i— >oo 

This implies x n . — > £ = x. Since {x n .} is an arbitrary subsequence of {x n }, we obtain 
that x n — > x as n — > oo. This completes the proof. 

If -F" m — .F, A m — A and r n . m — r„ for each 1 < m < TV, then Theorem 2.1 is 
reduced to the following. 

Corollary 2.2. Lei C be a nonempty closed convex subset of a real Hilbert space H. 
Let F be a bifunction from C x C to R which satisfies (Al)-(AA) and A : C — > H a 
X-inverse- strongly monotone mapping. Let S : C — > C be a n-strict pseudocontraction 
and B : C — > H a j3-inverse-strongly monotone mapping. Assume that 

T := EP(F, A) n VI(C, B) n F(S) ^ 0. 

Let {a n } and {/3 n } be sequences in [0, 1]. Let {p n } be a positive sequence in [0, 2/3] and 
{r n } a positive sequence in [0, 2A]. Let {x n } be a sequence generated in the following 
manner: 

' x 1 eC = C u 

Zn = Pc(u„ - p n Bu n ), 

< Vn = a n x n + (1 - a n )((3 n z n + (1 - [3 n )Sz n ), (2.26) 

C„+i = {v eC n : \\y n - v\\ < \\x n - v\\}, 
k x n+ i = Pc n+1 xi, n > 1, 

where u n is such that for all «eC, 

F(u n ,u) + (Ax n , u — u n ) + — {u — u n ,u n - x n ) > 0. 

Assume that the sequences {a n }, {/?„}, {r n } and {p n } satisfy the following restric- 
tions: 

(a) 0 < a n < a < 1; 

(b) 0 < k < P n < b < 1; 

(c) 0 < d < p n < e < 2/3 and 0 < d' < r n < e' < 2A. 

Then sequence {x n } generated by (2.26) converges strongly to some point x, where 

x = PjrX 1 . 

Remark 2.3. Corollary 2.2 is reduced to Theorem CQK if f3 n = k for each n > 1. 
If B = 0, then Corollary 2.2 is reduced to the following. 

13 
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Corollary 2.4. Let C be a nonempty closed convex subset of a real Hilbert space 
FL. Let F be a bifunction from C x C to R which satisfies (Al)-(AA), A : C — > H a 
X-inverse- strongly monotone mapping and S : C — > C a n-strict pseudocontraction. 
Assume that 

T := EP(F, A) n F(S) ^ 0. 

Let {a n } and {/3 n } be sequences in [0, 1] and {r n } a positive sequence in [0, 2A]. Let 
{x n } be a sequence generated in the following: 

x\ £ C = C\ , 

y n = a n x n + (1 - a n )((3 n u n + (1 - fi n )Su n ), (2.27) 
C„+i ={»£C„: \\y n - v\\ < \\x n - v\\}, 
x n+ i = Pc n+1 xi, n > 1, 

where u n is such that 

F(u n ,u) + {Ax ni u- u n ) + — (u - u n ,u n - x n ) > 0, Vu e C. 

r n 

Assume that the sequences {a n }, {/3 n } and {r n } satisfy the following restrictions: 

(a) 0 < a n < a < 1; 

(b) 0 < k < [3 n < b < 1; 

(c) 0 < a" < r n < e' < 2A. 

Then sequence {x n } generated by (2.27) converges strongly to some point x, where 

X = PjrXl . 

Remark 2.5. Corollary 2.4 can be viewed as an improvement of the result in [16]. 
To be more precise, if S is nonexpansive and f3 n = 0 for each n > 1, then Corollary 
2.4 is reduced to the result in [16]. 

3 Applications 

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. 
Let A m : C — > FL a X m -inverse- strongly monotone mapping for each 1 < m < N , 
where N is some positive integer. Let S : C — > C be a n-strict pseudocontraction and 
B : C — > FL a (3 -inverse- strongly monotone mapping. Assume that 

N 

T := p| VI(C, A m ) n VI(C, B) n F(S) ? 0. 

m—l 

Let {a n }, {fin}, {7«,i}, • • •; md {7n,w} be sequences in [0, 1]. Let {p n } be a positive 
sequence in [0,2/3] and {r n ^ m } a positive sequence in [0, 2A m ] for each 1 < m < N. 
Let {x n } be a sequence generated in the following: 

' x 1 €C = C 1 , 

%n — Pc (y v m — 1 '~fn,m'U'n,m ~ PnP ^2rn— 1 r )n,m'U>ri.m ) i (3. 1) 

' Vn = a n x n + (1 - a n ){[3 n z n + (1 - (3 n )Sz n ), 

C n +i = {v eC n : \\y n - v\\ < \\x n - v\\}, 
k x n+1 = P Cn+1 x\, n>l 

14 
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where u n m = Pc(x n -r n , m A m x n ) for each 1 < m < N. Assume thatJ2 m =i^n,m = 1 
for each n > 1 and the sequences {a n }, {fi n }, {jn,i}, ■ ■ ■ , {ln,N}, {r n ,i}, • • • , {r n ,N} 
and {p n } satisfy the following restrictions: 

(a) 0 < a n < a < 1; 

(b) 0 < k < /?„ < b < 1; 

(c) 0 < c < jn.m < 1 for each 1 < m < N; 

(d) 0 < d < p n < e < 2/3 and 0 < d! < r„, m < e' < 2A m for each 1 <m< N. 
Then sequence {x n } generated by (3.1) converges strongly to some point i, where 

X = PjrXl . 

Proof. Putting F m = 0 for each 1 < m < N, we see that 

(A m X n7 U m Un,m) H ( u m u n, mj u n,m x n) ^ 0, Vu m G C 

is equivalent to 



This implies that u„, m = Pc(^n — ^VmAn^n) for each 1 < m < N. Then we can 
obtain from Theorem 2.1 the desired result immediately. 

Next, we consider the following optimization problem (OP): Find an x* such that 
(fii(x*) = min<p 1 (a;), ^{x*) = xrim(p 2 {x), • • • , <Pn(x*) = mmip N (x), (3.2) 

where ip m : C — > R a convex and lower semicontinuous function for each 1 < m < N, 
where N > 1 is some positive integer. 

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. 
Let (p m be a proper convex and lower semicontinuous function for each 1 < m < N, 
where N is some positive integer. Assume that 

sol(OP) ^ 0, 

where sol(OP) denotes the solution set of problem (3.2). Let {a n }, {j n ,i},---, and 
{ln,N} be sequences in (0,1). Let {r n m } be a positive sequence in (0,oo) for each 
1 < m < N . Let {x n } be a sequence generated in the following: 

( x 1 eC = C 1 , 

C n +i = {v £ C n : \\y n - v\\ < \\x n - v\\}, 
k x n+1 = P Cn+1 xi, n > 1, 

where u n _ m is such that 

V-'m('^m) ^mi^n.m) "i" { u m ^n,m; ^n,m ^n) 2^ 0> Vt£ m £ C 

/or eac/i 1 < m < N. Assume that Y^L=i 7n,m = 1 / or eac ^ ft > 1 a«c? the sequences 
{«„}, {7n,i} ; ■ ■ •; {ln,N}, {r n ,i}, • • ■ , and {r n . N } satisfy the following restrictions: 

15 
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(a) 0 < a n < a < 1; 

(b) 0 < c < jn.m < 1 for each 1 < m < N; 

(c) 0 < dl < r„ iTO < e' < oo for each 1 < m < N. 

Then sequence {x n } generated by (3.3) converges strongly to some point x, where 

X = P S ol(OP) x l- 

Proof. Putting S = I, A m = B = 0 and F m (x,y) = f m (y) — fm(x) for each 
1 < m < N, we can obtained the desired conclusion easily. 

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space 
H. Let F m be a bifunction from C x C to R which satisfies (Al)-(AA) and T m : 
C — > C a t m -strict pseudocontraction for each 1 < m < N, where N is some positive 
integer. Let S : C — > C be a n-strict pseudocontraction and D : C — > C a v-strict 
pseudocontraction. Assume that 

N 

T := p| EP(F m , I - T m ) n F(D) n F(S) ? 0. 

m— 1 

Let {«„}, {Pn}, {in.i}, • • •; arid {7n.7v} be sequences in [0, 1]. Let {p n } be a positive 
sequence in [0,1 — ^] and {r^ m } a positive sequence in [0, 1 — t. m ] for each 1 < m < N . 
Let {x n } be a sequence generated in the following manner: 

' x 1 eC = C 1 , 

< J/ n = a^n + (1 - a n )(/3 n z n + (1 - (5 n )Sz n ), 

C n +i = {v £ C n : \\y n - u|| < \\x n - v\\}, 
k x„ + i = Pc n+ ia;i, n > 1, 

w/iere u„, m is smc/i i/iai /or a/Z u m £ C, 

Fm{u n .m: ^m) ~t~ (-^n F m X n: U m U n .m) U nra ^Un^m 3^n) ^ 0, 

^7,m 

/or eac/i 1 < m < N . Assume that X)m=i ln,m = 1 /or each n > 1 and f/ie sequences 
{a n }, {/3 n }, {7„,i},... ; {7n,w}, {r ni i},..., {r„ >JV } and {p„} satisfy the following 
restrictions: 

(a) 0 < a n < a < 1; 

(b) 0 < k < p n < b < 1: 

(c) 0 < c < 7„^ m < 1 for each 1 < m < N; 

(d) 0<d<p„<e<l — v and 0 < d' < r n ^ m < e' < 1 — i TO /or each 1 < m < N. 
Then sequence {x n } generated by (3.4) converges strongly to some point x, where 

X = PjrXl . 

Proof. Put A m = I - T m for each 1 < m < N and B = I - D. Then D is 
i^-inverse-strongly monotone. We have F{D) = VI(C, B) and 

N N 

Pc ( "fn,m / U / n,m PnB ^ ^ 7n,m^n,m) 
m— 1 m— 1 

JV AT 

(1 Pn) ^ ^ Tn,m^n,m 7 PnB ^ ^ 7n,m^n,m- 
m— 1 m— 1 

16 
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Hence, we can obtain from Theorem 2.1 the desired result immediately. 
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APPROXIMATION OF THE JENSEN TYPE FUNCTIONAL 
EQUATION IN NON-ARCHIMEDEAN C*- ALGEBRAS 

SUN YOUNG JANG 1 , REZA SAADATI 2 

Abstract. In this paper, we approximate homomorphisms in non-Archimedean C*- 
algebras and non- Archimedean Lie C* -algebras and of derivations on non- Archimedean 
C* -algebras and non- Archimedean Lie C* -algebras for the following Jensen type 
functional equation 

/(— ^— ) + / (— ^— ) = f( x >- 



l. Introduction and preliminaries 

By a non- Archimedean field we mean a field K equipped with a function (valuation) 
| • | from K into [0, oo) such that |r| = 0 if and only if r = 0, \rs\ = \r\ \s\, and 
\r + s\ < max{|r|, \s\} for all r, s G K. Clearly |1| = | — 1| = 1 and \n\ < 1 for all 
n G N. By the trivial valuation we mean the mapping | • | taking everything but 0 
into 1 and |0| = 0. Let X be a vector space over a field K with a non- Archimedean 
non-trivial valuation | • |. A function || • || : X — > [0, oo) is called a non-Archimedean 
norm if it satisfies the following conditions: 

(i) = 0 if and only if x — 0; 

(ii) for any r G K,x G X , ||ra;|| = |r|||x||; 

(iii) the strong triangle inequality (ultrametric) holds; namely, 

\\x + y\\ < max{||x||, ||y||} (x,y G X). 

Then (X, || • ||) is called a non- Archimedean normed space. From the fact that 

\\ x n — x m\\ < max{||a;j + i — Xj\\ : m < j < n — 1} (n > m), 

holds, a sequence {x n } is Cauchy if and only if {x n+ i — x n } converges to zero in a 
non- Archimedean normed space. By a complete non- Archimedean normed space we 
mean one in which every Cauchy sequence is convergent. 

For any nonzero rational number x, there exists a unique integer n x G Z such that 
x = ^p nx , where a and b are integers not divisible by p. Then \x\ p := p~ Ux defines 

2010 Mathematics Subject Classification. Primary 39B72; Secondary 47H10, 17B40, 46L05, 47Jxx. 

Key words and phrases. Approximation, Jensen type functional equation, fixed point, non- 
Archimedean, homomorphism in (Lie) C* -algebra, Hyers-Ulam stability, derivation on (Lie) C*- 
algebra. 
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a non-Archimedean norm on Q. The completion of Q with respect to the metric 
d(x, y) — \x — y\ p is denoted by Q p , which is called the p-adic number field. 

A non-Archimedean Banach algebra is a complete non-Archimedaen algebra A 
which satisfies ||afe|| < ||a||.||6|| for all a, b £ A. For more detailed definitions of 
non- Archimedean Banach algebras, we refer the reader to [8, 33]. 

If 14 is a non- Archimedean Banach algebra, then an involution on U is a mapping 
t — > t* from 14 into U which satisfies 

(i) t** = t for t £ 14; 

(ii) (as + (3t)* = as* +]3t*; 

(iii) (st)* =t*s* for s,t £U. 

If, in addition \\t*t\\ = \\t\\ 2 for t £14, then U is a non-Archimedean C*-algebra. 

The stability problem of functional equations originated from a question of Ulam 
[35] concerning the stability of group homomorphisms: Let (G-y, *) be a group and let 
(G 2 ,o, <i) be a metric group with the metric d(-,-). Given e > 0, does there exist a 
5(e) > 0 such that if a mapping h : G± — > Gi satisfies the inequality 

d(h(x * y), h(x) o h(y)) < 5 

for all x, y £ G±, then there is a homomorphism H : G\ — )■ G 2 with 

d(h(x), H(x)) < e 

for all x £ Gi? If the answer is affirmative, we would say that the equation of homo- 
morphism H(x * y) = H(x) o H(y) is stable. The concept of stability for a functional 
equation arises when we replace the functional equation by an inequality which acts 
as a perturbation of the equation. Thus the stability question of functional equations 
is that how do the solutions of the inequality differ from those of the given functional 
equation? 

Hyers [12] gave a first affirmative answer to the question of Ulam for Banach spaces. 
Let X and Y be Banach spaces. Assume that / : X — > Y satisfies 

\\f( X + y)-f( X )-f(y)\\<e 

for all x,y £ X and some e > 0. Then there exists a unique additive mapping T : 
X ->■ Y such that 

||/(ar)-T(x)||< e 

for all x £ X. 

Th.M. Rassias [26] provided a generalization of Hyers' Theorem which allows the 

Cauchy difference to be unbounded. 

Theorem 1.1. [26] Let f : E — >■ E' be a mapping from a normed vector space E into 
a Banach space E' subject to the inequality 

\\f( x + y )-f( x )-f(y)\\ < e(\\x\\> + \\y\n (1.1) 
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NON-ARCHIMEDEAN APPROXIMATION 3 
for all x,y G E, where e and p are constants with e > 0 and p < 1. Then the limit 

L(x) = lim 

exists for all x G E and L : E — >■ E' is the unique additive mapping which satisfies 

\\f{x)-L{x)\\ < ^ \\xf 

for all x G E. Also, if for each x G E the function f(tx) is continuous in t G R, then 
L is R- linear. 

The above inequality (1.1) has provided a lot of influence in the development of what 
is now known as a generalized Hyers- Ulam stability of functional equations. Beginning 
around the year 1980 the topic of approximate homomorphisms, or the stability of the 
equation of homomorphism, was studied by a number of mathematicians. Gavruta 
[11] generalized the Rassias' result. The stability problems of several functional equa- 
tions have been extensively investigated by a number of authors and there are many 
interesting results concerning this problem (see [4], [5, 6] [10], [13] [17], [21], [26]-[32], 
[34]). 

Theorem 1.2. [23, 24, 25] Let X be a real normed linear space and Y a real complete 
normed linear space. Assume that f : X — >■ Y is an approximately additive mapping 
for which there exist constants 6 > 0 and p G R. —{1} such that f satisfies inequality 

||/(x + i/)-/(x)-/(i/)||<fl.||x||5.||y||5 
for all x,y G X. Then there exists a unique additive mapping L : X — )■ Y satisfying 

ll/W-^)ll<^^|INI p 

for all x G X. If, in addition, f : X — )■ Y is a mapping such that the transformation 
t — > f(tx) is continuous in t G R for each fixed x G X , then L is an M.-linear mapping. 

We recall two fundamental results in fixed point theory. 

Theorem 1.3. [1] Let (X, d) be a complete metric space and let J : X — )• X be strictly 
contractive, i.e., 

d(Jx,Jy)<Lf(x,y), \/x,y E X 

for some Lipschitz constant L < 1. Then 

(1) the mapping J has a unique fixed point x* = Jx* ; 

(2) the fixed point x* is globally attractive, i.e., 



lim J n x = x* 

n— »oo 



for any starting point x G X ; 
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(3) one has the following estimation inequalities: 

d(J n x,x*) < 
d(J n x,x*) < 

d(x,x*) < 

for all nonnegative integers n and all x G X . 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X 
if d satisfies 

(1) d(x, y) — 0 if and only if x — y\ 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.4. [7] Let (X, cf) &e a complete generalized metric space and let J : X — >■ X 
be a strictly contractive mapping with Lipschitz constant L < 1 . Then for each given 
element x G X , either 

d{J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer n 0 such that 

(1) d(J n x, J n+l x) < oo, Vn > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < ^(y, Jy) for allyeY. 

After Isac and Rassias [14] began to provide applications of the new fixed point 
theorems in the proof of stability theory of functional equations at 1996, the stability 
problems of functional equations have been extensively investigated by a number of 
authors (see [2, 3, 7, 9, 16, 22]). 

This paper is organized as follows: In Sections 2 and 3, using the fixed point method, 
we prove the generalized Hyers-Ulam stability of homomorphisms in non- Archimedean 
C*-algebras and of derivations on non-Archimedean C*-algebras for the Jensen type 
functional equation. 

In Sections 4 and 5, using the fixed point method, we prove the generalized Hyers- 
Ulam stability of homomorphisms in non- Archimedean Lie C*-algebras and of deriva- 
tions on non- Archimedean Lie C*-algebras for the Jensen type functional equation. 



L n d(x,x*), 
—^—d(J n x,J n+1 x), 

1 — Lj 

1 

1 — L 



d(x, Jx) 



2. Stability of homomorphisms in non-Archimedean C*-algebras 

Throughout this section, assume that A is a non- Archimedean C*-algebra with norm 
• \\a and that B is a non- Archimedean C*-algebra with norm || ■ \\ B . 
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For a given mapping / : A — > B, we define 

D,f(x, y) := Hfi^) + Hfi^ 1 ) ~ f(^) (2.1) 

for all fx G T 1 := {u G C : \u\ = 1} and all x, y G A. 

Note that a C-linear mapping H : A — > B is called a homomorphism in non- 
Archimedean C*-algebras if H satisfies H(xy) = H(x)H(y) and H(x*) = H(x)* for 
all x,y G A. 

We prove the generalized Hyers-Ulam stability of homomorphisms in non- Archimedean 
C*-algebras for the functional equation D fl f(x,y) = 0. 

Theorem 2.1. Let f : A — >■ B be a mapping for which there are functions <p, ip : A 2 — > 
[0, oo) and 77 : ^4 — >• [0, 00) such that 

\\DJ(x,y)\\ B < <p(x,y), (2.2) 

\\f(xy)-f(x)f(y)\\ B < Mx,y), (2.3) 

\\f(x*)-f(x)*\\ B < r)(x) (2.4) 
for all /jGT 1 and all x,y G A. If there exists an L < 1 such that |2| < 1 and 

V (2x,2y) < \2\L<p(x,y), (2.5) 
^(2x,2y) < \A\Li){x,y), (2.6) 

r](2x) < \2\Lr]{x) (2.7) 

for allx, y G A, then there exists a unique non-Archimedean C* -algebra homomorphism 
E : A^r B such that 

\\f(x) - H(x)\\ B < ^^,0) (2.8) 



for all x G A. 

Proof. It follows from (2.5), (2.6), (2.7) and L < 1 that 

lim — — 

lim — 



lim ±- v (2 n x,2 n y) = 0, (2.9) 
lim ^L-^(2 n x,2"|/) = 0, (2.10) 



for all x, y G A. 
Consider the set 



lim ^—7](2 n x) = 0, (2.11) 

n-s-oo 2 n 



476 



SUN YOUNG JANG ET AL 472-491 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



6 JANG, S A AD ATI 

and introduce the generalized metric on X: 

d{g,h) = inf{C G R + : \\g(x) - h(x)\\ B < C(p(x,0), G A}. 

It is easy to show that (X, d) is complete. 

Now, we consider the linear mapping J : X — > X such that 

Jg{x) := ^g(2x) 

for all x G A. 

By Theorem 3.1 of [1], 

d(Jg,Jh) < Ld{g,h) 

for all g,h G X. 

Letting /i — 1 and y = 0 in (2.2), we get 

l|2/(|)-/(x)|| fl <¥>(x,0) (2.12) 

for all x E A. So 

||/(x) - ^/(2x)|| B < ^(2x,0) < Lv9(x,0) 

for all iGA Hence J/) < L. 

By Theorem 1.4, there exists a mapping H : A ^ B such that 

(1) /J is a fixed point of J, i.e., 

if(2x) = 2H{x) (2.13) 

for all i£ A, The mapping H is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.13) such that there exists C G 
(0, oo) satisfying 

\\H(x)-f(x)\\ B <Cip(x,0) 

for all x G A. 

(2) d(J n f, H) — > 0 as n — > oo. This implies the equality 



lim = H(x) (2.14) 



for all x E A. 

(3) d(f,H) < j^d(f, Jf), which implies the inequality 

d(f,H) < 

This implies that the inequality (2.8) holds. 
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It follows from (2.5) and (2.14) that 



\\H( X -±y) + H( X -^)-H( X )\\ B 

= ^H/( 2 "~V + y)) + /( 2n "V - y)) - f( Tx )\\B 

< lim —(p(2 n x, 2 n y) = 0 

— n->oo 2 n 

for all x,y G A. Then, 

H(^±y.) + H(^L) = H(x) (2.15) 

for all x, y G A. Letting z — ^ and w = ^ in (2.15), we get 

H(z) + H(w) = H(z + w) 

for all z,w & A. So the mapping H : A — >■ B is Cauchy additive, i.e., if(z + w) = 
+ H(w) for all 2, w G A. 
Letting y = x in (2.2), we get 

Vf( x ) = f(j*x) 

for all /i G T 1 and all x <E A. By a similar method to above, we get 

/iH(x) = H(/ix) 

for all /i G T 1 and all x E A. Thus one can show that the mapping H : A — > B is 
C-linear. 

It follows from (2.6) that 

\\H(xy)-H(x)H(y)\\ B = lim ± \\f(4»xy) - f(2 n x)f(2 n y)\\ B 

< lim j^-ij(2 n x,2 n y) = 0 

for all x,y & A. Then, 

H(xy) = H{x)H{y) 

for all x, y G A. 

It follows from (2.7) that 

\\H(x*) - H(xT\\ B = lim ^\\m n x*) -f(2 n x)*\\ B 
< lim -^—r](2 n x) = 0 

— n-5>oo 2 n 

for all x <E A. Then, 

if (a;*) = if (a;)* 

for all x E A. 
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Thus H : A — > B is a non- Archimedean C*-algebra homomorphism satisfying (2.8), 
as desired. □ 

Corollary 2.2. Let r < 1 and 9 be nonnegative real numbers, and let f : A — > B be a 

mapping such that 

\\D,f\x,y)\\ B < 9(\\x\\ A +\\y\\ A ), (2.16) 
\\f(xy)-f(x)f(y)\\ B < e(\\x\\ A + \\y\\ A ), (2.17) 

- /(*)!* < 9\\x\\ A (2.18) 

for all /i G T 1 and all x,y G A. Then there exists a unique non- Archimedean C*- 
algebra homomorphism H : A — >■ B such that 



\\f(x) - H(x)\\ B < ^-^\\x\\ A (2.19) 

for all x G A. 

Proof. The proof follows from Theorem 2.1 by taking 

ip(x,y) = i/>(x,y) := 0(\\x\\ r A + \\y\\ r A ) 

and 

V(x) := 0(M\ r A) 

for all x, y G A. Then L = |2| r_1 and we get the desired result. □ 

Theorem 2.3. Let f : A — >■ B be a mapping for which there are functions ip, tp : A 2 — > 
[0, oo) and r\ : A — >■ [0, oo) satisfying (2.2), (2.3) and (2.4). // i/iere exists an L < \ 
such that |2| < 1 and 

^ M*,!/), (2-20) 
|4|V>(1*,f) < ^(*,!/), (2.21) 





y 


,2' 




'a; 




,2' 








V ( 


2 



|2|77(|) < L^(x) (2.22) 

for allx, y <E A, then there exists a unique non- Archimedean C* -algebra homomorphism 
E : A^r B such that 

\\f(x) - H(x)\\ B < |2| _ L |2|L V^,0) (2.23) 

for all x G A. 
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Proof. It follows from (2.20), (2.21), (2.22) and L < 1 that 

lim |2|> =0, 

n->oo 1 1 r V2 n 2 n J 

lim |2| 2 > (—,—) =0, 
lim \2\ n n (—) =0, 

for all x, y G A. 

We consider the linear mapping J : X — > X such that 

Jg(x) := 2<?(|) 

for all iGA 

It follows from (2.12) that 

||/(x)-2/(|)|| B < ¥> (|,0)< j |^x,0) 

for all x e A. Hence J/) < ±. 

By Theorem 1.4, there exists a mapping H : A ^ B such that 

(1) if is a fixed point of J, i.e., 

H(2x) = 2H(x) (2.24) 

for all x e A. The mapping H is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.24) such that there exists C G 
(0, oo) satisfying 

\\H{x)-f{x)\\ B <Cip{x,G) 

for all x G A. 

(2) d(J n f, H) — > 0 as n — > oo. This implies the equality 

lim 2 n f(— ) = #(x) 

for all igA 

(3) d(f,H) < jzj;d(f, Jf), which implies the inequality 

dif ' H> - W^W' 

which implies that the inequality (2.23) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 
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Corollary 2.4. Let r > 2 and 9 be nonnegative real numbers, and let f : A — > B 

be a mapping satisfying (2.16), (2.17) and (2.18). Then there exists a unique non- 
Archimedean C* -algebra homomorphism H : A — >■ B such that 

\\f{x)-H{x)\\ B <^^\\x\Y A (2.25) 

for all x G A. 

Proof. The proof follows from Theorem 2.3 by taking 

<p(x,y) = ip(x,y) := 0(\\x\\ r A + \\y\\ r A ) 

and 

T)(x) := #||a;||^4 

for all x,y G A. Then L = |2| 1_r and we get the desired result. □ 

Theorem 2.5. Let f : A — >■ B be an odd mapping for which there are functions 
(f,i) : A 2 ->■ [0,oo) and r] : A ->■ [0, 00) satisfying (2.2), (2.3) and (2.4). If there 
exists an L < 1 sncn £/ia£ </?(x, 3x) < |2|L</?(|, ^) /or a// x G A and (2.5), (2.6) 
and (2.7) no/d taen there exists a unique non- Archimedean C* -algebra homomorphism 
E : A^r B such that 

||/(x)-g(x)|| B < 1 y(x,3x) (2.26) 

/or a// x E A. 

Proof. Consider the set 

X:={g:A^B} 

and introduce the generalized metric on X: 

d(a, /i) = inf {C G M+ : \\g{x) - h(x) \\ B < C<p(x, 3x), G A}. 

It is easy to show that (X, d) is complete. 

Now we consider the linear mapping J : X — > X such that 

for all x G A. 

By Theorem 3.1 of [1], 

d(Jg,Jh) < Ld(g,h) 

for all g,h G X. 

Letting /x = 1 and replacing y by 3x in (2.2), we get 

\\f(2x)-2f(x)\\ B <<p(x : 3x) (2-27) 

for all x G A. So 

||/(x)- J/(2x)|| B <^^,3x) 
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for all x G A. Hence d(f, Jf) < j^. 

By Theorem 1.4, there exists a mapping H : A — >■ B such that 

(1) H is a fixed point of J, i.e., 

H(2x) = 2H(x) (2.28) 
for all x G A. The mapping H is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.28) such that there exists C G 
(0, oo) satisfying 

\\H(x)-f(x)\\ B <Op(x,3x) 

for all x G A. 

(2) d(J n f, H) — > 0 as n — > oo. This implies the equality 

hm = H(x) 

n->oo 2™ 

for all x G A. 

(3) d(f,H) < jzj;d(f, Jf), which implies the inequality 

d(f,H) - j2P|2jL' 

This implies that the inequality (2.26) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.6. Let r < \ and 9 be nonnegative real numbers, and let f : A — >■ B be 

an odd mapping such that 

\\D^f{x,y)\\ B < e-\\x\Y A -\\yf A) (2.29) 

\\f(xy)-f(x)f(y)\\ B < 6 ■ \\x\\ r A ■ \\y\\ A , (2.30) 



\\f(x*)-f(xy\\ B < 0\\x\fi (2.31) 

for all ji G T 1 and all x,y G A. Then there exists a unique non- Archimedean C*- 
algebra homomorphism H : A — >■ B such that 

\\f{x)-H{x)\\ B < ^ Wr \\x\\ 2 l (2.32) 



for all x G A. 
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Proof. The proof follows from Theorem 2.5 by taking 

<p(x,y) = ip(x,y) := 9 ■ \\x\\ r A ■ \\y\\ r A 

and 

r](x) := 9 ■ \\x\\ r A 

for all x,y G A. Then L = |2| 2r_1 and we get the desired result. □ 

Theorem 2.7. Let f : A — >■ B be an odd mapping for which there are functions 
(p,ip : A 2 ->■ [0, oo) and rj : A ->■ [0, oo) satisfying (2.2), (2.3), (2.4). If there exists 
an L < 1 snc/i £/ia£ v?(a;,3a;) < ||| Lip(2x, 6x) for all x E A, also (2.20), (2.21) and 
(2.22) hold, then there exists a unique non- Archimedean C* -algebra homomorphism 
E : A^r B such that 

\\f(x) - H(x)\\ B < | 2 |_ L | 2 | L ^3x) (2.33) 

/or a// x E A. 

Proof. We consider the linear mapping J : X — > X such that 

Jg{x) := IgC-) 

for all x E A. 

It follows from (2.27) that 

\\f{x)-2fC 2 )\\ B < V C 2 ^)< ^PixM 

for all x e A. Hence J f) < |. 

By Theorem 1.4, there exists a mapping H : A — >■ i? such that 

(1) if is a fixed point of J, i.e., 

if (2a;) = 2ii(x) (2.34) 
for all x e A. The mapping if is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.34) such that there exists C G 
(0, oo) satisfying 

\\H(x)-f(x)\\ B <C<p(x,3x) 

for all x G A. 

(2) d(J n f, if) — > 0 as n — > oo. This implies the equality 

lim 2 n f(— ) = ff (x) 

for all i6A, 
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(3) d(f,H) < izj;d(f, Jf), which implies the inequality 

which implies that the inequality (2.33) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.8. Let r > 1 and 9 be nonnegative real numbers, and let f : A —> B 

be an odd mapping satisfying (2.29), (2.30) and (2.31). Then there exists a unique 
non-Archimedean C* -algebra homomorphism H : A — >■ B such that 

\\f{x)-H{x)\\ B < |2|2 /_ |2| N^ (2.35) 

for all x G A. 

Proof. The proof follows from Theorem 2.7 by taking 

<p(x,y) = ip(x,y) := 9 ■ \\x\\ r A ■ \\y\\ r A 

and 

7](x) := 9 ■ \\x\\ r A 

for all x, y G A. Then L = \2\ 1 ~ 2r and we get the desired result. □ 

3. Stability of derivations on non- Archimedean C*-algebras 
Throughout this section, assume that A is a non- Archimedean C*-algebra with norm 

II ' 1.4- 

Note that a C-linear mapping 5 : A — > A is called a derivation on A if 5 satisfies 
S(xy) = 5(x)y + x5(y) for all x,y G A. 

We prove the generalized Hyers-Ulam stability of derivations on non-Archimedean 
C*-algebras for the functional equation D fl f(x,y) = 0. 

Theorem 3.1. Let f : A — > A be a mapping for which there are functions <p, ip : A 2 — > 
[0, oo) such that 

H-tWO^IU < <P(x,y), (3.1) 

\\f(xy)-f(x)y-xf(y)\\ A < ^(x,y) (3.2) 

for all /i G T 1 and all x,y G A. If there exists an L < 1 such that tp(x,0) < 
|2|L</?(|,0) for all x G A and also (2.5) and (2.6) hold. Then there exists a unique 
non- Archimedean derivation 5 : A — > A such that 

\\f(x) - S(x)\\ A < j-^^x.O) (3.3) 

for all x G A. 
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Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique 
involutive C-linear mapping 5 : A — > A satisfying (3.3). The mapping 5 : A — >• A is 
given by 

f(2 n x) 



S(x) = lim 



n. 



n— >co 2 

for all x G A. 

It follows from (3.2) that 

\\5(xy) - 5(x)y - x5(y)\\ A = Jim -^||/(4 B sy) - f(2 n x) ■ Ty - 2 B x/(2»y)|U 

< lim —-M2 n x, 2 n y) = 0 

for all x, y G A. Then, 

S(xy) = 5(x)y + x5(y) 
for all x,y e A. Thus 5 : A — > A is a derivation satisfying (3.3). □ 

Corollary 3.2. Let r < 1 and 6* 6e nonnegative real numbers, and let f : A —> A be a 

mapping such that 

\\D,f(x,y)\\ A < 9(\\x\\ A +\\y\\ A ), (3.4) 

\\f(xy)-f(x)y-xf(y)\\ A < 9(\\x\\ A + \\y\\ A ) (3.5) 

for all fi G T 1 and all x,y & A. Then there exists a unique derivation 5 : A — > A such 
that 

\\f(x)-5(x)\\ A <^^\\x\\ A (3.6) 

for all x G A. 

Proof. The proof follows from Theorem 3.1 by taking 

ip(x,y) = ip{x,y) := 9(\\x\\ r A + \\y\\ r A ) 
for all x, y G A. Then L = |2| r_1 and we get the desired result. □ 

Theorem 3.3. Let f : A — >■ A be a mapping for which there are functions ip,ip : 
A 2 — > [0, oo) satisfying (3.1) and (3.2). If there exists an L < 1 such that <p(x,0) < 
|||L(/?(2x, 0) /or a// x <E A, and also (2.20) and (2.21) hold, then there exists a unique 
derivation 5 : A — )• A such that 

\\f(x)-S(x)\\ A < |2| _ L |2|L ^,0) (3.7) 

/or a// x e A. 

Proof. The proof is similar to the proofs of Theorems 2.3 and 3.1. □ 
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Corollary 3.4. Let r > 2 and 6 be nonnegative real numbers, and let f : A — >■ A be a 

mapping satisfying (3.4) and (3.5). Then there exists a unique derivation 5 : A — > A 
such that 

\\f(x)-S(x)\\ A < ^^\\A\a (3.8) 

for all x G A. 

Proof. The proof follows from Theorem 3.3 by taking 

<p(x,y) = ip(x,y) := 0(||a;||^ + \\y\\ r A ) 
for all x,y G A. Then L = ^l 1 " 7 " and we get the desired result. □ 

Remark 3.5. For inequalities controlled by the product of powers of norms, one can 
obtain similar results to Theorems 2.5 and 2.7 and Corollaries 2.6 and 2.8. 



4. Stability of homomorphisms in non- Archimedean Lie C*-algebras 

A non-Archimedean C*-algebra C, endowed with the Lie product [x,y] := xy ~ yx on 
C, is called a non-Archimedean Lie C*-algebra (see [18], [20], [19]). 

Definition 4.1. Let A and B be non- Archimedean Lie C*-algebras. A C-linear 
mapping H : A — > B is called a non- Archimedean Lie C* -algebra homomorphism 
XH([x,y]) = [H(x),H(y)\ for all x,y G A. 

Throughout this section, assume that A is a non-Archimedean Lie C*-algebra with 
norm || • ||^ and that B is a non- Archimedean Lie C*-algebra with norm || • \\b- 

We prove the generalized Hyers-Ulam stability of homomorphisms in non- Archimedean 
Lie C*-algebras for the functional equation D /Ji f(x,y) = 0. 

Theorem 4.2. Let f : A — >■ B be a mapping for which there are functions ip,ip : A 2 — >■ 
[0, oo) satisfying (2.2) such that 

\\f([x,y])-[f(x)J(y)]\\ B < i/,(x,y) (4.1) 

for all x,y G A. If there exists an L < 1 such that <p(x,0) < |2|L</?(|, 0) for all 
x £ A, and also (2.5) and (2.6) hold, then there exists a unique non-Archimedean Lie 
C* -algebra homomorphism H : A — >■ B satisfying (2.8). 

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique C- 
linear mapping H : A — >■ B satisfying (2.8). The mapping H : A — > B is given 
by 

H (x) = lim 

for all x G A. 
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It follows from (4.1) that 

\\H([x,y])-[H(x),H(y)]\\ B = Mm ± ||/(4"[x, y\) - [/(2»x), f(2 n y)} \\ B 
for all x, y G A. Then, 

H([x,y]) = [H(x),H(y)] 

for all x,y G A. 

Thus H : A — > B is a non-Archimedean Lie C*-algebra homomorphism satisfying 
(2.8), as desired. □ 

Corollary 4.3. Let r < 1 and 6 be nonnegative real numbers, and let f : A — )■ _B &e a 

mapping satisfying (2.16) snc/i ina£ 

||/([x,y])-[/(x),/(y)]|| B < fl(||x||^+||y||y (4.2) 

/or all x,y E A. Then there exists a unique non-Archimedean Lie C* -algebra homo- 
morphism H : A — )> B satisfying (2.19). 

Proof. The proof follows from Theorem 4.2 by taking 

ip(x,y) = i/>(x,y) := 0(\\x\\ r A + \\y\\ r A ) 

for all x, y G A. Then L = |2| r_1 and we get the desired result. □ 

Theorem 4.4. Let f : A B be a mapping for which there are functions <p,ip : 
A 2 ->■ [0, oo) and 7] : A ->■ [0, oo) satisfying (2.2), (2.5), (2.6) and (4.1). If there exists 
an L < 1 snc/i £/ia£ 0) < ||| Lip(2x, 0) /or a// rr G A, £/ien inere exists a unique 
non- Archimedean Lie C* -algebra homomorphism H : A — >■ 5 satisfying (2.23). 

Proof. The proof is similar to the proofs of Theorems 2.1 and 4.2. □ 

Corollary 4.5. Lei r > 2 and 0 be nonnegative real numbers, and let f : A B be a 

mapping satisfying (2.16) and (4.2). Then there exists a unique non- Archimedean Lie 
C* -algebra homomorphism H : A — >■ B satisfying (2.25). 

Proof. The proof follows from Theorem 4.4 by taking 

<p(x,y) = ip(x,y) := 9(\\x\\ r A + \\y\\ r A ) 
for all x, y G A. Then L = |2| 1_r and we get the desired result. □ 

Remark 4.6. For inequalities controlled by the product of powers of norms, one can 
obtain similar results to Theorems 2.5 and 2.7 and their corollaries. 
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5. Stability of non- Archimedean Lie derivations on C*-algebras 

Definition 5.1. Let A be a non- Archimedean Lie C*-algebra. A C-linear mapping 
5 : A — > A is called a Lie derivation if 5([x, y}) = [S(x),y] + [x, S(y)} for all x,y G A. 

Throughout this section, assume that A is a non-Archimedean Lie C*-algebra with 
norm || • \\ A . 

We prove the generalized Hyers-Ulam stability of derivations on non-Archimedean 
Lie C*-algebras for the functional equation D fl f(x,y) = 0. 

Theorem 5.2. Let f : A — >■ A be a mapping for which there exists a function <p,ip : 
A 2 — > [0, oo) satisfying (2.5), (2.6) and (3.1) such that 

\\f([x : y})-[f(x),y}-[xJ(y)}\\ A < ^(x,y) (5.1) 

for all x,y G A. If there exists an L < 1 such that ip(x, 0) < |2|L</?(|, 0) for all x G A. 
Then there exists a unique Lie derivation 5 : A — > A satisfying (3.3). 

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique 
involutive C-linear mapping 5 : A — > A satisfying (3.3). The mapping 5 : A — > A is 
given by 

i(st) = Um Ipt 

y ' n-5>oo 2™ 

for all x G A. 

It follows from (4.1) that 



\\5([x,y])-[5(x),y]-[x,5(y)]\\ A 

= Jl^^ll^ 4 ^) " \f<r x )>ry] - [2 n x,f(2 n y)]\\ A 

< lim ^-i)(2 n xXy) = 0 
for all x,y G A. Then, 

8([x,y]) = [6(x),y] + [x,6(y)} 
for all x, y G A. Thus S : A — > A is a derivation satisfying (3.3). □ 

Corollary 5.3. Let r < 1 and 0 6e nonnegative real numbers, and let f : A ^ A be a 

mapping satisfying (3.4) such that 

\\f([x, y })-[f(x), y }-[x,f(y)}\\ A < e(\\x\\ A +\\y\\ r A ) (5.2) 

for allx,y G A. Then there exists a unique non- Archimedean Lie derivation 5 : A — > A 
satisfying (3.6). 

Proof The proof follows from Theorem 4.2 by taking 

<p(x,y) = ip{x,y) := 0(\\x\\ r A + \\y\\ r A ) 



488 



SUN YOUNG JANG ET AL 472-491 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 

18 JANG, SAADATI 

and 

r](x) := e\\x\\ r A 

for all x,y E A. Then L = |2| r_1 and we get the desired result. □ 

Theorem 5.4. Let f : A — >■ A be a mapping for which there exists a function tp,if) : 
A 2 ->■ [0,oo) and r] : A^ [0, oo) satisfying (2.20), (2.21), (2.22), (3.1) and (5.1). // 
there exists an L < 1 s«c/i £/ia£ y?(x, 0) < j^f Lip(2x, 0) /or a// x E A, then there exists 
a unique Lie derivation 5 : A — > A satisfying (3.7). 

Proof. The proof is similar to the proofs of Theorems 2.3 and 4.2. □ 

Corollary 5.5. Let r > 2 and 0 &e nonnegative real numbers, and let f : A —> A 

be a mapping satisfying (3.4) and (5.2). Then there exists a unique Lie derivation 
5 : A — > A satisfying (3.8). 

Proof. The proof follows from Theorem 5.4 by taking 

ip(x,y) = i/>(x,y) := 0(\\x\\ r A + \\y\\ r A ) 
for all x, y E A. Then L = |2| 1_r and we get the desired result. □ 

Remark 5.6. For inequalities controlled by the product of powers of norms, one can 
obtain similar results to Theorems 2.5 and 2.7 and their corollaries. 
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Abstract 

In this paper, we introduce the concept of possibility interval-valued fuzzy soft set 
which is an extension to possibility fuzzy soft set. Some operations on a possibility 
interval-valued fuzzy soft set are investigated, such as complement operation, union 
and intersection operations, "AND" and "OR" operations. We have further studied 
the similarity between two possibility interval-valued fuzzy soft sets. Finally, applica- 
tion of possibility interval-valued fuzzy soft sets in decision making problem has been 
shown. 

Key words: Interval- valued fuzzy set; Possibility fuzzy soft set; Possibility interval- 
valued fuzzy soft set; Similarity measure 

1 Introduction 

Molodtsov [1] initiated a novel concept called soft sets as a new mathematical tool for 
dealing with uncertainties. The soft set theory is free from many difficulties that have 
troubled the usual theoretical approaches. It has been found that fuzzy sets, rough sets, 
and soft sets are closely related concepts [2]. Soft set theory has potential applications 
in many different fields including the smoothness of functions, game theory, operational 
research, Perron integration, probability theory, and measurement theory [1,3]. 

Research works on soft sets are very active and progressing rapidly in these years. Maji 
et al. [4] defined several operations on soft sets and made a theoretical study on the theory 
of soft sets. Jun [5] introduced the notion of soft BCK/BCI-algebras. Jun and Park [6] 

'Corresponding author. Address: School of Mathematics and Computer Science Northwest University 
for Nationalities, Lanzhou, Gansu, 730030, P. R. China. E-mail:lingdianstar@163.com 
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discussed the applications of soft sets in ideal theory of BCK/BCI-algebras. Feng et al. [7] 
applied soft set theory to the study of semirings and initiated the notion of soft semirings. 
Furthermore, based on [4], Ali et al. [8] introduced some new operations on soft sets and 
improved the notion of complement of soft set. They proved that certain De- Morgan's 
laws hold in soft set theory. Qin and Hong [9] introduced the notion of soft equality 
and established lattice structures and soft quotient algebras of soft sets. Yang et al. [10] 
presented the concept of the interval- valued fuzzy soft sets by combining interval-valued 
fuzzy set [11-13] and soft set models. Feng et al. [14] provided a framework to combine 
fuzzy sets, rough sets and soft sets all together, which gives rise to several interesting new 
concepts such as rough soft sets, soft rough sets and soft rough fuzzy sets. Park et al [15] 
discussed some properties of equivalence soft set relations. Shabir [16] presented a new 
approach to soft rough sets by combining the rough set and soft set. By combining fuzzy 
set and soft set models, Maji et al [17] presented the notion of generalized fuzzy soft sets 
theory. Zhou [18] and Alkhazaleh [19] presented the notion of generalized interval-valued 
fuzzy soft sets theory by combining generalized fuzzy soft set and interval-valued fuzzy 
set respectively. Alkhazaleh et al. [20] defined and studied the possibility fuzzy soft sets 
where a possibility of each element in the universe is attached with the parameterization 
of fuzzy sets while defining a fuzzy soft set. The purpose of this paper is to combine 
the interval- valued fuzzy set and possibility fuzzy soft soft, from which we can obtain a 
new soft set model: possibility interval-valued fuzzy soft set theory. Intuitively, possibility 
interval-valued fuzzy soft set theory presented in this paper is an extension of interval- 
valued fuzzy soft set and possibility fuzzy soft set. We have further studied the similarity 
between two possibility interval- valued fuzzy soft sets. We finally present examples which 
show that the decision making method of possibility interval- valued fuzzy soft set can be 
successfully applied to many problems that contain uncertainties. 

The rest of this paper is organized as follows. The following section briefly reviews some 
backgrounds on interval- valued fuzzy sets, soft sets, fuzzy soft sets and possibility fuzzy 
soft softs. In section 3, the concept of possibility interval- valued fuzzy soft set is presented. 
The complement, union, intersection, sum, "AND" and "OR" operations on the possibility 
interval- valued fuzzy soft set are then defined. Also their some interesting properties have 
been investigated. In section 4, similarity between two possibility interval-valued fuzzy 
soft sets has been discussed. An application of possibility interval-valued fuzzy soft set in 
decision making problem has been shown in section 5. Section 6 concludes the paper. 

2 Preliminaries 

In this section, we briefly review the concepts of interval-valued fuzzy sets, soft sets, 
possibility fuzzy soft sets, interval-valued fuzzy soft sets, and so on. Further details could 
be found in [1,10-13,18-20]. Throughout this paper, unless otherwise stated, U refers to 
an initial universe, E is a set of parameters, P(U) is the power set of U, and ACE. 
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Definition 2.1 ( [11]) An interval-valued fuzzy set X on a universe U is a mapping such 
that 

X : U -> Jnt( [0,1]), 
where lnt([0,l]) stands for the set of all closed subintervals of [0,1]. 

For the sake of convenience, the set of all interval-valued fuzzy sets on U is denoted 
by IVF(U). Suppose that X G IVF(U),Vx G U,n%(x) = [^(x) , n±(x)} is called the 
degree of membership an element x to X. fi^(x) and fi%(x) are referred to as the lower 
and upper degrees of membership an element x to X where 0 < ^(x) < n%(x) < 1. 

The basic operations on IVF{U) are defined as follows : for all X, Y G IVF(U), then 

(1) the complement of X is denoted by X c where 
H\{x) = 1 - Hx(x) = [1 - /4(aO, 1 ~ 

(2) the intersection of X and Y is denoted by X n 1" where 

^xny( x ) = in /[/ i x( x )'^y( x )] = [* n /(/^( x )> m£0*0)> *n/(/*J(«)>A»J(ic))]; 

(3) the union of X and Y is denoted by X U Y" where 

^xuy( x ) = su p[Vx( x )^y( x )} = [sup(^(x),^(x)),sup(n±(x),n^(x))]; 

(4) the sum of X and Y is denoted by X © Y where 

Vx®y( x ) = KfiM^M + Py(x))},inf{l,(n±(x) +/xt(x))}]; 

Definition 2.2 ( [1]) ^4 pair (F, A) is called a soft set over U, where F is a mapping 
given by F : A -> P(f7). 

Definition 2.3 ( [21]) ^4 pair (i 7 , A) is called a fuzzy soft set over U if A C E and 
F : A — ► F(U), where F(U) is the set of all fuzzy subsets of U. 

Definition 2.4 ( [20]) Let U = {x±,X2,--- ,x n } be the universal set of elements and 
E = {ei,e2,-- - , e m } be the universal set of parameters. The pair (U,E) is called a soft 
universe. Let F : E — > F(U), and fi be a fuzzy subset of E, i.e./j, : E — > F(U). Let 
F^ : E — > F(f7) x F(?7) 6e a function defined as follows: 
F ll (e) = (F(e)(x), f i(e)(x)),VxeU. 

Then F^ is called a possibility fuzzy soft set (PFSS in short) over the soft universe 
(U,E). 

For each parameter a, F^(ei) = (F(ei)(x), fi(ei)(x)) indicates not only the degree of 
belongingness of the elements of U in F(e«) but also the degree of possibility of belong- 
ingness of the elements of U in F(ej) which is represented by n(ei). 

Definition 2.5 ( [22]) A t-norm is an increasing, associative, and commutative mapping 
T : [0, 1] x [0, 1] — > [0, 1] that satisfies the boundary condition: T(a, 1) = a for all a G [0, 1]. 
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Definition 2.6 ( [22]) A t-conorm is an increasing, associative, and commutative map- 
ping S : [0, 1] x [0, 1] — ► [0, 1] that satisfies the boundary condition: S(a, 0) = a for all 
a G [0,1]. 

3 Possibility interval-valued fuzzy soft sets 

3.1 Concept of possibility interval- valued fuzzy soft set 

In this subsection, we generalized the the concept of possibility fuzzy soft sets as 
introduced by S.Alkhazaleh et al. [20]. In our generalization of possibility fuzzy soft set, 
a possibility of each element in the universe is attached with the parameterization of 
interval- valued fuzzy sets while defining an interval- valued fuzzy soft set. 

Definition 3.1 Let U = {x±,X2,--- ,x n } be the universal set of elements and E = 
{ei,e2,-- - , e m } be the universal set of parameters. The pair (U,E) is called a soft uni- 
verse. Suppose that F : E — ► IVF(U), and f is an interval-valued fuzzy subset of E, 
i.e.f : E — ► IVF(U). We say that Fj is a possibility interval-valued fuzzy soft set(PIVFSS, 
in short) over the soft universe (U, E) if and only if Fj is a mapping given by 

Ff.E-> IVF(U) x IVF(U), 

where Fj(e) = (F(e)(x), f(e)(x)), Vx G U. 

For each parameter ei,Fj{ei) = (F(ei)(x), /(ej)(x)) indicates not only the range of 
belongingness of the elements of U in F(ei) but also the range of possibility of such 
belongingness of the elements of U in F(ei), which is represented by /(e^). So we can 
write Fj(ei) as follows: 

F f (ei) = {(x, [^J ei] (x)}, [^ (ei) (x), M ± (ei) (x)]) : x G U}. 

Sometimes we write Fj as (Fj, E). If A C E, we can also have a PIVFSS (Fj, A). 

Remark 3.2 A possibility interval-valued fuzzy soft set is also a special case of a soft set 
because it is still a mapping from parameters to IVF(U) x IVF(U). If Ve G E,\/xi G 
U,ii~~ Axi) = fit Axi), and fi~ (xi) = fi~~ (xj), then Fz will be degenerated to be a 
possibility fuzzy soft set [20]. 

Example 3.3 Let U be a set of three houses under consideration of a decision maker to 
purchase, which is denoted by U = {xi,X2,X3}. Let E be a parameter set, where E = 
{ei, e2, e^}={ expensive; beautiful; in the green surroundings}. Let Fj : E — > IVF(U) x 
IVF(U) be a function given by as follows: 

Ff(ei) = {(xi, [0.2, 0.6], [0.1, 0.8]), (x 2 , [0.6, 0.8], [0.7, 0.8]), (x 3 , [0.5, 0.7], [0.8, 0.9])}, 
Ff(e 2 ) = {(xi, [0.7, 0.8], [0.1, 0.3]), (x 2 , [0.2, 0.4], [0.5, 0.8]), (x 3 , [0.4, 0.7], [0.6, 0.8])}, 
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F f <e 3 ) = {(xi, [0.4, 0.6], [0.5, 0.7]), (x 2 , [0.4, 0.8], [0.5, 0.7]), (x 3 , [0.1, 0.6], [0.3, 0.4])}. 
Then Fj is a PIVFSS over (U, E). 

In matrix notation, we write 



F f 



( [0.2,0.6], [0.1,0.8] [0.6,0.8], [0.7,0.8] [0.5,0.7], [0.8,0.9] \ 

[0.7,0.8], [0.1,0.3] [0.2,0.4], [0.5,0.8] [0.4,0.7], [0.6,0.8] 
v [0.4,0.6], [0.5,0.7] [0.4,0.8], [0.5,0.7] [0.1,0.6], [0.3,0.4] j 



Definition 3.4 Let Fj and G g be two PIVFSS over (U,E). Now Fj is said to be a 
possibility interval-valued fuzzy soft subset of G g if and only if 

(1) /(e) is an interval-valued fuzzy subset of g(e), for all e € E, 

(2) F(e) is also an interval-valued fuzzy subset of G(e), for all e 6 E. 
In this case, we write Fj C G g . 

Example 3.5 Consider the PIVFSS Fj over (U,E) given in Example 3.3. Let G g be 

another PIVFSS over (U, E) defined as follows: 

G g ( ei ) = {(xi, [0.1, 0.5], [0.1, 0.5]), (x 2 , [0.3, 0.6], [0.5, 0.7]), (a*, [0.2, 0.5], [0.6, 0.7])}, 
G- g (e 2 ) = {( Xl , [0.3, 0.6], [0.1, 0.2]), (x 2 , [0.1, 0.3], [0.4, 0.7]), (x 3 , [0.3, 0.6], [0.4, 0.7])}, 
G g (e 3 ) = {(si, [0.1, OA], [0.3, 0.4]), (x 2 , [0.2, 0.5], [0.3, 0.4]), (x 3 , [0.1, 0.3], [0.2, 0.3])}. 
Clearly, we have G g C Fj. 

Definition 3.6 Let Fj and G g be two PIVFSSs over (U, E). Now Fj and G g are said to 
be a possibility interval-valued fuzzy soft equal if and only if 

(1) Fj is a possibility interval-valued fuzzy soft subset of G g ; 

(2) G g is a possibility interval-valued fuzzy soft subset of Fj, 
which can be denoted by Fj = G g . 

3.2 Operations on possibility interval-valued fuzzy soft set 

Definition 3.7 The complement of Fj, denoted by F c ~, is defined by F~ = G g , where 
G(e)=F c (e),5(e)=/ c (e). 

From the above definition, we can see that (F~) c = Fj. 

Example 3.8 Consider the PIVFSS G g over (U,E) defined in Example 3.5. Thus, by 
Definition 3.7, we have 



( [0.5,0.9], [0.5,0.9] [0.4,0.7], [0.3,0. 5] [0.5, 0.8], [0.3,0. 4] 
[0.4,0.7], [0.8,0.9] [0.7,0.9], [0.3,0.6] [0.4,0.7], [0.3,0.6] 
v [0.6,0.9], [0.6,0.7] [0.5,0.8], [0.6,0.7] [0.7,0.9], [0.7,0.8] 
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Definition 3.9 The union operation on the two PIVFSSs Fj and Gg, denoted by FjUG g , 
is defined by a mapping given by : E — > IVF(U) x IVF(U), such that H^e) = 
(H(e)(x),h(e)(x)), where H(e) = S(F(e),G(e)) = [S(^ (e) (x),^ {e) (x)), e) (x), /x+ e) (x))] 

and h(e) = [S(fiJ^(x), l*~( e) (x)), S(fit^(x), fi~ {e) (x))]. 

Definition 3.10 The intersection operation on the two PIVFSSs Fj and Gg, denoted by 
FjflGg, is defined by a mapping given by H~ h : E — ► IVF(U) xIVF(U), such that H~ h {e) = 
(H(e)(x),h(e)(x)), where H{e) = T(F(e), G{e)) = [T(^ (e) (x), ^ {e) (x)), T(/x+ e) (x), /x+ e) (x))] 
and h(e) = [T(nJ^(x), fJ-~ {e) (x)), T(/zt ^( x ), n^ e) (x))]. 

Definition 3.11 The sum operation on the two PIVFSSs Fj and G g , denoted by Ff(BGg, 



f 



is defined by a mapping given by : E — > IVF(U) x IVF(U), such that U^e) = 
(H(e)(x),h(e)(x)), where H(e) = F(e) 0 G(e), h(e) = f(e)®g(e). 

Example 3.12 Let us consider the PIVFSS Fj in Example 3.3. Let G g be another 

PIVFSS over (U, E) defined as follows: 

Gg(ei) = {(xi, [0.4, 0.8], [0.1, 0.5]), (x 2 , [0.5, 0.9], [0.1, 0.5]), (x 3 , [0.1, 0.4], [0.3, 0.7])}, 
G- g (e 2 ) = {(x u [0.4, 0.7], [0.4, 0.8]), (x 2 , [0.3, 0.5], [0.6, 0.8]), (x 3 , [0.7, 0.8], [0.3, 0.6])}, 
G g (e 3 ) = {( Xl , [0.3, 0.6], [0.2, 0.4]), (x 2 , [0.1, 0.3], [0.5, 0.7]), (x 3 , [0.4, 0.5], [0.7, 0.9])}. 
// S=sup and T=infi then we have 



FjUGg 



FjUGg 



G„ 



( [04,0. 8], [0.1,0. 8] [0.6,0.9], [0.7,0. 8} [0. 5,0.7], [0. 8,0.9] \ 

[0.7,0.8], [0.4,0.8] [0.3,0.5], [0.6,0.8] [0.7,0.8], [0.6,0.8] 

v [04,0.6], [0.5,0.7] [04,0.8], [0.5,0.7] [04,0.6], [0. 7,0.9] j 

[0.2,0.6], [0.1,0. 5] [0.5,0. 8], [0.1,0. 5] [0.1,04], [0.3,0.7] 

[04,0.7], [0.1,0.3] [0.2,04], [0.5,0. 8] [04,0.7], [0.3,0.6] 

[0.3, 0.6], [0.2,0 4] [0.1,0. 3], [0.5,0.7] [0.1,0. 5], [0.3,04] 

[0.6,1.0], [0.2,1.0] [1.0,1.0], [0.8, 1.0] [0.6,1.0], [1.0,1.0] \ 

[1.0,1.0], [0.5, 1.0] [0.5,0.9], [1.0, 1.0] [1.0,1.0], [0.9,1.0] 

[0.7,1.0], [0.7,1.0] [0.5,1.0], [1.0, 1.0] [0. 5, 1.0], [1.0, 1.0] j 



Definition 3.13 A PIVFSS is said to a possibility F— empty interval-valued fuzzy soft 
set, denoted by F~ 0 , if F 5 : E -> IVF(U) x IVF(U), such that Fg(e) = (F(e)(s),6(e)(x)), 
where 0(e) = 0,Ve G E. 

If F{e) = 0, then the possibility F— empty interval-valued fuzzy soft set is called a 
possibility empty interval-valued fuzzy soft set, denoted by 0g. 

Definition 3.14 A PIVFSS is said to a possibility F— universal interval-valued fuzzy soft 
set, denoted by Fj, if F l :E -> IVF(U) x IVF(U), such that Fj(e) = (F(e)(x), 1(e) (x)), 
where 1(e) = U, Ve G E. 
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If F{e) = U, then the possibility F— universal interval-valued fuzzy soft set is called a 
possibility universal interval-valued fuzzy soft set, denoted by C/j. 

From the above definitions , obviously we have 

(1) 0o E E Fj E Fj C Ui, 

(2) &. = V h U9 = 0- Q 

Theorem 3.15 Let Fj be a PIVFSS over (U,E), then the following holds: 

(1) F f U0~ o = F f ~,F f n0~ Q = 0~ o , 

(2) Fj UU i = U h Fj n Ui = Fj. 

Proof. By Definition 2.5, 2.6, 3.9, and 3.10, the above properties are straightforward. □ 

Remark 3.16 Let Fj be a PIVFSS over {U, E), if Fj / ^ or Fj / 0~ o , then Fj U FJ / 
U h and FjT\F c ~ / 0 5 . 

Theorem 3.17 Let Fj, G g and R~ h be any three PIVFSSs over (U, E), then the following 
holds: 

(1) Fj UGg = G g U Fj, 

(2) Fj V\G g = G g n Fj, 

(3) Fj U {G- g U H~ h ) = (Fj U Gg) U H~ h , 

(4) Fj n {G~ g n H~ h ) = (F f n G~ g ) n H~ h . 

Proof. The properties follow from Definition 2.5, 2.6, 3.9, and 3.10. □ 

Theorem 3.18 Let Fj and G g be two PIVFSSs over (U,E). Then De-Morgan's laws are 
valid: 

(1) (FjUG~ g y = F c f nGI, 
(%) {Fj n G g ) c = Fju G~. 

Proof. Suppose that Fj U G g = H~ h , then for all e G E, 

H(e) = S(F(e),G(e)) = [S{^ {e) {x), ^ {e) (x)), S{^ e) {x), M + e) (x))] and h(e)) = 

^](e) ^ "F(e) (*)) > ^/ (e) (*) . 4e) ^ » " 

Thus H%e) = [1 - 5^+ e) (x) >A iJ (e) (x)),l - S{^{ x ), ^ (e) (*))] and fc<=( e )) = [1 - 
5(^ (e) (x) , M J e) (x) ) , 1 - S( M J ie) (*) , /ij (e) (x) )] . 

Again suppose that F~ n G~ = A, then for all e E £, 

/(e) = [T(l - Mj (e) (x), 1 - M + e) (x)),T(l - ^ (e) (*), 1 - /^ (e) (z))] 
= [1 - e) (x),/i+ (e) (x)),l - 5(^ (c) (x),^ (e) (a:))] 
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and 

i(e) = [T(l - M + e) (s), 1 - /i+ e) (x)),T(l - M J (e) (x), 1 - ^ (e) (*))] 
= [1 - S(^t (e) (x),/it (c) (x)),i - 5(/ij (e) (x),^r (e) (x))] 

We see that H~=h. 

h 1 

Likewise, the proof of (2) can be made similarly. □ 

Remark 3.19 Let Ff, G g and H~ h be any three PIVFSSs over (U, E). Then the following 
does not hold here 

(1) F f u (G g n H~ h ) = (F } u Gg) n (F f u H~ h ), 

(2) F f n (G g u H~ h ) = (F f n G § ) u (F f ~ n H~ h ). 

But if we take standard interval-valued fuzzy operations then distributive property holds. 

Definition 3.20 Let (Ff, A) and (G g , B) be two PIVFSSs over (U, E). The "(Ff, A) AND (Gg, B) ", 
denoted by (Ff,A) A (G g ,B), is defined by 

(F f ,A)A(G- g ,B) = (H- h ,AxB), 

where H^(a,fi) = (H(a, (3)(x), h(a, f3)(x)), for all (a, (3) £ Ax B, such that H(a,(3) = 
[r(^ {e) (x),^ (e) (x)),T(4 (e) (x),^ {e) (x))] ; andKa,f5) = [T(aZ {e) ( x )^- {e) ( x )),T(^ 

Definition 3.21 Let (Ff, A) and (G g , B) be two PIVFSSs over (U, E). The "(Ff, A) OR (Gg, B) ", 
denoted by (Ff,A) V (G g ,B), is defined by 

(F f -,A)W(G- g ,B) = (H- h ,AxB), 

where ^(a,/3) = (H(a, P)(x), h(a, (3)(x)), for all (a, (3) £ Ax B, such that H(ot,(3) = 

\ S (A* J (e) ( x ) > A*g (e) {x)),S(/it {e) (x), n J (e) (x))], andh(a,f3) = [S (nj {e) (x) , fJ,~ (e} (x)),S e) (x) , M~" (e) (x) )] . 

Theorem 3.22 Let (Ff, A) and (Gg, B) be two PIVFSSs over (U,E). Then 

(1) ((Ff, A) A (G g ,B)Y = (Ff,Af V (G g ,B) c , 

(2) ((Ff, A) V (G g ,B)Y = (Ff,Af A (G g ,B) c . 

Proof. (1) Suppose that (Ff,A)A(G g , B) = (H~ h , AxB), where H~ h (a, (3) = (H(a, (3)(x), h(a, 0)(x)), 
for all (a, j3) G Ax B, such that H(a,f3) = [T(jij: (x), (x)), T(n± (x), n£ (x))] 
and h(a,0) = [T(fij (x), fJ>~ {e) (x)) , T(/i± (x), n+ {e) (x))\. 

Thus H c (a,(3) = [1 -T(n± {e) (x),n± (e) (x)),l - T(^ {e) (x), ^ {e) (x))] and ~h c (a,(3) = 
[1 -T( M J (x),n+ e) (x)),l -T(aZ (x),u- {e) (x))]. 
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Again suppose that (Fj, A) c V(G g , B) c = (I h AxB), where Ij(a, (3) = (I (a, (3)(x),i(a, (3)(x)), 
for all (a, (3) G A x B, such that 

I(a, 13) = [S(l - M + (e) (x), 1 - 4 (e) (x)), 5(1 - 1 - M3 (e) (z))] 

= I 1 -^(e)^)'^)^))' 1 - T (^ (e) (x),M3 (e) (x))] 

and 

i(a, /?) = [5(1 - M + (e) (x), 1 - 4 e) (x)), S(l - »j {e) (x), 1 - »~ {e) (x))} 
= [1 - r(A*+ e) (x) , M + (e) (*)),!- T( M J (e) (x) , n' g{e) (x) )] 

We see that = 

Likewise, the proof of (2) can be made similarly. □ 

Theorem 3.23 Let (F f -,A), (G~ g ,B) and (H~ h ,C) be any three PIVFSSs over (U,E). 
Then we have 

(1) (Fj., A) A ((G~ g , B) A (H~ h , C)) = «F f , A) A (G- g , B)) A (% C), 

(2) (F f , A) V ((G~ g , B) V (H~ h , C)) = ((Fj;, A) V (G g , B)) V (H~ h , C). 

Proof. The proof follows from Definition 2.5, 2.6, 3.20 and 3.21. □ 

Remark 3.24 Let (Fj, A), (Gg, B) and (H~ h , C) be any three PIVFSSs over (U, E) . Then 
the following does not hold here 

(1) (F f , A) A ((G- g , B) V (H~ h , C)) = ((Fj, A) A (G g , B)) V ((Fj, A) A (H~ h , C)), 

(2) (Fj, A) V ((G- g , B) A (H~ h , C)) = ((Fj, A) V (G~ g , B)) A ((Fj, A) V (H~ h , C)). 

But if we take standard interval-valued fuzzy operations then distributive property holds. 

Remark 3.25 Let (Fj, A) and (Gg, B) be two PIVFSSs over (U,E). For all (a, 13) G 

Ax B, if a + (3, then (Gg, B) A (Fj, A) + (Fj, A) A (G~ g ,B), and (Gg, B) V (Fj, A) + 
(Fj,A)\l(G~ g ,B). 

4 Similarity between two possibility interval-valued fuzzy 
soft sets 

In this section, a measure of similarity between two PIVFSSs has been given. 

Definition 4.1 Let Fj and G g be two PIVFSSs over (U,E). Similarity interval between 
two PIVFSSs Fj and G g , denoted by S(Fj,G g ), is defined by 

S(Fj,Gg) = [<p-(F,G) ■ 1>-(f,g),<p+(F,G) ■ 4> + (f,~g)}, 
such that 
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<p~(F, G) = min{ Vl {F, G),ip 2 (F, G)), 
G) = max( Vl (F, G), y 2 {F, G)), 



where 



= < 



* Er=i m3X xeu{min(n p , (x)^^ (x))} 




otherwise. 



MF,G) 



_ E"=i max xeu{max(n~^ ^(x),iJ,^ e ^x))} ' 

Y™ =1 max xeU {min(fi-t {ei) (x),fj,^ {ei) (x))} 



J2i =1 max a;6C7 {max(/xJ (ej) (x), AiJ (e . } (x))} ' 



^ (f,g) = < E 




otherwise. 



_ E"=i max a . eC7 {max(/i / - (e } (x)jt- (ej) (x))} ' 




E?=i max.gt/jmmt^^), ^+^(2;))} 



Er=i max a . et /{max(/it ( x ) , (x)) } 



Definition 4.2 Let F? and G g be two PIVFSSs over (U,E). We can write 



which is called the similarity measure of two PIVFSSs Fj and Gg. If s > we say 
that two PIVFSS are significantly similar. Otherwise, we say that two PIVFSS are not 
significantly similar. 

From the above definition, we can easily obtain the following theorem. 

Theorem 4.3 Let Fj , G g and H~ h be any three PIVFSSs over (U, E). Then the following 
holds: 



Example 4.4 Let F? and G g be two PIVFSSs over (U, E), respectively, defined as follows: 



Ff(ei) = {(xi, [0.4, 0.7], [0.1, 0.3]), (x 2 , [0.1, 0.5], [0.2, 0.7]), (x 3 , [0.5, 0.6], [0.1, 0.3])}, 
F f (e 2 ) = {(xi, [0.1, 0.5], [0.2, 0.6]), (x 2 , [0.3, 0.4], [0.1, 0.4]), (x 3 , [0.8, 0.9], [0.2, 0.6])}, 
Ff(e 3 ) = {(xi, [0.3, 0.6], [0.4, 0.7]), (x 2 , [0.5, 0.9], [0.4, 0.7]), (x 3 , [0.3, 0.7], [0.4, 0.9])}, 
Gff(ei) = {(xi, [0.5, 0.7], [0.2, 0.6]), (x 2 , [0.0, 0.4], [0.1, 0.3]), (x 3 , [0.3, 0.5], [0.4, 0.6])}, 
G- g (e 2 ) = {( Xl , [0.4, 0.8], [0.1, 0.5]), (x 2 , [0.8, 0.9], [0.2, 0.5]), (x 3 , [0.4, 0.7], [0.5, 0.8])}, 
G g (e 3 ) = {(xi, [0.4, 0.7], [0.5, 0.8]), (x 2 , [0.4, 0.7], [0.2, 0.6]), (x 3 , [0.6, 0.9], [0.4, 0.7])}. 



s = 



tp~(F, G) ■ ip-(f,~g) + <p+{F, G) ■ 4+(f,g) 



2 



(1) S(F f ,Gg) = S(G~g,F f ), 

(2) F f = G~ g + 0 S(F f ~, Gg) = [1, 1], 

(3) F- QG~ g QH~ h ^ S(F~, H- h ) < S(G~ g , H~ h ). 
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By Definition 4-1, we have (pi(F,G) = 0.63, V'lX/, <?) = 0.5,f 2 (F,G) = 0.84, and 
Mf,~g) =0.67. Then v ~ (F,G) = 0.63, ^~(f, g) = 0.5, <p+(F,G) = 0.84, and i>+(] ,~g) = 
0.67. 

Hence, the similarity interval between the two PIVFSSs Fj and G g will be 

S(F f ~,G~ g ) = [<p-(F,G)^-(f,~g),<p+(F,G)-^(f,~9)} = [0.32,0.56]. 
Here the similarity measure s = 0.44 < \. So Fj and G g aren't significantly similar. 

5 Application of possibility interval-valued fuzzy soft set 

In this section an application of AND operation of PIVFSS theory in a decision making 
problem is shown below. 

Assume that a company want to fill a position. There are three candidates who form 
the set of alternatives, U = {x\, x 2 , x 3 }. The hiring committee consider a set of param- 
eters, E = {ei,e 2 ,e 3 }. The parameters ei(i = 1,2,3) stand for "experience", "computer 
knowledge" and "young age" , respectively. Suppose the company wants to select one such 
candidate depending on any two of the parameters only Let there be two observations Fj 
and Gg by two experts A and B, respectively, defined as follows: 

= {(xi, [0.2, 0.5], [0.6, 0.8]), (x 2 , [0.2, 0.4], [0.1, 0.3]), (x 3 , [0.4, 0.5], [0.5, 0.8])}, 
F f (e 2 ) = {(xi, [0.6, 0.8], [0.1, 0.4]), (x 2 , [0.3, 0.5], [0.4, 0.7]), (x 3 , [0.6, 0.9], [0.1, 0.4])}, 
Ffies) = {(xi, [0.6, 0.9], [0.6, 0.7]), (x 2 , [0.4, 0.6], [0.3, 0.6]), (x 3 , [0.3, 0.5], [0.4, 0.6])}. 
G~ g (ei) = {(x u [0.2, 0.4], [0.5, 0.7]), (x 2 , [0.3, 0.6], [0.0, 0.2]), (x 3 , [0.2, 0.3], [0.6, 0.7])}, 
G- g (e 2 ) = {(xi, [0.5, 0.9], [0.2, 0.3]), (x 2 , [0.4, 0.5], [0.5, 0.6]), (a*, [0.7, 0.8], [0.2, 0.3])}, 
G- g (e 3 ) = {( Xl , [0.7, 0.8], [0.5, 0.8]), (x 2 , [0.5, 0.7], [0.4, 0.5]), (x 3 , [0.4, 0.5], [0.5, 0.6])}. 
Here, we use AND operation since both experts A and i?'s opinions have to be considered. 
By Definition 3.20, if T=inf, we have (Fj, A) AND (Gg, B) = (H~ h , Ax B), where 

H~ h (ei, ex) = {(x u [0.2, 0.4], [0.5, 0.7]), (x 2 , [0.2, 0.4], [0.0, 0.2]), (x 3 , [0.2, 0.3], [0.5, 0.7])}, 
H h (e u e 2 ) = {(si, [0.2, 0.5], [0.2, 0.3]), (x 2 , [0.2, 0.4], [0.1, 0.3]), (x 3 , [0.4, 0.5], [0.2, 0.3])}, 
H~ h (ei,e 3 ) = {(xi, [0.2, 0.5], [0.5, 0.8]), (x 2 , [0.2, 0.4], [0.1, 0.3]), (x 3 , [0.4, 0.5], [0.5, 0.6])}. 
H~ h (e 2 , ei) = {(si, [0.2, 0.4], [0.1, 0.4]), (x 2 , [0.3, 0.5], [0.0, 0.2]), (x 3 , [0.2, 0.3], [0.1, 0.4])}, 
H h (e 2 , e 2 ) = {(si, [0.5, 0.8], [0.1, 0.3]), (x 2 , [0.3, 0.5], [0.4, 0.6]), (x 3 , [0.6, 0.8], [0.1, 0.3])}, 
H h (e 2 , e 3 ) = {(xi, [0.6, 0.8], [0.1, 0.4]), (x 2 , [0.3, 0.5], [0.4, 0.5]), (x 3 , [0.4, 0.5], [0.1, 0.4])}, 
H~ h (e 3 , ex) = {(xi, [0.2, 0.4], [0.5, 0.7]), (x 2 , [0.3, 0.6], [0.0, 0.2]), (x 3 , [0.2, 0.3], [0.4, 0.6])}, 
H~ h (e 3 , e 2 ) = {(x u [0.5, 0.9], [0.2, 0.3]), (x 2 , [0.4, 0.5], [0.3, 0.6]), (x 3 , [0.3, 0.5], [0.2, 0.3])}, 
H- h (e 3 , e 3 ) = {( Xl , [0.6, 0.8], [0.5, 0.7]), (x 2 , [0.4, 0.6], [0.3, 0.5]), (x 3 , [0.3, 0.5], [0.4, 0.6])}. 
Now, to determine the best candidate, we first compute the numerical grade rij(xk) 
and the corresponding possibility grade Xij(xk) for each (ei,ej) such that 
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Table 1: Numerical grade and possibility grade 





(ei,ei) 


(ei,e 2 ) 


(ei,e 3 ) 


(e2,ei) 


(e2,e 2 ) 


(e2,e 3 ) 


(e3,ei) 


(e3,e 2 ) 


(e3,e 3 ) 


XI 


0.1,1.0 


-0.1,0.1 


-0.1,1.1 


-0.1,0.3 


0.4,-0.6 


1.1,-0.4 


-0.2,1.2 


1.1,-0.4 


1.0,0.6 


X2 


0.1,-2.0 


-0.4,-0.2 


-0.4,-1.6 


0.5,-0.6 


-1.1,1.2 


-0.7,0.8 


0.7,-1.8 


-0.4,0.8 


-0.2,-0.6 


X3 


-0.2,1.0 


0.5,0.1 


0.5,0.5 


-0.4,0.3 


0.7,-0.6 


-0.4,-0.4 


-0.5,0.6 


-0.7,-0.4 


-0.8,0.0 



Table 2: Grade table 





(ei,ei) 


(ei,e 2 ) 


(ei,e 3 ) 


(e 2 ,ei) 


(e 2 ,e 2 ) 


(e2,e 3 ) 


(e 3 ,ei) 


(e 3 ,e 2 ) 


(e 3 ,e 3 ) 


x% 




^3 


^3 


2?2 




x\ 


^2 




Xi 


Highest grade 


X 


0.5 


0.5 


0.5 


X 


1.1 


0.7 


1.1 


X 


Possibility grade 




0.1 


0.5 


-0.6 




-0.4 


-1.8 


-0.4 





The result is shown in Tables 1. 

Now, we mark the highest numerical grade in each column excluding the columns 
which are the possibility grade of such belongingness of a candidate against each pair of 
parameters (see Table 2). Now, the score of each such candidate is calculated by taking the 
sum of the products of these numerical grades with the corresponding possibility \j . The 
candidate with the highest score is the desired person. We do not consider the numerical 
grades of the candidate against the pairs (ej, e,), i = 1,2, 3, as both the parameters are the 
same: 

Score{xi) = 1.1 x (-0.4) + 1.1 x (-0.4) = -0.88, 
Score{x 2 ) = 0.5 x (-0.6) + 0.7 x (-1.8) = -1.56, 
Score(x 3 ) = 0.5 x 0.1 + 0.5 x 0.5 = 0.3. 

The firm will select the candidate with the highest score. Hence, they will select the 
candidate x 3 . 

6 Conclusion 

Soft set theory, proposed by Molodtsov, has been regarded as an effective mathematical 
tool to deal with uncertainty. However, it is difficult to be used to represent the fuzziness 
of problem. In order to handle these types of problem parameters, some fuzzy extensions 
of soft set theory are presented, yielding fuzzy soft set theory. In this paper, the notion of 
possibility interval-valued fuzzy soft set theory is proposed. Our possibility interval-valued 
fuzzy soft set theory is a combination of a possibility fuzzy soft set theory and an interval- 
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valued fuzzy set theory. In other words, our possibility interval-valued fuzzy soft set theory 
is an extension of generalized interval-valued fuzzy soft set theory and possibility fuzzy 
soft set theory. The basic properties of the possibility interval-valued fuzzy soft sets are 
also presented and discussed. Similarity measure of two possibility interval-valued fuzzy 
soft sets is discussed. Finally, an application of this theory has been applied to solve a 
decision making problem. 

In further research, the parameterization reduction of possibility interval-valued fuzzy 
soft sets is an important and interesting issue to be addressed. 

Acknowledgements 

The authors would like to thank the anonymous referees for their valuable comments 
and suggestions. This work is supported by the Natural Science Foundation of China (No. 
71261022), the Fundamental Research Funds for the Central Universities of Northwest 
University for Nationalities (No. 31920130012) and the Young Research Foundation of 
Northwest University for Nationalities (No.l2XB29). 

References 

[I] D.Molodtsov, Soft set theory-First results, Computers and Mathematics with Applications 
37(1999): 19-31. 

[2] H.Aktas, N.Cagman, Soft sets and soft groups, Information Sciences 177(2007) :2726-2735. 

[3] D.Molodtsov, The theory of soft sets. URSS Publishers, Moscow, 2004.(in Russian) 

[4] P.K. Maji, R. Biswas, AR. Roy, Soft set theory, Computers and Mathematics with Applications 
45 (2003) 555-562. 

[5] Y.B. Jun, Soft BCK/BCI-algebras, Computers and Mathematics with Applications 56 (2008) 
1408-1413. 

[6] Y.B. Jun, C.H. Park, Applications of soft sets in ideal theory of BCK/BCI-algebras, Informa- 
tion Sciences 178 (2008) 2466-2475. 

[7] F. Feng, Y.B. Jun, X.Z. Zhao, Soft semirings, Computers and Mathematics with Applications 
56 (2008) 2621-2628. 

[8] M.I. Ali, F. Feng, X. Liu, W.K. Min, M. Shabir, On some new operations in soft set theory, 
Computers and Mathematics with Applications 57 (2009) 1547-1553. 

[9] KY. Qin, ZY. Hong, On soft equality, Journal of Computational and Applied Mathematics 
234 (2010) 1347-1355. 

[10] X.B. Yang, TY. Lin, JY. Yang, Y.Li, DYu, Combination of interval-valued fuzzy set and 
soft set, Computers and Mathematics with Applications 58(3) (2009) 521-527. 

[II] M.B. Gorzalczany, A method of inference in approximate reasoning based on interval- valued 
fuzzy sets, Fuzzy Sets and Systems 21 (1987) 1-17. 



13 
504 



Hai-dong Zhang et al 492-505 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



[12] G. Deschrijver, E.E. Kerre, On the relationship between some extensions of fuzzy set theory, 
Fuzzy Sets and Systems 133 (2003) 227-235. 

[13] G. Deschrijver, E.E. Kerre, Implicators based on binary aggregation operators in interval- 
valued fuzzy set theory, Fuzzy Sets and Systems 153 (2005) 229-248. 

[14] F. Feng, C.X. Li, B. Davvaz, M.I. Ali, Soft sets combined with fuzzy sets and rough sets: a 
tentative approach, Soft Computing 14 (2010) 899-911. 

[15] J. H. Park, O. H. Kima, Y. C. Kwun, Some properties of equivalence soft set relations, 
Computers and Mathematics with Applications 63 (2012) 1079-1088. 

[16] M. Shabir, M.I. Ali, T. Shaheen, Another approach to soft rough sets, Knowledge-Based 
Systems 40 (2013) 72-80. 

[17] P.K. Maji, S.K. Samanta, Generalized fuzzy soft sets, Computers and Mathematics with 
Applications 59 (2010) 1425-1432. 

[18] X.Q. Zhou, Q.G. Li, L.K. Guo, On generalised interval-valued fuzzy soft sets, Journal of 
Applied Mathematics, Volume 2012, Article ID 479783, 18 pages. 

[19] S. Alkhazalch, A.R. Sallch, Generalised interval-valued fuzzy soft set, Journal of Applied 
Mathematics, Volume 2012, Article ID 870504, 18 pages. 

[20] S. Alkhazalch, A.R. Salleh, N. Hassan, Possibility fuzzy soft set, Advances in Decision Sciences, 
Volume 2011, Article ID 479756, 18 pages. 

[21] P.K. Maji, R. Biswas, A.R. Roy, Fuzzy soft set, Journal of Fuzzy Mathematics 9(3) (2001) 
589-602. 

[22] J.S. Mi, Y. Leung, HY. Zhao, and T. Feng, Generalized fuzzy rough sets determined by a 
triangular norm, Information Sciences 178(16) (2008) 3203-3213. 



14 
505 



Hai-dong Zhang et al 492-505 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



On General System of Generalized 
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Abstract. In this paper, we consider a new general system of generalized quasi- 
variational-like inclusions in Hilbert spaces. We suggest a new iterative algorith- 
m for finding an approximate solution to the generalized quasi-variational-like 
inclusion systems, and prove the convergence of the iterative sequence generat- 
ed by the algorithm. The presented results improve and extend some known 
results. 

Key Words and Phrases. General system of generalized quasi-variational-like 
inclusion, maximal ^-monotone mapping, iterative algorithm, existence, conver- 
gence criteria. 
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1 Introduction 

Let Hi be a Hilbert spaces with norm and inner product denoted by || • || and 
(•,•), respectively, and CB(Hi) and 2 Hi denote the family of all nonempty closed 
bounded subsets of Hi and the family of all subsets of Hi for i = 1, 2, • • • , m, 
respectively. Without loss of generality, we suggest that for alii = 1, 2, ■ ■ ■ , m, 
g t : Hi -> Hi, m : Hi x Hi -> H, F u Ti : H x x H 2 x H 3 x • • • x H m -> 
Hi arc single -valued mappings, : Hj — > CB(Hj) (j = 1,2, ■■■ , m) is a 
multivalued mapping, and Mi : Hi — > 2 Hi is a maximal ^-monotone mapping. 
We consider the following general system of generalized quasi-variational-like 
inclusion problem: find (x^x^,--- , x£J € Hi x H 2 x • • • x H m and Uij € 
Aij(xj)(i,j = 1, 2, ■ ■ ■ ,ra) such that 

0 G gi{x*) -g i+1 (x* +1 ) 

+p i (T i {x* 1 ,x* 2 ,--- ,x* m ) + Fi{ua,u i2 ,--- ,u im ) + M^g^x*))), (1.1) 

*The corresponding author: hengyoulan@163.com (H.Y. Lan) 



1 



506 



Ting-jian Xiong et al 506-514 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



where i = 1,2,--- , to, 9m+i{%m+i) = g\(x\), pi is a positive constant. 

Some special cases of problem (1.1) had been studied by many authors. See, 
for example, [1-10, 12-20] and the references therein. Here, we mention some of 
them as follows: 

Case 1. If to — 3, then problem (1.1) reduces to the following problem: find 

(x*,y*,z*) G fli x H 2 x H 3 , u t G Ai(x*),Vi E Bi{y*),Wi E C t {z*),i = 1,2,3, 
such that 

0 G ffi (x*)- g 2 (y* )+p 1 (T 1 (x*,y*,z*) + F 1 ( Ui ,v 1 ,w 1 ) + M 1 ( 9l {x* ))) , 

0 G g2(y*)-93(z*) + P2{T 2 {x*,y*,z*)+F 2 (u2,V2,w 2 )+M 2 (g 2 (y*))), (1.2) 

0 G g 3 (z*) - gi (x*) + p 3 (T 3 (x*,y*,z*) + F 1 (u 3 , v 3 ,w 3 ) + M 3 {g 3 {z*))), 

which is called a system of generalized quasi- variational-likc inclusion considered 
by Qiu and Liu [14]. 

Case 2. When m = 2, and H t = H, F i = O, T { = T, g, = g, M, = M(i = 
1,2), where O is zero mapping on the H, then problem (1.1) becomes to the 
following problem: decide elements x*,y* E H such that 

0 G g(x*) - g(y*) + Pl (T(y*) + M(g(x*))), 

0 G g(y*) - g{x*) + p 2 (T(x*) + M{g{y*))), ^ 6 > 

which was considered by Kazmi and Bhat [9] . 

Case 3. If to = 2, and B l = H, F t = O, T, = P, + Q h g, = I (i = 1, 2), 
where I is identity mapping on the H, then problem (1.1) reduces to finding 
x*,y* E H such that 

0 G x* - y* + pi(Pi(y*) + Qi(y*) + M 1 {x*)), , . 

0 E y* - x* + P2 (P 2 {x*) + Q 2 (x*) + M 2 {y*)). 

Problem (1.4) is called a system of (generalized) nonlinear mixed quasi-variational 
inclusions, which was considered by Peng and Zhu [12] in Banach spaces and 
Agarwal et al. [1] in Hilbert spaces, respectively. 

Case 4. When Mj = dtpi(i — 1, 2), where ipi : H — > (-co, +oo) U {+00} are 
two proper, convex and lower semi-continuous functionals on H and difi denote 
the sub-differentials of the operators ifi for i = 1, 2, then problem (1.4) reduces 
to the following system: find x*,y* G H such that 

{pi(Pi{y*) + Qi{y*)) + x* -y*,s-x*) > pi(v>i(s*) - ¥>i(s)),Vs e ff, ( , 
(p 2 (P 2 (x*) + Q 2 (x*)) +y*- x *,t- y*) > P2 (My*) - Mt))yt G H, {1 - 0) 

which is called a system of generalized nonlinear variational inequalities. If <pi = 
ip 2 = <p, then problem (1.5) changes into the system of generalized nonlinear 
mixed variational inequalities, which was dealt by Kim and Kim [10]. 

Case 5. If Qi = 0(i = 1,2), then problem (1.5) reduces to the following 
problem: find x* ,y* E H such that 

(piPi(y*)+x* -y*, S -x*)> Pl {ip{x*)-ip{s)), VsEH, 
(p 2 P 2 (x*)+y*-x*,t-y*)>p 2 (v(y*)-v(t)), WEH. ^ 
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Problem (1.6) was introduced and studied by Verma [17]. Further, in problem 
(1.6), when ip is the indicator function of a nonempty closed convex set in H 
defined by 

0, yEK, 
oo, y&K, 



then the system (1.6) reduces to the following system: find x* ,y* G H such that 



(piPibf) + x* -y*,s-x*)> 0, V.s g H, 
iP2P 2 (x*)+y* -x*,t-y*) >0, Vtetf, 



(1.7) 



which was introduced and studied by Verma [16, 18, 19]. 

We remark that for appropriate and suitable choices of the mappings gi,T)i,Fi, 
Tj, Aij, Mi = 1,2, ■■■ , m) and positive integer m, problem (1.1) includes 
a number of known class of problems of variational inequality variational in- 
clusion and system of variational inclusion, which were studied previously by 
many authors. For more details, sec [1,3-10,12,14-20] and the references there- 
in. Moreover, Cao [2], Peng et al. [12,13], and other researchers constructed 
some iV-step iterative algorithms for dealing the related problems of variational 
inclusion systems. 

Inspired and motivated by recent works, the purpose of this paper is to 
study a new general system of generalized quasi-variational-like inclusion in 
Hilbert spaces. Further, we construct a new iterative algorithm for finding an 
approximate solution to this system and discuss the convergence analysis of this 
algorithm. 



2 Preliminaries 

In the sequel, we give some concepts and lemmas needed later. 

Definition 2.1. Let r\ : H x H — » H be a single-valued operator. Then the 
multivalued mapping M : H — > CB(H) is said to be 

(i) ?7-monotone, if for any x,y G H, u G Mx, v G My, (u — v, t)(x, y)) > 0; 

(ii) maximal 77-monotone, if M is ^-monotone and (/ + pM)H = H for any 

-° >0 ' 

(iii) Z-H- Lipschitz continuous, if there exists a constant I > 0 such that 
fl(Mx, My) < l\\x — y\\ for all x,y G H, where H(-,-) is the Hausdorff metric 
on CB(H). 

Definition 2.2. A single-valued operator g : H — > H is said to be 

(i) monotone, if for all x,y G H, (g(x) — g(y), x — y) > 0; 

(ii) a-strongly monotone, if there exists a constant a > 0 such that (g(x) — 
g(y),x- y) > a\\x - y\\ 2 for all x,y G H; 

(iii) /3-Lipschitz continuous, if there exists a constant /? > 0 such that ||g(or) — 
g(y)\\ <P\\x-y\\ for &Wx,yeH. 

Definition 2.3. Let T l : Hx x H 2 x H 3 x • • • x H m -> Hi and gi : Hi -> Hi 
be single -valued mappings for i = 1, 2, • • • , m. Then Tj is said to be 
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(i) (C«i, Ci2, • ' ' ; Cim )-Lipschitz continuous, if there exists constant Qj > 0 
such that \\T i (x 1 ,x 2 , • • • , x m ) - T i (y 1 ,y 2 , ■ ■ ■ ,y m \\ < Y^=idj\\ x j - Vj\\ for all 
Xj,yj e Hj, j = 1,2,- ■■ ,m; 

(ii) monotone with respect to gj in the j-th argument, if for Xj,yj e Hj, 
j = 1,2,- ■■ ,m, 

(X^ ) * * * j •Ej — l t •Ej ; ^j'+l 7***? ) 

-Ti (si,-- - .Xj-^j/j.ajj+i,--- ,x m ),gj(xj) - 9j{yj)) > 0; 

(iii) fcj -strongly monotone with respect to gj in the j-th argument, if there 
exists constant kj > 0 such that for Xj, yj G Hj, j = 1, 2, • • • , m, 

(X^ (xi , , Xj—i , , Xj^i , • , x m ) (xi , , i , , x^+i , • • • , x m ) , 

Definition 2.4. Let rj : H x if — > ii be a single-valued operator. Then 77 is 
said to be 

(i) monotone, if for all x,y *E H, (r)(x, y), x — y) > 0; 

(ii) (5-strongly monotone, if there exists a constant 6 > 0 such that (r](x, y),x— 
y) > S\\x — y\\ 2 for all x,y E H; 

(iii) r-Lipschitz continuous, if there exists a constant r > 0 such that 
\\r]{x, y)\\ < t\\x - y\\ for all x,y e H. 

Definition 2.5. Let 77 : H x fi — > if be a single-valued operator, M : 
H — > 2 H be a maximal 77 -monotone mapping. Then the resolvent operator 
: if — > if is defined by 

J^ / (x) = (/ + pM)- 1 (x), Vxeff, 

where p > 0 is a constant. 

Lemma 2.1. ( [4] ) Let 77 : if x if — s- if be a single- valued 5-strongly 
monotone and r-Lipschitz continuous operator, M : H — > 2 H be a maximal 
77-monotone mapping. Then the resolvent operator J P M : H — > H is y-Lipschitz 
continuous. 

Lemma 2.2. Let r/i : Hi x Hi — > ff^ be a single-valued operator, Mj : ffj — > 
2 Hi be a maximal ^-monotone mapping, -Fj, Tj : if ! x H 2 x if 3 x • • • x H m — > Hi 
are also single- valued mappings, Aij : Hj — > CB(Hj) be a multivalued mapping 
for i,j = 1, 2, • • • ,m. Then (a;*, a;!, ■ ■ ■ , x* m ) € Hi x H 2 x • ■ ■ x fi m and e 
Ajj(xp(i,j = 1, 2, ■ ■ ■ , m) is a solution of problem (1.1) if and only if 

g l {x*) = J P M.(gi+i{x* i+1 ) - pi{Fi(ua,Ui 2 ,--- ,u im ) + T i (x* 1 ,x 2 ,- ■ ■ ,<J)),(2.1) 

where g m +i(x* m+1 ) = g 1 (x* 1 ), J%. = (I + ptM^ 1 and p, > 0(i = 1,2, ••• ,m). 

Proof. The proof directly follows from the definition of Jfy for all i = 
1, 2, ■ ■ ■ , m and so it is omitted. □ 

Lemma 2.3. ([12]) Let H be a real Hilbert space. Then, for any x, y G H, 

\\x + yf <\\x\\ 2 + 2(y,x + y). 
4 
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3 Iterative Algorithm and Convergence 

Algorithm 3.1. For any given (x°, x 2 , ■ ■ ■ , x^) £ Hi xH 2 x • • • x H m , take m° £ 
A ij (x%(i,j = l,2,--- ,ro). tet$ = J% t (g i+ i(a$ +1 )-p i (F i (u9 1 ,'4 l ,--- ,u° im )+ 
Ti(xi,x%, ■ ■ ■ , ^m))), i = 1,2, ■ ■ • ,m. Since p° e (i = 1,2, • • • , m), there 
exists x\ £ Hi, such that = gi(xj)(i = 1, 2, • • • , to). By the results of Nadler 
[11], there exists tt^ £ A l} {x)), such that \\u\ r < (l+l)H(A y (x}), A y -(x°)) 
for all i,j = 1,2,--- , m. Let pj = J%.{g i+1 (x\ +1 ) - ^(.Fi^i, u\ 2 , ■ ■ ■ ,uj m ) + 
Ti(x{,xl, - ■ ■ ,x\ n ))) £ ifi for alH = 1, 2, • • • , to. Thus, there exists x\ £ Hi, 
such that pj — gi{xf). By induction, we can define iterative sequences {x"}(« = 
1,2, ■■ ■ , m), and j = 1,2, ■ ■ ■ , to) satisfying 

gi{x* +1 ) =J^( 5i+1 « +1 ) 

-p i (F < « 1 ,< 2 ,-.. XJ+T^xM,--- ,x™))) (3.1) 

and 

K +1 - u£|| < (1 + {n+l)- 1 mA l3 {x n + 1 ),A l] {x-)), (3.2) 

where u™ € A i j{x 1 -),i,j = 1,2, • • ■ , to, and n = 0, 1,2, • • • . 

Theorem 3.1. For i = 1, 2, • • • , to, let ry, : Hi x Hi ^ Hi be ^-strongly 
monotone and r, -Lipschitz continuous mapping, : iJi — > iJ^ be a^-strongly 
monotone and /3i-Lipschitz continuous mapping, Aij : TJj — > C'B(Hj) be i,j-H- 
Lipschitz continuous mapping for j = 1,2, ••• , to, Mi : Hi — > 2 Hi is maximal 
r^-monotone mapping. Let mapping T, : Hi x _ff 2 x H 3 x • • • x i? m — > iJ^ be 
(Cii> Ci2, • • • , Cim)-Lipschitz continuous and fci-strongly monotone with respect to 
<7i+i in the (i + l)-i/i argument. Suppose that : Hi x iJ 2 x i? 3 x • • • x if m — > i/j 
is (Aii, Ai2, ■ ■ ■ , A im )-Lipschitz continous mapping, remark to where g m +i = 9i- 
If aj > 1 and there exists constant pj > 0(j = 1, 2, • • • , to) such that 

m m 

a - max ( V PiCij+Y] ft Vij+G^-SViPj-i+Pi-iCj-ij )') < 1, (3.3) 

±<j<m * — ' ^ — ' j j 

i=l,i=Lj—l i=l 

where a = maxi<i< m - r , remark to where if j = 1, then 

<5 4 (2a 4 -l)2 

(/3 2 - 2fc j _ip j _ 1 + p^iC'-y) 1 = (/3i 2 - 2fc mPm + p^CD 1 - 

Then problem (1.1) admits a solution (x*, x 2 , • • • , x* m ) £ Hi x H 2 x • • • x _ff m and 
u,j £ Aij(x*)(i,j = 1,2, ■ ■ ■ , to) and sequences {x™} and {«"■} generated by Al- 
gorithm 3.1 strongly converges to x*(i = 1, 2, • • • , to) and Uij(i,j = 1, 2, • • • , to), 
respectively. 

Proof. By Lemma 2.3 and strong monotonicity of gi(i = 1,2, ■■■ , m), we 
have 

||x? +2 -x? +1 || 2 

= \\ 9i (x? +2 ) g^ +1 ) + (x?+ 2 - x- +1 ~ 5,« +2 ) + 5^ +1 ))l| 2 

<\\ 9i (xr 2 )-9i(x7 +i )\\ 2 

-2{(g t I)(x^) ( 9l - I)(x^),x^ - x^ 1 ) 
< \\9i(xr 2 ) - 9^ +1 )\\ 2 2(a, - 1)K +2 - x^f, 

5 
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which implies 

K +2_ x7+ i\\ < 1 1 || g< (x? +2 )- gi (a ! ? +1 )||. (3.4) 
(2a; - 1)2 

It follows from Algorithm 3.1 and Lemma 2,1 that 
\\ gi ( X ? +2 )'^? +1 )\\ 

< ^IIWi +1 ,«? 2 + V" .«?^)- ,<JII 

+ g|| 3m (^V3m(^ + i) 

_ n -(T-(r n+1 ■■■ r n+1 <r n + l r n+1 ■■■ 

— T(T n+1 ... -r n t" +1 ... <r n+1 'UII 
J n J 'l ) i A i ; x i+2 J ' x m //II 

I IITYr n+1 ••• r" +1 r™ t-™ +1 ••• T " +1 1 

«» 

— Ti(x 1 , • • • , X i , ' ' ' ? x m) II ■ (3-5) 

Since Tj is (Cii,C»2>""" , Cim)-Lipschitz continuous and fci-strongly monotone 
with respect to g , + i in the (i + 1) — t/i argument, and is /3i-Lipschitz contion- 
uous, we have 



n+l\ 

n+l ~.n+l r n + ls \ 

- 1 tV t 'l i ' i ' i-t-1' i-(-2 ' > "^m / 

2 _ , „2a2 \i||„.n+l 



Hft+iW^-ft+iW+x) 

? ' ' ' ) ? *^z+l ' X i-\-2 i ' ' ' ' 



< (# +1 - 2fc lft + ^C/ (i+ i)) 3 IKi 1 - (3-6) 

||'7V<r™+ 1 ... ... T, n +!\ 

H-'l^l i 7 x i 7 x i+li x i+2 ! 7 x m / 

—Ti{x x , • • • , a;™, Xj +2 , • • • , a; m )|| 

< C aK +1 -^|| + --- + CuK +1 -^ll 

+Ci(i+2)|| a? i+2 ~~ x H-2ll H + Cim||^m +1 ~~ X mll 
m 

= E Cdkr'-4I|. (3.7) 

j=l,j^i+l 

It follows from the (Aji,Aj2,--- , Ai m )-Lipschitz continuity of F iy the iy-H- 
Lipschitz continuity of A 4 j and (3.2) that 

IIWl +1 ><2 + V" ,<+ 1 )-^« 1 ,< 2 ,--- ,<J|| 

< A 4l ||< +1 - <!|| + A l2 ||< 2 +1 - U ™ || + . . . + A^IK^ 1 - ul 



mi I 



< £ A«(l + (n + l)- 1 )!!^^ 1 , Aya£) 



< E + (» + i)" 1 )!!^ 1 - 411- ( 3 - 8 ) 
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It follows from (3.4)-(3.8) that 



k +2 -< +1 i 

Ti 



di(2ai - 1)2 



x" +1 -a;"| 



j=l,j7tt+l 
m 

+P, E + (« + - (3-9) 

Pay attention to /3 TO = /3i and Crofm+i) = Cmi- We have 



EK +2 -^ +1 ii = Ei 



z" +2 -z" +1 l 



< « • EK#Vi - 2fc ^* + ^C^+d) 1 !!^ 1 - 

i=l 



+ft E c«i 
j=i,j^»+i 



mm m 

- a 'Et E + (i + (n + 1) _1 ) E tt^. 

i=l i=l,i^j — 1 »=1 
32 ol.. . „. _ i „2 ^2 _ x «ll 



+(# - 2fc,_i Pj _ 1 + ^_iC6_i W ) ! 



<^EK +1 -4II> ( 3 - 10 ) 



where 



0„ = a • max [ V" p,Cij + (1 + (n + 1) 1 ) PiKjkj 

l<j<m z — ' z — ' 
i— 1 i— 1 

+(^ 2 - 2kj- lPj -i + p'-iCy-iw) 1 ]- 

If j = 1, then we get 

(/3 2 - 2fc j _iPj-i + pl-iCy-iw) 1 - (/? 2 - 2fc m ftn + P^CD 1 - 

Let 

m m 

9 = a- maxj E ^ + E Pi X H l ij + (Pj ~ 2k j-iPj-i + Pj-i((j-i)j)K 

~ ~~ j=l,iytj — 1 i=l 
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Then 9 n i 9 as n — > oo. By (3.3), we know that 0 < 6 < 1 and so (3.10) 
implies that {xf}(i = 1,2, ••• , m) are both Cauchy sequences. Thus, there 
exists x* e ifj such that xf x* as n — >• oo for i = 1, 2, • • • , m. Now, we prove 
that u™- — > e Ay(x*). In fact, it follow from the Z^-H-Lipschitz continuity of 
Aijfrj = 1,2,- •• ,m) and (3.2) that ||< +1 -<,|| < (l + (n+l)-%-| |^ +1 -x™|| 
for all i,j = 1, 2, • • • , m and n = 0, 1, 2, • • • . Hence, {«"•} are also both Cauchy 
sequences for i,j = 1,2, ■■■ , m. Therefore, for any i,j = 1,2, ■■■ , m, there 
exists G Hj, such that u™- — > Uij(n — > oo). Further 

diui^Aijx*) < ||u£ - 1| + d(it£, A^z*) 

< |u™ - + H(^x™, AijXj) 

< ||<j - + - **|| -> 0 (n -> oo). 

Since ^-(a;*) is closed, u,j G Ay(x*)(z,j = 1,2, ■■■ ,m). By continuity of 
<7i, Fi,Ti, Aij, J p £ Ii and Algorithm 3.1, we know that (x^x^,--- ,x* n ) G i?i x 
i?2 x • • • x iJ m and G Aij(x*j)(i,j = 1,2,--- ,m) satisfy the relation (2.1). 
By Lemma 2.2, we claim (x^ , , • • • ,a;*„) G -Hi x i?2 x ••• x iJ m and Ujj G 
^4jj(a;^)(i, j = 1, 2, • • • , m) is a solution of the problm (1.1). This completes the 
proof. □ 
Remak 3.1. If m = 3, Algorithm 3.1 and Theorem 3.1 reduce to Algorithm 
2.1 and Theorem 3.1 in [14], respectively. Our results improve and extend the 
corresponding results in the literature. 
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Stability and Convergence of Fourier Pseudospectral Method for 

Generalized Zakharov Equations* 

Abdur Rashid^ , Sajjad Hussain"!" and Shamoona Jabeent 



Abstract 

In this article a Fourier pseudospectral method for the generalized Zakharov equations is applied. 
Fully discrete pseudospectral scheme is developed. Convergence of the pseudospectral scheme is 
proved by energy estimation method. By using convergence theorem stability of the fully discrete 
scheme is proved. Numerical results of the fully discrete scheme are compare with the results already 
available in the literature to check the efficiency of the proposed method. 

Key words: Generalized Zakharov equations, Fourier pseudospectral method, convergence, stability. 



1 Introduction 

Generalized Zakharov equations have the following partial differential equations form [1]: 

id t u + d 2 x u + a(\u\ 2 )u + fiuw = 0, ie!],t>0, (1.1) 

d t v + d x w - jd x (\u\ 2 ) = 0, ie!],t>0, (1.2) 

d t w + d x v = 0, i£fl,i>0, (1.3) 

u(x, 0) = uo(x), v(x,0) = vo{x), w(x, 0) = wo{x), isfi, (1-4) 

u(-L,t) =u(L,t), v(-L,t) =v(L,t), w(-L,t) =w(L,t), t>0, (1.5) 



where u(x,t), v(x,t) and w(x, t) to represent the envelop of the high frequency electric field, the plasma 
density from its equilibrium value and the deviation of the ion density from its equilibrium value respec- 
tively. i 2 = —1, the parameters a, j3 and 7 are real constants. Here d x = d 2 = J^, d t = §1 and 

n = [-L, l]. 

The derivation of the generalized Zakharov equations can take place from hydrodynamics description 
of the plasma [2, 3]. The above equations (1.1)— (1.5) represent a universal model for the study of the 
interaction between non-dispersive and dispersive waves. The system reduced to the classical Zakharov 
equations of plasma physics when a = 0, (3 = 2 and 7 = 1. 

Numerical methods for the generalized Zakharov equations were studied in the last two decades. For 
example, an energy-preserving implicit finite difference scheme for the generalized Zakharov equations 
presented by Glassey and proved the convergence of the scheme [4, 5]. An implicit or semi explicit con- 
servative finite difference scheme for the Zakharov equations were developed by Chang and Jiang [6], 
while they extended their method for the generalized Zakharov equations in [7]. The various powerful 
methods have been study for the Zakharov equations or the generalized Zakharov equations, such as Ho- 
motopy perturbation method [9, 30], Adomain decomposition method [8], Variational iteration methods 
[10, 11, 12, 13, 14, 15, 16, 17]. 

An exact and approximate analytical solution for nonlinear problems have been developed by some 
authors in [18, 19, 20]. A time splitting spectral scheme to solve the generalized Zakharov system (GZS) 
was proposed by Bao et al. [26], while the vector GZS for multi-component plasmas was solved by [27]. 
Ma Shuqing and Chang Qianshun [24] has studied the dissipative Zakharov equations, in which they 
apply pseudospectral method and proved the convergence by priori estimates. 
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A spectral method for one dimensional Zakharov system (ZS) was designed by Payne et al. [21]. An 
error estimation of semi-discrete and fully discrete of pseudospectral schemes for (1.1)- (1.5) proved by 
Guangye in [22]. The time splitting spectral methods for the generalized Zakharov system was studied 
by Shi Jin et al. [25]. The Chebyshev cardinal functions for Klein-Gordon-Zakharov Equations were used 
by Ghoreishi et al. [31]. 

The initial periodic boundary- value problem of generalized Zakharov equations (1.1)-(1.5) is consid- 
ered in this article. A second order finite difference approximation is used in time direction, while the 
pseudospectral method is applied in space for generalized Zakharov equations. An energy estimation 
method is used for analysis of error estimates of fully discrete pseudospectral scheme. 0(j 2 + N~ s ) is the 
rate of convergence of the resulting pseudospectral scheme, where r is the step length in time direction, 
S is depending on the smoothness of the exact solution and N is the number of spatial Fourier modes. 
The stability of the fully discrete pseudospectral scheme is proved by using convergence theorem and 
numerical results are presented. 

2 Notations and Lemmas 



s 



2 



Suppose H S (Q) represent the Sobolev space having norm 

11*111 = E §4 ■ Let L°°(n) indicate 

the space of Lebesgue measure with norm H^Hoo = esssup^g^ Assume L 2 (f2) is the L 2 space 

with norm || , 1 / || 2 = ('J, VP) and the associated inner product is defined as (^, $) = J^ L ^>(x)$(x)dx. The 
discrete inner product and norm are defined as follows: 

N N 

Space of trigonometric polynomials of degree N is denoted by Sn and is defined as: 

{j / 2,7TX ■ \ 

-^exp [-jf-J '■ J = °> !> ' ' N 

(2j \ 

—L = x 0 < x\ < x 2 , ■ ■ ■ , < x N — L, with Xj = L — — 1 , j = 0, 1, • • • , N, 



where N is an even number. The orthogonal projection operator Pn ■ L 2 (Q) — ► Sn is defined as 

(Pjv*,$) = (*,$), V$eSV- 

The interpolation operator P c : C(Q) — ► Sn is also defined as 

P c *(a*) = *(*/), 0<£<N. 

Suppose R T = {t = kr : 0 < k < [^] }, where r is the step length along t direction. Assume ^ k (x) — 
^(x, kr) = ^ k for simplicity. Define 

$| = ^-(* fc+1 - * fe ~ 1 ), 
$ fc = ^( 1 i> k+1 + v]/' 0 - 1 ). 

Lemma 2.1. [23] Suppose ^ e H s (fl) ,0 < \i < S, 3 a constant F not depend on ^ and N 

||*-Piv*IU<r^- s ||*|| s . 

Lemma 2.2. [23] Suppose G H S (Q) ,0 < \i < S, 3 a constant F not depend on and N. 

||*-P C *IU < / r JV"- s ||*|| lS . 
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Lemma 2.3. [28] F{0), then 

{P C V,P C $) N = (P C *,P C $) - 
Lemma 2.4. [28] If S > 1, and e H s (fl), 3 a constant F not depend on ant! JV, swc/i that 

3 Error Estimates of Fully Discrete Scheme 

Consider the fully discrete Fourier pseudospectral scheme for finding: u k ,v k ,w k £ Sn, such that for 



k = 1, . . . , [— 1 , the equations 

u%+d 2 x u k + aP c (\u k \ 2 u k ) + PP c {v k c w k ) = 0, (3.1) 

v k £ +d x w k - 1 d x P c (\u k \ 2 ) = 0, (3.2) 

w%+8 x v k =0, (3.3) 

u°(x) = P N u Q (x), v° c (x) = P N v 0 {x), w° c (x) = P N w 0 (x), (3.4) 

u\{x) = P N [n 0 + Td t u(0)} , vl(x) = P N [v 0 + Td t v(0)} , = P N [w 0 + Td t w{0)] , (3.5) 



are satisfied at x = xg, £ = 0, . . . , N. Let 

e k = u k - u k = (u k - P N u k ) + (P N u k - u k ) = £ k + rj k , 
4 = v k - v k = (v k - P N v k ) + (P N v k - v k ) = £ 2 fe + Vl, 
e k = w k - w k = {w k - P N w k ) + (P N w k -w k ) = $ + V k . 

Note that (£ £ fe , ip) = 0,£= 1,2,3,V^ G S N , subtracting (3.1) from (1.1), (3.2) from (1.2), and (3.3) from 
(1.3) then rj k , rfe and 7] k satisfy the system 

(e^,V) + (d&M) + a{P c {\u k \ 2 u k - \u k \ 2 u k )^) + p(P c (w k u k ~w k u k ),Tp) = (r 1 fe ,V), (3.6) 
(e* ? , V) + ($,d x il>) + l(P c (\u k \ 2 - kT),d^) = (r 2 fe , V), (3.7) 
(e k p i>) + (e k ,d x iP) = (T k ,iP), (3.8) 

where r k , r k and Tg are truncation errors 

T k = («* - d t u k ) + d 2 x (u k -u k )+a (\u k \ 2 u k - P c (\u k \ 2 u k )) + 0 (w k u k - P c (w k u k )) , 
r 2 fe = (v$ - 8 t v k ) + 8 X (w k - w k ) + jd x (\u k \ 2 - P c (\u k \ 2 )) , 
T k = (wl - d t w k ) + d x (v k - v k ) . 

By using Lemma 2.3 and Taylor's theorem, we get 

ri =y 2 (d?<t k ) + dfu(t k )) + ^ (d 2 Mu(tl)) + d 2 (d 2 x u{t k ))) + a (\u k \ 2 u k - P c (\u k \ 2 u k )) 
+13 (w k u k - P c (w k u k )) , 

rl =y 2 (dM4) + 0M4)) + y (d 2 t {d 2 x v{t k )) + d 2 (d 2 x v(t k ))) + d x (\u k \ 2 P c (\u k \ 2 )) , 
r 3 k (dM4) + d?w(tto)) + ^ + dMt k 12 ))) , 

where t k ' x <t\< t k+1 , 1=1,2, 12. The imaginary part and real part of complex function is denoted 
by 3 and 3? respectively. Setting i[ = rj k in (3.6) and taking the imaginary parts, we get 

i (H fe+1 H 2 - ll^" 1 !! 2 ) + ll^i'll 2 + F k + F k = ^{r k ,rj k ), (3.9) 
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where 

F k = a^{P c {\u k \ 2 u k -\u k \ 2 u k c ),rfl), 
F k = ^{P c {w k u k ~w k u k )^ k )- 

A general positive constant C not depend on r and N will be used for errors estimation and this con- 
stant can be considered different in different cases. By using algebraic inequality and Cauchy-Schwartz 
inequality we can estimate F k , F% and the right hand term of (3.9). 

\a-s(P c (\u k fu k - \u k \ 2 u k ),r} k )\ < C(\\P c (\u k \ 2 u k (kT^))|| 2 + ||^|| 2 ). 
By applying Lemma 2.1 and Lemma 2.2, we obtain 

\\P c (\u k \ 2 u k - (k fe | 2 ^))|| = \\P c (\u k \ 2 (u k u k )) + P c (u k (\u k \ 2 \u k \ 2 ))\\ 

< \\P c (\u k \ 2 (u k u k ))\\ + \\Pc(u k (\u k \ 2 \u k \ 2 ))\\ 

< \\u k \U\P c (u k - U k )\\ + H^IUHPed^l 2 - \u k \ 2 )\\ 

<C(N- s +\\ v k \\ + \\fj k \\). 

Hence 

\ F k\< C (N- 2S + \\ V k \\ 2 +\\v k \\ 2 ). (3.10) 
Similarly by using algebraic inequality and Cauchy-Schwartz inequality we have 

m(P c (w k u k - w k u k c ),rj k )\ < C(\\P c (w k u k - w k u k c )\\ 2 + U^f)- 
By applying Lemma 2.2 and Lemma 2.3, we obtain 

\\P c (w k u k - w k u k )\\ = \\P c (w k (u k - u k c )) + P c (u k (w k - w k ))\\ 

< \\w k \UCN- s \\u% + WrftW) + \\u k \\ 00 (CN- s \\w k \\ s + ||r/ 3 fe ||) 
<(CiV- s +||^|| + h3 fc ||). 

Therefore 

\F k \<C(N- 2S + \\v k \\ 2 + \\ v k \\ 2 ). (3.11) 
The right hand term can be estimated by using the Cauchy-Schwartz inequality and Lemma 2.2, we get 

^(rf.Stf)! <C(||rf|| 2 +||i7f|| 2 ) 

< C(||^|| 2 + r 4 + |a||| (\u k \ 2 u k - P c (\u k \ 2 u k )) \\ 2 
+ \m(w k u k -P c (w k u k ))\\ 2 
<C(\\fj k \\ 2 +h k 3 \\ 2 + r 4 + N- 2S ). 

Substituting (3.10), (3.11) and (3.12) into (3.9), we obtain 

^ (H fe+1 H 2 - hr 1 !! 2 ) + ll^ll 2 < C{U || 2 + ||^|| 2 + + r 4 + N- 2S ). (3.13) 



Now setting ip = rfo in (3.7), we get 



^(ll% fe+1 H 2 - H^- 1 !! 2 ) + (^d x rf 2 ) + F k = (r k ,rj k ), (3.14) 



where 

F 3 fe = 7 (P c (| U fe | 2 -k| 2 ),^). 
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We are going to estimate F k and the right hand term by using the Taylor's theorem and Cauchy-Schwartz 
inequality we get 

l^l = \mw k \ 2 - \u k c \ 2 ),d x f 2 )\ < (\\p c (\u k \ 2 kT)|| 2 + lia^ll 2 ). 

Again by using Lemma 2.2 and Lemma 2.4, we obtain 

|| P c (\u k \ 2 \u k \ 2 ) || = \\P c (u k u k - u k u k )\\ = \\P c (u k (u k u k ) + u k {u k u k ))\\ 

< \\u k \U\P c (u k u k )\\ + \\u k \U\P c (u k u k )\\ 
<C(N- s +\\ v k \\). 

Hence 

|F 3 fc |<C(7V- 2S +||^|| 2 + ||^|| 2 ). (3.15) 

Similarly the right hand term of (3.14) can be estimated by using the Cauchy-Schwartz inequality and 
Lemma 2.2, we get 

|(r 2 fc ,^)| <C(r 4 + \\d x (\u k \ 2 P c (\u k \ 2 )))\\ 2 + ||^|| 2 ) 

<C(iV- 2S + r 4 +||^|| 2 ). ( • ' 

Substituting (3.15) and (3.16) into (3.14), we obtain 

^(h 2 fc+1 ll 2 - ht'f) < c{t a + n- 2S + \\ v k \\ 2 + \\d x fj k \\ 2 ). (3.17) 

Now setting ip — rj k in (3.8), we get 

^(h 3 fe+1 H 2 - Wvt'f) + &,d x rj k ) = (r k , fg), (3.18) 

The second term and right hand term of (3.18) can be estimated by the same procedure as applied in 
(3.15) and (3.16), we get 

^ (h 3 fc+1 ll 2 - U^ll 2 ) + lia^H 2 < c{t' + n~ 2S + 1|^|| 2 + 1|^|| 2 + ii^n 2 ). (3.19) 

Combining (3.13), (3.17) and (3.19), we get 

^(H fe+1 ll 2 - Htf-T) + - hr 1 !! 2 ) + ^(h 3 fe+1 ll 2 - ll^- 1 !! 2 ) (3 20) 

+ < C(r 4 + N- 2S + \\ V k \\ 2 + \\ V k f + \\ V k \\ 2 + \\Vi\\ 2 + \\V2W 2 + ll^|| 2 + \\d x f 2 \\ 2 ). 

In fact 

Nl? = IM| 2 + Ru|| 2 and ||« fc || 2 < ^(ll^+^p + H^- 1 !! 2 ). 

Let 

E k = h k+1 \\ 2 + |K|| 2 + \\v k 2 +1 \\ 2 + Hf + \\v k 3 +1 \\ 2 + HW 2 , 
Summing up (3.20) for k = 1, • • • , n — 1, we obtain 

n-l 

E n < C(E° + N- 2S + t 4 ) + Ct E k . 

k=i 

Note that 

„0||2 _ 11 0 II 2 _ 11 0 1 1 2 _ n i |il||2 _ 11 1 II 2 _ 11 1||2 ^ nl A , A r-2S 



HI%T = ll%T = 0, and h i || 2 =|| ??2 1 || 2 = ||^|| 2 <C(r 4 + iV-^). 
By applying Gronwall's Lemma, we get 

C{N -2S + T 4 } < ^-CT 

E n < C(N- 2S + r 4 )e c (" +1 ) r , V(n + 1)t < T, 
where S is positive constant and we get 
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Theorem 1. Suppose r is small enough, the solutions u(x,t), v(x,t) and w(x,t) of (1.1)-(1.5) satisfy 
dfu E L°°(0, T; H°(n)), d 2 u E L°°(0, T; H 2 (n)), d?v E L°°(0,T; H°(Sl)), d 2 v E L°°(0, T; H 2 {£1)), dfw E 
L°°(0,T;H o (fl)), d 2 u E L°°(0, T; H 1 ^)), are the solutions of pseudospectral scheme (3.1)-(3.5). Then 
3 constant S, not depend on t and N , such that for k = 0, n — 1 



,fc+i 



,fc+ii 



,fc+i 



, fc+ i_ fe+ i. 



< E(t 2 + N- b ). 



Theorem 2. Assume that conditions of Theorem 1 are satisfied, when r — > 0, A^ — > oo, i/ie solution of 
Fourier pseudospectral method (3.1)-(3.5) converge to the solution of (1.1)-(1.5). The convergence rate 
is(t 2 + N- s ) 

Theorem 3. Suppose that u^,v^,w^ are solutions for (3.1)-(3.5). when time step r is small enough and 
T is bigger. Then \\u^\\ < M\, ||t>£|| < M 2 , \\w^\\ < M 3 . The proof may be found in [29]. 

Theorem 4. Suppose that the conditions of Theorem 3 are satisfied. Then the Fourier pseudospectral 
scheme (3.1)- (3. 5) is stable for the given initial values. 

4 Numerical Results 



We present some numerical results to show the computational complexity of the Fourier pseudospec- 
tral method for (1.1)-(1.5). All computations were done by using Matlab 7.3 on personal Laptop Inspiron 
6400. The generalized Zakharov equations have the family of one soliton [25]: 



u{x, t) = 3? ■ 



A + A* l--o 



x expt 



2isech(2i](x — vt)) 



(4.1) 



v(x,t) = 9 • 



A + n 1 - 



x expi 



2isech(2r](x — vt)) 



(4.2) 



w(x, t) = nil — 



The relative discrete L 2 -norm error is defined as follows: 



£ 2 (u(*)) = 



y 



G^|u(a:,t)| 2 



1/2 



(4.3) 



(4.4) 



where u = (u, v, w) is the exact solution of equation (1.1)-(1.3) and u N = (u N ,v N ,w N ) is the solution of 
the Fourier pseudospectral scheme (3.1)-(3.3). 

The calculation is carried out with A = 0.0, fj, = 1.0, c = 1.0, rj = 0.5, v = 0.5 and 0 O = 0.0 through 
out the computation. For comparison, we consider time splitting of spectral scheme of [25]. In Table 1 
the numerical results show that present scheme (3.1)-(3.3) gives much better results than scheme [25]. 
Present scheme provide the numerical solution with high accuracy even if N is small. In order to check 
the rate of convergence of the present scheme. Table 2 shows the numerical results of the present scheme. 
We obtained that if N increases and r decreases proportionally, then the errors become smaller quickly, 
which shows the convergence of the present scheme. The relative error for w is given in Table 3. 

At time t = 1.0, the single soliton is plotted in Figure 1, where L = 10. The surface graph of the 
approximate solution at t = 1, L = 20 are given in Figure 2. We examine the behavior of the approximate 
solution. 
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It can be seen that Fourier pseudospectral scheme presents better solution for nonlinear partial differ- 
ential equations. The advantage of spectral methodology provides fast convergence by using Fast Fourier 
Transform. 

Tabic 1 

Comparison of errors atTV = 8,r = 0.001 

E 2 (u(t)) E 2 (v(t)) 



Time Present Scheme Schcmc[25] Present Scheme Schcmc[25] 



0.2 


0.8212E-5 


0.1508E-4 


0.2231E-5 




0.6214E-4 


0.4 


0.6916E-5 


0.7527E-4 


0.3346E-5 




0.4565E-4 


0.6 


0.2529E-4 


0.6395E-3 


0.6666E-4 




0.6689E-3 


0.8 


0.4829E-4 


0.4646E-3 


0.2364E-4 




0.3478E-3 


1.0 


0.5612E-4 


0.5310E-3 


0.6883E-4 




0.4985E-3 


Tabic 2 














The Relative Errors for u 


and v at t= 


1.0 










E 2 (u(t)) 






E 2 (v(t)) 






N 


t = 0.005 


t = 0.001 


r = 0.0005 


t = 0.005 


t = 0.001 


r = 0.0005 


4 


0.4832E-3 


0.5309E-3 


0.76667E-3 


0.1163E-3 


0.4667E-3 


0.7263E-3 


8 


0.4785E-5 


0.3218E-6 


0.4258E-7 


0.4491E-5 


0.4168E-6 


0.4454E-7 


16 


0.4808E-5 


0.5363E-6 


0.3987E-7 


0.4573E-5 


0.4545E-6 


0.4578E-7 


32 


0.4979E-5 


0.4364E-6 


0.2153E-7 


0.4684E-5 


0.3667E-6 


0.3581E-7 


64 


0.4989E-5 


0.4365E-6 


0.1265E-7 


0.4795E-5 


0.6788E-6 


0.3591E-7 


128 


0.4999E-5 


0.4367E-6 


0.1376E-7 


0.4856E-5 


0.3897E-6 


0.3681E-7 



Table 3: The Relative Errors for w at t=1.0 



N 


t = 0.005 


t = 0.001 


4 


0.6701E-4 


0.3998E-5 


8 


0.4637E-4 


0.8166E-5 


16 


0.311E-3 


0.5775E-4 


32 


0.444E-3 


0.4322E-4 


64 


0.5211E-3 


0.2475E-4 


128 


0.454E-3 


0.3422E-4 



0.8 
0.7 
0.6 
0.5 
% 0.4 
0.3 
0.2 
0.1 



-10 -8 -6 -4 -2 0 2 4 6 8 10 



Figure 1: plot of soliton at t=1.0 
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(a) Approximate solution of u (b) Approximate solution of v 



Figure 2: Approximate solution of u and v 
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Abstract 

In this paper, wc investigate the basic and global properties of a virus infection model with humoral 
immunity and distributed intracellular delays. The incidence rate of the infection is given by Crowley- 
Martin functional response. Two types of distributed time delays have been incorporated into the model 
to describe the time needed for infection of uninfected cell and virus replication. Using the method of 
Lyapunov functional, wc have established that the global stability of the model is completely determined by 
two threshold numbers, the basic reproduction number Ro and the humoral immunity reproduction number 
R\. We have proven that if Ro < 1 then the uninfected steady state is globally asymptotically stable (GAS), 
if Ri < 1 < Ro, then the infected steady state without immune response is GAS, and if Ri > 1, then the 
infected steady state with humoral immunity is GAS. 

Keywords: Global stability; humoral immunity; Distributed delay; Crowley-Martin functional response. 
AMS subject classifications. 92D25, 34D20, 34D23 

1 Introduction 

In the last decade, several mathematical models have been developed to describe the dynamics of several 
viruses, such as human immunodeficiency virus (HIV) [1]-[18], hepatitis B virus (HBV) [19]-[21], hepatitis C 
virus (HCV) [22], [23], human T-cell leukemia virus (HTLV) [24], and human cytomegalo virus (HCMV) [25], etc. 
Mathematical modeling and model analysis of the viral infection process can help for estimating key parameter 
values and guiding development efficient anti- viral treatments. Some of these models take into account the main 
role of immune system of human body. The immune system is described as having two "arms" : the cellular arm, 
which depends on T cells to mediate attacks on viral infected or cancerous cells; and the humoral arm, which 
depends on B cells to make antibodies to clear antigens circulating in blood and lymph. The humoral immunity 
is more effective than the cell- mediated immune in some diseases like in malaria infection [26]. Mathematical 
models for virus dynamics with humoral immunity have been developed in [27]- [34]. 
The basic model with humoral immunity was introduced by Murase et. al. [28] as: 



x(t) = A - dx(t) — (3x(t)v(t), (1) 

y(t) = 0x{t)v(t) - 5y(t), (2) 

v(t) = NSy(t) - cv(t) - qv(t)z(t), (3) 

z(t) = rv{t)z(t)- f xz{t), (4) 



where x(t), y(t), v(t) and z(t) represent the populations of uninfected cells, infected cells, viruses and B cells 
at time t, respectively; A and d are the birth rate and death rate constants of uninfected cells, respectively; (3 
is the infection rate constant; N is the number of free virus produced during the average infected cell life span; 
5 is the death rate constant of infected cells; c is the death rate constant of the virus. The viruses are cleared 
by antibodies with rate qv(t)z(t). The B cells are proliferated at a rate rv{t)z{t) and die at rate /xz(i). Model 
(l)-(4) is based on the assumption that the infection could occur and the viruses are produced from infected 
cells instantaneously, once the uninfected cells are contacted by the virus particles. Other accurate models 
incorporate the delay between the time the viral entry into the uninfected cell and the time the production 
of new virus particles, modeled with discrete time delay or distributed time delay using functional differential 
equations (see e.g. [9]-[17]). In these papers, the viral infection models are presented without taking into 
consideration the humoral immunity. In [32] and [34] , the global stability of viral infection models with humoral 
immunity and with discrete-time delays has been studied. 
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In model (l)-(4), the infection rate is assumed to be bilinear in x and v. However, the actual incidence 
rate is probably not linear over the entire range of x and v [36] , [37] . In [33] and [34] , a virus infection model 
with humoral immunity and with saturated infection rate of the form , was suggested where a is a positive 
constant. However, the time delay was not considered in [33] and [34]. Huang and Takeuchi [38] investigated 
a viral infection model with Beddington-DeAngelis functional response, 1+ ^*+ av , where a and 7 are positive 
constants. Crowley-Martin functional response in the form ^ 1+ ^){i+ av ) ^ as been introduced in HIV model in 
[39]. However, the humoral immunity was not included in [33] and [39]. 

In this paper, we assume that the infection rate is given by Crowley-Martin functional response. We 
incorporate two types of distributed delays into the model to account the time delay between the time that 
target cells are contacted by the virus particle and the time the emission of infectious (matures) virus particles. 
The global stability of the model is established using Lyapunov functionals, which are similar in nature to those 
used in [40] . We prove that the global dynamics of the model is determined by the basic reproduction number 
i?o and humoral immunity reproduction number R\. If Rq < 1, then the uninfected steady state is globally 
asymptotically stable (GAS), if R\ < 1 < Ro, then the infected steady state without humoral immunity exists 
and it is GAS, if R\ > 1 then the infected steady state with humoral immunity exists and it is GAS. 



2 The Model 

In this section we propose a mathematical model of viral infection with Crowley-Martin functional response 
which describes the interaction of the virus with uninfected cells, taking into account the humoral immunity. 

*W-*-*M- a + 1 ffiff aK , )) . («) 

J (1 + ~fx(t - t)) (1 + av(t - t)) 

0 

v(t) = NS J g(T)e- nT y(t - r)rfr - cv(t) - qv(t)z(t), (7) 
0 

z(t)=rv(t)z(t)-fj,z(t), (8) 

where 7 and a are a positive constants, and all the variables and parameters of the model have the same 
meanings as given in (l)-(4). To account for the time lag between viral contacting the uninfected cell and the 
production of new virus particles, two types of distributed intracellular delays are introduced. It assumed that 
the uninfected cells are contacted by the virus particles at time t — r becomes infected cells at time t, where 
t is a random variable with a probability distribution /(t) over the interval [0, h] and h is limit superior of 
this delay. The factor e~ mr account for the probability of surviving the time period of delay, where m is the 
death rate constant of infected cells but not yet virus producer cells. On the other hand, it is assumed that, 
a cell infected at time t — r starts to yield new infectious virus at time t where r is distributed according to 
a probability distribution g{r) over the interval [0, w] and uj is limit superior of this delay. The factor e~ nT 
account for the probability of surviving the time period of delay, where n is a constant. 

The probability distribution functions /(r) and g(r) are assumed to satisfy /(r) > 0 and g(r) > 0, and 

h uj uj 

J /(r)rfr = J g(r)dT = l, f(r)e sr dr < 00, J g(r)e sr dr < 00, 

00 0 

where s is a positive number. Then 

h uj 

0 < J !{T-)eT mr dT < 1, 0 < J g(T)e-' nT dT < l,for m,n > 0, 



let us denote: 



h uj 

F = j f(T)e- mT dT, C j g(T)e «/ 
0 0 
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The initial conditions for system (5)- (8) take the form 

x{0) = Vl {0), y{e) = V2 {6) 
v(6) = <p 3 (6),z(9) = <p 4 (9) 

<P#)>0, 0e[-p,o), i = i,...,4, (9) 
^■(0)>0, i = l,...,4, 

where p = max{/i,w}, ((p 1 (9),ip 2 {9), ■■■,<Pi{9)) e C([— p, 0], where C([—p, 0],R^_) is the Banach space of 
continuous functions mapping the interval [— p, 0] into R+. By the fundamental theory of functional differential 
equations [35], system (5)-(8) has a unique solution satisfying the initial conditions (9). 



2.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (5)-(8) with initial conditions 
(9). 

Proposition 1. Let (x(t),y(t),v(t), z{t)) be any solution of system (5)-(8) satisfying the initial conditions 
(9), then x(t),y(t),v(t) and z(t) are all non-negative for t > 0 and ultimately bounded. 

Proof. First, we prove that x(t) > 0, for all t > 0. Assume that x(t) lose its non-negativity on some 
local existence interval [0,£] for some constant I and let ti € [0,1] be such that x(ti) = 0. From Eq. (5) we 
have x(ti) — A > 0. Hence x(t) > 0 for some t £ (ti, ti + e) , where e > 0 is sufficiently small. This leads to 
contradiction and hence x(t) > 0, for all t > 0. Now from Eqs. (6)-(8) we have 



z n 

y(t) = y(0)e- 5t + /3 J J f(r)t 



x(j] — t)v(t) — t) 



drdrj, 



0 

t 



(1 + 73(77 - t)) (1 + av{rj - t)) 

UJ 

v(t) = v (o) e ~ fte+i'WW + NS J e -J>+?z(£))<i€ J g (T)e- nT y{ n -T)dTdr), 

0 0 

«(t) = «(0)e-J"o*(f-"'tt))« j 

confirming that 7/(i) > 0, > 0 and z(t) > 0 for all t e [0, p]. By a recursive argument, we obtain 
y(t) > 0, u(t) > 0 and z(t) > 0 for all t > 0. 

Next we show the boundedness of the solutions. From Eq. (5) we have x(t) < A — dx(t). This implies 
limsupt^a^i) < |. 

h 

Let Xi(t) = / f(T)e-" lT x(t - r)dr + y(t), then 
0 



h 

(3x(t - r)v(t - t) 



l(*) = y /(r)e- mT (a-c^-t)- 



0 



(I + jx(t - r)) (I + av(t - t)) 

[ft \ -mr (3x(t - T)v(t - t) 

+ J /(T)e (l + ,x(t^))(l + a V (t-r)) dT - 
0 

h h 

A y f(T)e- mT dT -d j f(T)e- mT x(t - r)dr - Sy(t) 
0 0 



dr 



h 



h 



< A y f(r)e- mT dT -o x J f(r)e- mT x(t - r)dr + y(t) 

0 Lo 

h 

= A y f( T )e- mT dr - tnXi(t) < A - ^^(i), 



A 71 

where ctj = min{d, 5}. Hence lim sup^^ Xi (t) < L 1; where Li = — . Since J f{r)e~ nlT x(t — t)g?t > 0 then 

<J\ 0 
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limsup^^ y(t) < L x . On the other hand, let X 2 (t) — v(t) + f.z(t), then 

X 2 (t) =NS J g(T)e- nT y{t - t)<1t - cv(t) - yz(t) < NSLx - a 2 X 2 (t), 
o 

where a 2 = min{c, n}. Hence lim sup^^ X 2 (t) < L 2 , where L 2 — _ Since v ^ > o and y(t) > 0 then 

CT2 

limsup^^ v(t) < L 2 and limsup^^ z(t) < L 2 . Therefore, x(t),y(t),v(t) and z(t) are ultimately bounded. 
2.2 Steady states 

We define the basic reproduction number for system (5)- (8) as: 

NFG/3x 0 



Ro — 



c(l +7x0)" 



Lemma 1. 

(a) If Rq < 1, then there exists only an uninfected steady state E 0 (xo, 0,0,0). 

(b) If i?o > 1, then there exists an infected steady state without humoral immunity Ei(xi,yi,Vi,0). 

(c) If i?i > 1, then there exists an infected steady state with humoral immunity E 2 (x 2 , y 2 , v 2 , z 2 ). 
Proof. 

Let the right-hand side of Eqs. (5)-(8) be zero, 

A - dx(t) - = 0, (10) 

v ; (1 + 7a;) (1 + av) v ; 

F- ^ ^-5y = 0, (11) 

(1 + jx) (1 + av) y v ' 

NSGy -cv- qvz = 0, (12) 

rvz — fiz — 0. (13) 

Eq. (13) has two possible solutions, z — 0 or v — [ijr. If z = 0, then from (10) we obtain x as 

, (720(1 + av) - (1 + (v) + J [(1 + (v) - 7 a; 0 (l + av)} 2 + 4 7 x 0 (l + era) 2 J , 

l + av) \ v / 



2 7 (1- 



2 7 ( 



y (jx 0 (l + av) - (1 + (v) - \j [(1 + Cv) - 7 .x 0 (l + av)} 2 + 4 7 x 0 (l + av) 2 ^j , 



where C = a + f ■ It is clear if v > 0 then x + > 0 and x < 0. Let us choose x — x + . From Eqs. (11) and (12) 
we have 

Ffixv 

V ~ 6(1+ 7.x) (1 + av) ' 
GNFf3xv 

r-£ r - CV = 0. 14 

(1 + 7a;) (1 + av) v ' 

Eq. (14) has two possible solutions v = 0 and s / 0. If v = 0, then we get the uninfected steady state 
E 0 (±, 0,0,0). liv^O then let 

. GNF/3xv 

M(v) = -, -r- r- - cv = FGN A - dx) - cv. 

K ' (1 + 7a;) (1 + av) y ' 

FGNX 

It is clear that when v — 0, then x — xq and M (0) = 0 and when v — v — , then substituting it in x we 

_ _ c 

obtain x > 0, and so M(v) — —GNFdx < 0. Since M(v) is continuous for all v > 0, we have that 

«<(»>= ™£» -.-<*-!>. 

(l+7Xo) 
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Therefore, if R 0 > 1, then M'(0) > 0. It follows that there exists v x € (0,v) such that M(vi) = 0. Then there 
exists an infected steady state without immune response £a(xi, j/i, i>i, 0) where 



Xl = 
Vi = 



0 M 1 r l7^o(l + otv x ) - (1 + C«i) + J [(1 + C w i) - 7^0 (1 + av i)f + 47^o(l + avi) 2 ) , 

27(1 + avi) V v / 

FpXiVi 

6(1 + 7x1) (1 + avi) ' 

wi = — — (dFGNa + FGN/3 - c 7 + FGNajX - V(c7 - FGN(da + /3 - cryA)) 2 + 4dFGNaj(c + FGNaX)) . 
2ca7 V / 

If z 7^ 0, we obtain the infected steady state with immune response E 2 (x 2 , y 2 , 1*2, ^2) where 



x 2 = 
V2 = 



7X0(1 + CW 2 ) - (1 + C«2) + \/ [(1 + 0>2) - 7a;o(l + C«2)] 2 + 47X0(1 + M 2 ) 2 j 



27(1 + av 2 ) 

F/3x 2 v 2 n c 

77— r-— r, u 2 = -, ^2 = - (-Ri - 1) 

<5 (1 + 7^2) (1 + av 2 ) r q 



where R\ is an humoral immunity reproduction number given by: 

NFG(3x 2 



Ri = 



c(l + 7x2) (1 + av 2 ) 

It is clear that x 2 , y 2 and v 2 are positive and if R\ > 1, then z 2 is positive. Since 0 < x 2 < x 0 and v 2 > 0, then 

p ^ NFG(3x 2 NFG(3xq 

til S -7— r S -7— r — tt 0 . 

c(l + 7X 2 ) c(l+72;o) 

2.3 Global stability 

In this section, we prove the global stability of the steady states of system (5)-(8) employing the method of 
Lyapunov functional which is used in [40] for SIR epidemic model with distributed delay. Next we shall use 
the following notation: u — u(t), for any u € {x,y,v,z}. We also define a function H : (0,oo) — > [0, 00) as 
H(u) = u — 1 — lnu. It is clear that H(u) > 0 for any u > 0 and H has the global minimum H(l) = 0. 

Theorem 1. If R 0 < 1, then E 0 is GAS. 

Proof. Define a Lyapunov functional Wq as follows: 



W 0 = NFG 

u. 

S 



x(t - 6>)v(£ - 9) 



{l + ^x(t-9)){l + av(t-6)) 



d6dr 



+ 



FG 



J 9(r)e- nT J y(t - 6)d9dj 



. 1 
v H — z. 
r 



(15) 



The time derivative of Wq along the trajectories of (5)-(8) satisfies 



dW 0 
dt 



= NFG 



fixv 



l + 7^o) 

(1 + 7x)(l + av) 
h 

+ t J f( T )e- mT — '' U r)r " r) 



dr ' — — 11 

+ 7x(i - r)) (1 + av(t - r)) F 



0 



x(t - r)«(t 



(1 + 7x)(l + av) (1 +7x(t - r)) (1 + av(t - r)) / 

CO 

+ — y g(T)e~ nT (y - y(t - t))c£t + NS J 5( T ) e ~ nT y(* - T ) rfr - cu - gwz + qvz - ^yZ. 



(16) 
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Collecting terms of (16) we get 



dW 0 
dt 



= NFG 



d(x — xqY 



(3xv 



+ 



/3xqv 



(1+7x0) x (1 + 7x0) (1 + jx) (1 + av) (1 + 7x0) (1 + 7a;) (1 + av) 



+ 



(3xv 



(1 + jx) (1 + av) 
—d(x — x 0 



cv z 

r 



= NFG 
= -NFGd 
= -NFGd 



f3x 0 v 



cv 



(l+7x 0 )x (1 + 7x0) (1 + av ) 

(x - x 0 ) 2 cvR 0 q\i 

+ — cv — — z 

(1 + 7x0)2; (1 + av) r 

(x-x 0 ) 2 cav 2 Ro q^i 

— — + cv(Rq - 1) - — r z. 

(1 + 7Xq)x (1 + av) r 



(17) 



From Eq. (17) we can see that if R 0 < 1 then ^ < 0 for all x,v,z > 0. By Theorem 5.3.1 in [35], the 
solutions of system (5)-(8) limit to M, the largest invariant subset of = 0}. Clearly, it follows from (17) 

that = 0 if and only if x = xo, v — 0 and z = 0. Noting that M is invariant, for each element of M we have 

UJ 

v = 0 and z = 0, then v = 0. From Eq. (7) we drive that 0 = v = N5 J g(T)e~ nT y(t - r)dr. This yields y = 0. 

0 

Hence = 0 if and only if x = x 0 , y — 0, v — 0 and z = 0. From LaSalle's Invariance Principle, Eq is GAS. 
Theorem 2. If R x < 1< Rq, then E 1 is GAS. 
Proof. We construct the following Lyapunov functional 



Wi = NFG 



+ 



+ 



1 



X 

- Xl -J 



77(1 + 7x1) F \yi 



F (1 + 7x1) (1 + aui) 



f(r)e~ 



H 



FG 



g(T)e~ 



H 



y(t - Q) 
yi 



d6dr 



x(t - 9)v(t - 9)(1 + 7x1) (1 + avt) 
xivi(l + jx(t - 0)) (1 + av{t - 9) 

q 



d9dr 



-z. 



(18) 



The time derivative of W\ along the trajectories of (5)- (8) is given by 



dW x 
dt 



NFG 



1 

F 




X-dx- 



fixv 



(1 + 7x)(l + av) 
x(t — r)v{t — t) 



+ 



0 



f(r) ( 



(1 + 7.x(/j - t))(1 + av(t - t)) 
x(t — r)v{t — t) 



dr — 5y 



(1 + 7X) (1 + av) (1 + jx(t - t))(1 + av(t - r)) 



X1W1 



(1 + 7x1) (1 + avi) 



In 



x(t — r)v(t — t)(1 + 7X) (1 + av) 
xv(l + jx(t — t)) (1 + av(t — t)) 



dr 



6 
FG 



9(r)e~ 



0 



y - y(t - t) + yi In 



+ 



^1 - — ^ I iV5 y 5(r)e nT y(t - r)dr - cw - qzw J + qvz - 




<7M 



-z. 



(19) 



Using the steady state conditions for E\\ 



A = dx\ + 



(1 + 7x1) (1 + avi) 



S Vl =F 



fiXiVi 



(1 + 7x1) (1 + avi) 



CV\ = 
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we obtain 



C — ^ = NFG 
dt 



,/ xi(l + 7x)\ 



(1 + 7x1) (1 + avi) 



(1 + 7.X1) (1 + avi) x(l + 7x1) (1 + 7x1) (1 + av) 



h 



F(l + 7x1) (1 + av x ) J I[ ' yxxv^l + jx(t - r))(l + av(t - t)) F 
0 

1 Mm ? f(r)c- mT In f X(t - - T)(1 + 1X) (1 + 1 dr 



F ( i + - r,)(1 foi'ij/^ "' V .rr( i -!- •,.'•(/ - r)) CI -■■ <><•(/ -r)) 
0 

H / 9W e-' ,„ (til) * - * J g{ r )e -^ll dT 

0 0 

cv + cvi+qviz 2. (20) 

r 



Using the following equalities: 



v „ TT ^ / 8 v 
cv = evi — = NFG —yi — 

vi \F vi 

^ ' x(t - r)v(t - t)(1 + 7X) (1 + av)\ _ ( y\x{t - r)v(t - r)(l + 7Xi)(l + av\) 



xv(l + jx(t — r)) (1 + av(t — r))/ \ y.x 1 w 1 (l + jx(t — r)) (1 + au(i — r)) 

+ 1 si(l +7 ») \ + JlV ln^ 1 + ^ 



v x(l + 7x1)/ \vyi J \l + avi 

\ v J \v\y) V «yi / 



Then collecting terms of (20), we obtain 



dt 



= NFG 



(x-xQ 2 _8yi( xi(l +7X) _ lln f xi(l +7x) \ \ 

x(i + 7xi) f ^x(i + 7 xi) n ^x(i + 7xi)yy 



h 



+ % u(l+_m^i) _ <%i y j^ e _ mT £ yix(t - r)v(t - t)(1 + 7Xi)(l + cwi) _ ^ 



F vi (1 + av) F 2 J \yx l v 1 {l+ 1 x{t-r)){l + av{t-r)) 

0 

_ ln ( JJixjt - r)v(t - t)(1 + 7Xi)(l + avi) \ \ ^ 
n ^ yx lVl {l + 7 x(i - r)) (1 + av(t - r)) J J 



5y- 



% /ff(r)e— f - 1 - In f M^)) dr 

+ q(y 1 -^)z 



8yi ( f 1 + av \ v 
In ' 



F \ \ 1 + awi / V\ 
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NFG 



-d 



(x — xi) 2 6 ( v (1 + olv\) v 1 + av 



x(l + jxi) ' F^ 1 \v\ (1 + av) vi ' 1 + av\ 
1 + av 



+ 



5yi H ( xi(l + 73;) \ _ Syi H 



x(l + 7x1) 



1 + avi 



h 

5yi f 

- F 2 J 



f{r)e- mT H 



yix(t - r)v(t - r)(l + jxi)(l + av\) 
yxivi(l + jx(t - t)) (1 + av(t - r)) 



dr 



FG 



UJ 



T )e- nT H 



vyi 



dr 



+ q 



NFG 



5yi H ( Xl ^ l + 



F 2 



(x — Xi) 2 (5?/! a(u — «i) 2 

x(l + 7Xi) F ui (1 + aw) (1 + avi) F" ^(1+7x1 
i/ix(i - r)v(t - r)(l + 7Xi)(l + croi) 



i I f(r)e- mT H ( 



1 + era 
1 + avi 



yxivi(l + jx(t - t)) (1 + av(t - r)) 

a; 

- r) 



dr 



vyi 



dr 



+ q 



,2. 



(21) 



Now we show that if i?i < 1 then vi < ^ — v 2 . Let Ro > 1, then we want to show that 

sgn (x 2 — xi) = sgn (vi — v 2 ) = sgn (Ri — 1) . 

For xi,X2,vi,v 2 > 0, we have 



{ix 2 V\ 



/3xi^i 



(1 + 7X 2 )(1 + avi) (1 +7Xi)(l + av\) 
j3x 2 v 2 /3x 2 vi 



(x 2 - Xl) = 



/3vi (x 2 - xiY 



(1 + 7x 2 )(l + avi) (1 + 7x1) 



(1 + 7X 2 )(1 + av 2 ) (1 + 7X 2 )(1 + avi] 



(v 2 - vi) 



/3x 2 {v 2 - vi)' 



(1 + 7X 2 )(1 + av 2 ) (1 + avi) 



((A - dx 2 ) - (A - dx x )) (x 2 - xi) = -d (x 2 - x x ) < 0, 



Px 2 



Px 2 



(1 + 7x2) (1 + av 2 ) (1 + 7X 2 )(1 + avi) 



(vi - v 2 ) 



/3ax 2 (v 2 - viY 



(1 + cn; 2 )(l + av\){l + 7x 2 ) 



>0, 



>0, 



> 0. 



(22) 

(23) 
(24) 
(25) 



Suppose that, sgn (x 2 — xi) = sgn (v 2 — vi). Using the conditions of the steady states E\ and E 2 we have 
t\ a ^ i\ a \ fix 2 v 2 $x\V\ 

(A - dX 2 ) - (A - dXl) = — r— r - — r— r 

V ' K ' (l + 7x 2 )(l + aw 2 ) (l + 7 xi)(l + awi) 

(3x 2 v 2 j3x 2 vi 



+ 



/3x 2 vi 



fixivi 



(1 +7X 2 )(1 + av 2 ) (1 +7X 2 )(1 + avx) (1 + 7X 2 )(1 + av{) (1 + 7Xi)(l + av x ) ' 

and from (22) and (23) we get sgn(xi~x 2 ) — sgn(x 2 — xi), which leads to contradiction. Thus, 
sgn (x 2 — Xi) = sgn («! — v 2 ) . Using the steady stae conditions for Ex we have ^^^(l+av!) = ^' t ^ icn 



i?i - 1 



NFG 


( Px 2 


/3xi 




Ul+7x 2 )(l + m; 2 ) 


(1 + 7Xi)(l + avi) 


NFG 


( PX2 


/3x 2 




{{I + ~/x 2 ){l + av 2 ) 


(1 + 7x 2 )(l + avx) 


NFG 


Px 2 


Px 2 


c 


(1 +7-x 2 )(l + av 2 ) 


(1 + 7x 2 )(l + avi) 



Px 2 



fax 



/3x 2 V! 



fiXiVi 



From (22) and (25) , we get sgn {R\ — 1) = sgn (vi — v 2 ) .Hence, if R 0 > 1, then xi,yi,v 1 > 0, and if R\ < 1, 
then v\ < v 2 — ^ and < 0 for all x,y,v,z > 0. By Theorem 5.3.1 in [35], the solutions of system (5)-(8) 
limit to M, the largest invariant subset of = 0}. It can be seen that = 0 if and only if x = Xi, v = v\, 

z = 0 and H = 0 i.e. 

yi^-^M*-^)(i + 7^i)(i + ^i) = v iy (t-T) = almost 

yxiUi(l + 7x(f-r))(l + au(i-r))531 wyi A. M. Elaiw et al 524-535 ; 
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From Eq. (26), if v = Vi then y = yi and hence C ^ L equal to zero at E x . LaSalle's Invariance Principle implies 
global stability of E\. 

Theorem 2. If > 1, then E 2 is GAS. 

Proof. We construct the following Lyapunov functional 



W 2 = NFG 



x — x 2 



J r,{l- 



+ 7x2) F 



1 /3x 2 V 2 

F (1 + 7x2) (l + av 2 ) 



n 

J f(r)e 



H 



x(t - 9)v(t - fl)(l + 7x2) (1 + av 2 ) 
x 2 v 2 (l + >yx{t - 6)) (1 + av(t - 6) 



dOdr 



FG 



J* 



l!l(r)e : 
0 0 



H 



y(t - 0) 



1)2 



dOdr 



v 2 H 



-z 2 H 



The time derivative of W 2 along the trajectories of (5)- (8) is given by 



dW 2 
dt 



NFG 



x 2 (l + jx) 
x(l + 7x2) 

h 



A — dx 



(3xv 



(1-|) I / fir), 



(1 + 7x)(l + av) 
x(t — r)v(t — t) 



+ 



+ - 



Jury 



xv 



(1 + jx(t - t))(1 + av(t - t)) 
x(t — r)v(t — t) 



dr — Sy 



x 2 v 2 



(1 + 7X) (1 + av) (1 + jx(t - t))(1 + av(t - t)) 
x(t — r)v(t — t)(1 + 7X) (1 + av) ' 



In 



(1 + 7x2) (1 + av 2 ) \xv(l + jx(t - t)) (1 + av(t - r)) 



dr 



+ FG ' 5(T)e ™ T I V ~ V{t ~ T) + V2 ln 



y(t - t) 
y 



dr 



+ (l - ^) J NS J g(T)e- nT y(t - r)dr - cv - qzv J + (l - ^) (qvz - ^z) . 



(27) 



(28) 



Using the steady state conditions for E 2 : 

Px 2 v 2 



A = dx2 



we obtain 



dW 2 
dt 



= NFG 



(1 + 7x2) (1 + av 2 ) 

x 2 (l + 7x) 



cv 2 = NFG [ —y 2 ) - qv 2 z 2 , fi = rv 2 , 



-d{x - x 2 ) I 1 



iix 2 v 2 



x(l + 7x 2 )/ (1 + 7x2) (1 + av 2 ) 



j3x 2 v 2 x 2 (l + 7x)^ j3x 2 v 

(1 + 7x2) (1 + av 2 ) x(l + 7x2) (1 + 7x2) (1 + av) 

h 

P x 2 v 2 f j.,_^_- mT y2x{t- r)v(t-T) (1+7x2) (l + av 2 ) 



F (1 + jx 2 ) (1 + av 2 ) 



jury 



yx 2 v 2 (l + jx(t - t))(1 + av(t - r)) dT + F V2 



+ 



X2V2 



F (1 + jx 2 ) {1 + av 2 ) 



jury 



x(t — r)v(t — r)(l + 7X) (l + av) 
xv(l + jx(t — t)) (1 + av{t — t)) 



dr 



FG 



e- nT In 



y(t-r) 



y 



dr- 



5y2 
FG 



0 0 

cv + cv 2 + qv 2 z - qvz 2 z -\ z 2 . 

r r 
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vy 2 
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Using the following equalities: 



cv 



= cv 2 -=NFG[-y 2 - 

V 2 \t V 2 



qvz 2l 



In 



x(t — r)v(t — r)(l + jx) (1 + av) 
xv(l + jx(t — r)) (1 + av(t — r)) 

ln ^(*-^ 



= In 



y 2 x(t - r)v(t - t)(1 + 7 x 2 )(l + cro 2 ) 



yx 2 v 2 (l + jx(t - r)) (1 + av(t - r)) 
ln / x 2 (l + 7a: ) \ + / «2j/\ . , f l + av 



Then collecting terms of (29), we obtain 



dW 2 
dt 



NFG 

&V2 



x{l+ix 2 ) F 



1)2 



H 



x 2 (l + jx) 
x(l + -fx 2 ) 



H 



V (1 + otv 2 ) 
v 2 (1 + av) 

l + av 

1 + av 2 



ln 



v 
v 2 



x(l + 7x2) / 
v 2 y 



hi 



V V2 ) 



1 + av 2 



+ ln 



V V V2 ) 



1 



1 + 



- 1 



^2 

F 2 



f(r)e 



y 2 x{t - r)v(t - t)(1 + 7^2)(1 + a^) 
yx 2 v 2 (l + -fx(t - t)) (1 + av(t - r)) 



^2 
>G 



0 



( V2V(t - t) 
V «2/2 



(30) 



Eq. (30) can be rewritten as 
dW 2 



dt 



NFG 



F 2 



-d 



(x - x 2 ) 2 



Sy2 



a(v — v 2 y 



5yi 



H 



5y2 
FG 



f(r)e 



x(l + jx 2 ) F v 2 (1 + av) (1 + av 2 ) F 

y 2 x(t - r)v(t - t)(1 + ^x 2 ){\ + av 2 ) 



yx 2 v 2 (l + -yx(t - t)) (1 + av(t - t)) 



x 2 (l + -yx) 
x(l + jx 2 ) 

dT 



V2y(t - t) 
vy2 



dr 



5yi 



H 



1 



1 + av 2 



Hence, it is easy to see that if x,y,v > 0, then < 0. By Theorem 5.3.1 in [35], the solutions of system (5)-(8) 
limit to M, the largest invariant subset of = 0}. It can be seen that = 0 if and only if x = x 2 , v = v 2 

and H = 0 i.e. 



y 2 x(t - r)v(t - t)(1 + 7-x 2 )(l + av 2 ) _ v 2 y(t - r) 
yx 2 v 2 (l + jx(t - t)) (1 + av(t - r)) vy 2 



= 1 for almost all r G [0, p]. 



(31) 



From Eq. (31), if v = v 2 then y — y 2 and from Eq. (12), then we get z = z 2 . Thus, ^j 2 - equal to zero at E 2 . 
LaSalle's Invariance Principle implies global stability of E 2 . 



3 Conclusion 

In this paper, we have proposed a virus infection model which describes the interaction of the virus with 
uninfected cells taking into account the humoral immunity. The infection rate is given by Crowley- Mart in 
functional response. Two types of distributed time delays describing the time needed for infection of uninfected 
cell and virus replication have been incorporated into the model. Using the method of Lyapunov functional, we 
have established that the global dynamics of the model is determined by two threshold parameters i?o and R\ . 
The basic reproduction number viral infection Rq determines whether a chronic infection can be established. The 
humoral immunity reproduction number Ri determines whether a persistent B cells response can be established. 
We have proven that if i?o < 1, then the uninfected steady state E 0 is GAS, and the viruses are cleared. If 
i?i < 1 < Rq, then the infected steady state without immune response E\ is GAS, and the infection becomes 
chronic but with no persistent B cells response. If R\ > 1, then the infected steady state with immune response 
E 2 is GAS, and the infection is chronic with persistent B cells response. 
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1 Introduction 

For positive integers k±, fc 2 , . . . , k r , define multi-poly-factorial function Ltf klik2 ^^ kr (z) by 

\ z mr 
Ui klM _ kr (z)= ^ mi!---m r !(mi + l) fc i---(m r + l)^ ' 



If r = l, \Ai k {z) ([8]) is called polylogarithm factorial function (or simply, polyfactorial 
function) and defined by 

Ui k (z) = V — ? — -r . 

mum + lr 

m=0 v ' 

Define multi-poly- Cauchy polynomials of the first kind Cn l,k2, "' ,kr \z) (n — 0, l, 2, . . . ) 
by the generating function 



00 

;i +0 2 Lif fel , fc2 ,... )fer (ln(l + t)) = Y^^-^iz)- 

n=0 



When z — 0, define multi-poly- Cauchy numbers of the first kind c£ l,k2 '"' ,kr ^ = Cn l,k2 ''"' kr \o) 
by 

Lif fcl , fe2 ,...,, r (ln(l + 0)=E c n l,fe2 '-' M - 



n! 

n=0 



If r = l, then Cn\z) and cj? are the poly-Cauchy polynomials and numbers of the first 
kind ([5, 8, 9]), defined by 



(l + t) 2 Lif fc (ln(l+t)) =J2 

and 



n=0 



Lif fe (ln(l + i))= J>£ 



x + n 

(*)!_ 



n=0 



respectively. These numbers and polynomials are introduced in [8] and in [5], respectively. 
Their characteristic and combinatorial properties have been investigated in [9, 10, 12] and 
so on. If k = 1, then = c n are the classical Cauchy numbers ([3, 15]). A different 
generalization of Cauchy numbers can be found in [11]. 

The concept of poly-Cauchy numbers is an analogue of that of poly-Bernoulli numbers 
Bn \ introduced by Kaneko ([6]) as follows: 



Li fc (l-e-«) = y„ W * w 
1-e-* ^ n n\ 

n=0 



where 

00 



Li k (z) = 



m=l 

2 



z m 
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denotes the k-th polylogarithm if k > 1 and a rational function if k < 0. When k — 1, 
.B^ are the Bernoulli numbers with b[^ = 1/2, defined by 



l- e -t n , 

n=0 



Note that the classical Bernoulli numbers S n with £?i = —1/2 are defined by 

t °° t n 



n=0 



satisfying B n = B$ except n — 1. One generalization of poly-Bernoulli numbers is called 
multi-poly-Bernoulli number Bn 1 ''"'^ (h > 1 for % — 1, . . . ,r), defined by the generating 
function 

Li fcl) ... )fcr (l-e-*) _^ D(fei 



l-e-* ^ " ra 

?1=0 



where Li^...^^) is the multiple polylogarithm function defined by 

z mr 

u kl ,..., kr (z) = }2 ~ki r (\ z \< 1 )- 



m," . . . wh r 

0<mi<-<m r 1 r 



The properties of Bn 1 ''"'^ and/or Li^...^^) have been investigated in [13, 14, 7]. We 
can say that c ^ fcl '-"' fcr ) and/or Lif^ li ...^(z) are their analogous concepts. 
In [5] we give some duality relations between Z k (s,z), defined by 



^- I t s -\l-t) z Ui k (\n(l-t))dt (3?(s) > 0 and z > -1) 
and £ k (s,z) ([2, 4]), defined by 



Z k (s,z)-- ( 



£ fc ( s> z ) = J_ Llfc(1 6 ' e^H^dt {U{s) > 0 and z > 0) 



When z — 1, the function £fc(s, 1) = £, k (s) is the Arakawa-Kaneko zeta function ([1]). It is 
easy to see that £i(s,z) = s((s + l,z) where ((s,z) is the Hurwitz zeta function defined 
by 



n=0 ^ ' 



It is known that the function £, k (s, z) can be analytically continued to the whole complex 
s-plane and its values at non-positive integers are given by £ k (—n,z) = (—l) n B^\z) 
(n > 0) ([4, Theorem 2]). We show that the function Z k (s,z) can be extended to an 
entire function, and its values at non-positive integers are given as 

Z k (-n,z) = cl k \z) (n = 0,1,2,...). 

In this paper, we also study a complex variable function Z klt _ ;kr (s, z), which is a general- 
ization of Z k (s,z), interpolating the multi-poly-Cauchy polynomial d£'" m ' kr (z). 
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2 Multi-poly-Cauchy polynomials 

Let s(n,m) be the (signed) Stirling numbers of the first kind, defined by 

n 

x(x — 1) • • • (x — n + 1) = > s(n, m)x m . 

V v. ' Z ' 

n m=0 

Poly-Cauchy numbers of the first kind can be written explicitly in terms of the Stirling 
numbers of the first kind: 



<k) = \- g ( n ' m ) 

" ^ (m + l) fc 

m=0 V 



([8, Theorem 1]). Similarly, multi-poly-Cauchy numbers of the first kind can be written 
in terms of the Stirling numbers of the first kind. 

Theorem 1 For a nonnegative integer n and positive integers k±, k 2 , ■ ■ ■ , k r , we have 

c (*i,* 2 ,..,*r) = y s(n,m r ) ^ 

^ mi! • • • m r _i!(mi + • • • (m r + l) kr 

0<mi<m2<---<m r <n 



Proof. By 

(ln(l + t)) m ^ f ^ 
~l = L^>™)^> 

n=m 

we have 

,A" J ■'»!'-'" " 1 ' 

n=0 

= £ 



n! 



(ln(l+t))- 



• • • m r _i!m r !(mi + l) fcl • • • (m r + l) fc »- 

0<mi<m2<-<m r 

1 °° t n 

— \ \ sin m ) — 

^ mj • • -m r _i!(mi + l) fc i • • • (m r + 1)^ ^ K ' r7 n! 

0<mi<m2<---<m r n=m r 

/ \ ^ s(n,m r ) \ t n 

^ \ ^ m\\ - ■ ■ m r _i\(mi + l) fcl • • • (m r + l) kr ) n\ 

n=0 \0<m 1 <m 2 <--<m r <n 1 r 1 v 1 > v r 7 / 

By comparing the coefficients of the both sides, we get the desired result. I 

The multi-poly-Cauchy polynomials of the first kind can be also written in terms of 
the Stirling numbers of the first kind. 



4 
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Theorem 2 For a nonnegative integer n and positive integers ki, k%, ■ ■ ■ , k r , we have 
j \ ^ 1 y / 2 \ sjy, m r ) 

0< mi <r^-<m r <n ' • ' m r~lKmi + 1)^ • • • K + ^ V» " ») ^ 

Proof. By Theorem 1, we obtain that 



E^'^W-T = (l + t) 2 Lif fcl ,..., fcr (ln(l + x)) 

n=0 

^ \/V ^ \ m i ! • ' -mr-Jfmi + l) fc i • • • (m r + l) k - / v\ 



jx — vj ^ m\\ ■ ■ ■ m r -\\(mi + • • • (m r + l) fer z/! n! 

n=0 ^=0 v 7 0<mi<m 2 <-<m r <i/ v ' v 7 

^ ^ mi! • • • m r _i!(mi + l) fcl • • • (m r + l) kr ^ \n — v ) v\ n! ' 

n=0 0< mi <m 2 <-<m r <n 1 r 1 v 1 ' v r 7 j/=m r v 7 

where for a complex number z and a nonnegative integer /x 



z\ z(z — 1) • • • (z — n + 1) 

By comparing the coefficients of the both sides, we get the desired result. 
Remark. If r = 1 in Theorem 2, then 

z \ s(u, m) 



c n {z)-n.^ {m+1)k 2^ [n-vj—ri 
On the other hand, by Theorem 2.1 in [5] 

n m 

m=0 i=0 
n n 



i=0 m=i 



i J (m — i + l) fe 
m\ s(n,m) 



i J {m — i + l) k 

The following fundamental result holds. The proof is done by a simple calculation. 
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Lemma 1 If k r > 1, then 

d 



If k r = 1, then 
d 



(zUf klM ^ kr _ ul (z)) - ^2 



dz y *i.«2.-,«r-i,iv n ^ mi!---m r !(mi + l) fe i---(m r _i + l) fc '- 

0<mi<-<m r \ / \ j 



By using Lemma 1 we can write the generating function of the multi-poly-Cauchy 
polynomials Cn 1 ''"'^^) in the form of iterated integrals. 

Proposition 1 For positive integers k±, . . . , k r 

t n 



n=0 

(l + t) z [* 1 /•*Lif feli ... ifer _ 1 , 1 (ln(l + t)) 



\n(l + t)J 0 (i + OMi + 0 J 0 1 + t 

V v / fcr-J 

^ m 1 !---m r !(mi + l) fc i---(m r _ 1 + l) fc '-iln(l + t) 

" x " r J r 1 r M+C j, a 

7 0 (l + «)ln(l + i) 7„ (l+i)ln(l + t) 7„ l + i 



Proof. By Lemma 1 we have 

1 r 

Liffc lv ..,fc r (^) = - / Lif fcl> ... )fcr _ 1>fcr _i(z)dz 

2 </o 



i fi r 

- - Ui kl ^ kr _ ukr _ 2 (z)dzdz 
z Jo z Jo 



i r z i i r 

= 7/ - ■- Lii ku ... ikr _ ul (z) £z_-dz, 



i r i i r z i r ^ ^ ^ ^ 

^ z Jo z Jo n< - 4^ mi! • • -m r !(mi + l) fe i • • • (m r _i + ' — ^ — ' 
Putting 2 = ln(l + 1), we get the result. 
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Remark. If r = 1 in Proposition 1, then by Liii(z) = (e 2 — l)/z we have 
{l+t) z [ l 1 f 1 , , 

— — r / ~, : ; r • • • / 7 : ; r Xt MM . . .M 

ln l + t)7 0 1 + t ln l + i J 0 (l+t)ln(l+t) 

fc-1 

n=0 

which is Corollary 2.3 in [5]. 

3 Functions interpolating the multi-poly-Cauchy poly- 
nomials 

Let ki,...,k r be positive integers. Define the function Z klt _ tkr (s, z ) for s G C with 
3?(s) > 0 and z > -1 by 



(1) 



z kl ,..., kr (s,z) --=^1 t s -\\-tyuh 1 _ kr {Hi-t))dt. 

By the change of the variables t — 1 — e~ u , this can be written as 

Z kl ,.., kr (s,z) = (! - e-)- 1 e-^ 1 )«Lif fcl> ... iJfcp (-«)d«. (2) 

Theorem 3 For n = 0, 1, 2, ... , we have 

Z kl _ kr (-n,z) = c^\z). 

Remark. If r = 1, then Theorem 3 is reduced to Proposition 6.2 in [5]. 

Proof. Let b be an arbitrary non-negative integer and 7 an arbitrary real number with 
0 < 7 < 1. Then by the equation (1), we have 

f t s -\l-t) z Ui kl _ kr {\n(l-t))dt 
Jo 

= f t s -\\-tyui kl _ kr {\n(i-t))dt+ [ t s - l (i-tyui kl _ kr {\n(\-t))dt 

Jo J j 

( 1 \m„(fclv,fcr)/ \ pj °° , -,x m (fcl,...,fcr)/ \ 

^ L) Cm \ z ) +mA+ , / + s-l ^ tl Cm \ Z ) ^.m^ 



/ ^-1 y i-n cm (zl tmdt / ts _, y 

+ / t s - l (l-tyUi kl _ kr {\n(l-t))dt. 
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The first term is equal to 



£ 

m=0 



-l) m c£ 1 '- ,fcr) { 



ml 



t 



s+m "I 7 



s + m 



£ 

0 m=0 



-l) m c 



(fel,...,fc r ) / \ ^s+m 



to! 



(s + to) 



Since 



1 



1 



(m) 



r(s) (s + to) r(s + to + 1) 

where = s(s + 1) • • • (s + m — 1) (to > 0) is the rising factorial with = 1, we have 
for sft(s) > 0 



Zk U ...,k r (s, Z) 



m=0 



m!T(s + to + 



-c^--^)(z)(-l)- 7 



in s+m 



+ 



1 



r(*)W 0 



t- 1 ( (i - o*Lif fel ,...^(i n (i _ t) ) _ £ ( irj^M r , ^ 



rrt=0 



to! 



+ J^-^i-tym^^inii-t^dtj. 



(3) 



The first integration converges if 9?(s) > — 1 — 6 and the second integration converges for 
an arbitrary s G C. Hence the right-hand side of (3) defines holomorphic function for 
5R(s) > —1—6. Since 6 is arbitrary, we obtain the holomorphic continuation of Z kli .„ tkr (s, z) 
to the whole s-plane. Finally, when s = —n, only the term for m = n in the first part 
remains and Z kl: _,^ kr (— n, z) = ^''"'^(z) is obtained. I 

Theorem 3 gives the values of Z klj _ jkr (s, z) at negative integers. The values at positive 
integers are expressed by using values of polylogarithm functions h\ k {z) and generalized 
harmonic functions H n k \z), defined by 



z z z 



H n k \z) 

Theorem 4 Let n and k±, . . . , k r be positive integers. For z > 0, we have 
Z ku _ kr (n,z) 



In 



I n— 1 



n — 1 
I 



-1 



£ 



Li fcr 



1 



0<mi<-<m r _i 



r(fc r ) 



mi! . . . m r _i!(mi + l) fcl . . . (m r _i + l)^- 1 



/ I : ' //m ' ! 



Remark. If r = 1, then Theorem 4 is reduced to Proposition 6.3 in [5]. 

8 
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Proof. By the expression (2), we have 

* ^-^fgCrV 

(— ■ u) mr du 



'_1 y e -(i+i+z)« 



E 



mi! . . . m r \(mi + . . . (m r + l) fer 

0<mi<---<m r v ' v ' 



By changing the variables u = v /(/ + 1 + z), we have 



* ^-^icrvr 



-,—v 



E 



(-l) mr v mr dv 



mi! . . . m r \(mi + l) kl . . . (m r + 1)^(7 + 1 + ^) m -+ 1 ' 

0<mi<-<m r 



Since m! = J 0 °° e v v m dv, we obtain that 

Z kl ,...,k r (n,z) 

-<^g("7V 



E 



mi! . . . m r _i!(mi + l) fcl . . . (m r + 1)M/ + 1 + 2 ) m '-+ 1 

0<rrti<---<m r 



^e'C 1 ; 1 )'- 1 ''" e 



(n-l)\j^\ I ) 0 < mi < <™ r - 1 mi! - mr - l!(mi + 1) " 1 - (mr - 1 + 1)t " 



m r =m, — i+l 
n-1 



^eC; 1 )^ 1 e 



1 



We shall show the following duality formula between Z klj ^ jkr (s, z) and £ k (s,z). 

Theorem 5 For positive integers ki, . . . , k r and p > 2 and a real number z with — 1 < 
z < 0, we /law 



oo 



r(n 

n=l 



— — Z fcl) ... )fcr (ra,z) 

E 



9 
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Remark. If r = 1, then Theorem 5 is reduced to Corollary 6.6 in [5] 
Proof. We shall calculate 

e"«* Li,(l- e -«)Lif fcl ,... )fcr (-u) 



du (4) 



o 



in two ways. Firstly, (4) is equal to 



e~ uz (l — e~ u ) n 

: Uf kl ,... tkr (-u)du 



oo 



e r e_( " i)u(i - o- i Lif fcl ,. > * P (-«)d« 



Ei [hi . . 
— Z fel ,..., fcr (n,z) 

n=l 

On the other hand, (4) is equal to 

H 

n ;)(ir m 1 !...m r !(m 1 + l)*i...(m r + l)^y 0 



(-«) m " r°° e- uz Li p (l - e- u ) ^ 

l/'m, _|- 1 W . . . (rn -I- 1 W I p« _ 1 



E 



! I T I . 1 I T 1.1/ j > I i w : / . ( / .' ; ' ' ' 

0<mi<-<m r _i<m r 



_^ mi! • • • m r _ 1 !(m 1 + l) fel ■ • • (m r _! + 1)^-1777,;' 



x — — - / ^ -du 

m r) Jo 



E 



r(m r ) 7 0 e" - 1 



mi! • • -m r _i!(mi + l) fel • • • (m r _i + 1)^-1 

0<mi<-<m r _i<m r -l \ / \ / i 

Combining two expressions, we get the result. I 

4 The second case 

Let ki,...,k r be positive integers. Define multi-poly- Cauchy polynomials of the second 
kind c^n 1 ' k2 ''"' kr \z) (n = 0, 1, 2, . . . ) by the generating function 

Lif fcl , fc2 ,..., fcr (-hi(l + t)) _ ^^ kuk2 _ kr) ,,t n 



2 



n=0 



When ,2 = 0, define multi-poly- Cauchy numbers of the second kindc'n 1 ^ 2 ''"'^ = cl fcl ' fe2 '---' fcr - ) (o) 
by 

Lif fcl>fe2 ,..., fcr (-ln(l+t))=^e' fe2 '-' M - 



n! 

n=0 
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If r = 1, then c£\z) and c$ are the poly-Cauchy polynomials and numbers of the second 
kind ([5, 8, 9]), defined by 

Lif fc (-ln(l + t)) _ - r 
(1 + tY ^ n { ] n\ 

v 7 n=0 

and 

Lif fc (-ln(l+t))=^ 



n=0 



respectively. 

The multi-poly-Cauchy numbers of the second kind can be written in terms of the 
Stirling numbers of the first kind. 



$k 1 te,.,kr) = (-l)"Mn,m r ) 

0<mi<m2<-<m r <n 



Theorem 6 For a nonnegative integer n and positive integers k±, k 2 , ■ ■ ■ , k r , we have 

(-l) mr s(n,m r ) 
mil ■ ■ ■ m r _i!(mi + l) hl ■ ■ ■ (m r + l) fcr 

Proof. By 

n=m 

we have 

oo 

ni 

n=0 

(-Hi+t)r 



E 



• • • m r _i!m r !(mi + ■ • • (m r + l) kr 

0<m 1 <m 2 <-<m r 1 r 1 r v 1 > v r 7 

I i \m r °° j-n 
7 S\Tl Tfl ) — 

mil ■ ■ ■m r _ 1 !(m 1 + l) fel • • • (m r + l)** ^ K ' r 'n\ 

0<mi<m 2 <-<m r 7 v 7 n=m r 



= E E 



(-1)^5(71, m r ) \ t n 



mi! • ■ • m r _ 1 !(m 1 + • • • (m r + l) kr } n\ 

n=0 \0<m 1 <m 2 <-<m r <n 1 r 1 v 1 7 v r 7 / 

By comparing the coefficients of the both sides, we get the desired result. I 

The multi-poly-Cauchy polynomials of the second kind can be also written in terms 
of the Stirling numbers of the first kind. 



11 
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Theorem 7 For a nonnegative integer n and positive integers ki, k%, ■ ■ ■ , k r , we have 



£(fci,...,fc r )/ * • 1 



m\\ ■ ■ ■ m r ^i\(mi + l) fel • • • (m r + l) fer 

0<mi<m2<-<m r <ii 



E 



z + n-v-l\ ( y -l) n+mr ~ u s(u, m r ) 



n — v / v\ 



Proof. By Theorem 6, observe that 



00 f n I 



n=0 

oo 



M=0 



Er^r 1 )'-"''" 



y- / y> (-lj-s^m,) 

=0 \0<mi<m2<---<rrir<^ 
oo n / N 

2 + n — i/ — 1 



mi! ■ ■ ■ m r -\\(mi + l) fel • ■ ■ (m r + l) kr J v\ 

n=0 v=0 v 7 

(-l) m '-s(z/,m r ) n!t n 
^-^ mi! ■ ■ ■ m r _ 1 !(m 1 + l) fcl • • • (m r + l) kr v\ n\ 

0<mi<m 2 <-<tn r <i/ 1 r 1 v 1 1 K r ' 

oo 1 

V" n ! y 1 

^-^ ^-^ mi! • • • m r _i!(mi + • • • (m r + l) kr 

n=0 0<mi<m 2 <-<m r <n 1 r 1 v 1 ' v r 7 



E 



z + ra - i/ - 1\ (-l) n+m *- v s(v, m r ) t r - 



n — v / z/! n! 



By comparing the coefficients of the both sides, we get the desired result. 
Remark. If r = 1 in Theorem 7, then 

Cn[Z) ~ n -^(m + l) k ^\ n-v J 
On the other hand, by Theorem 3.1 in [5] 



n m / \ i 

^w = E(-^(«.™)E T)(i^iF 

m=0 i=0 v 7 v y 

'm\ (— l) m s(n, m) 



= E*'E 

i=0 m=i 



i J (m — i + l) fc 
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By using Lemma 1 we can write the generating function of the multi-poly-Cauchy 
polynomials of the second kind the form of iterated integrals. The proof is 

similar to that of Prop 1 and is omitted. 

Proposition 2 For positive integers k±, . . . ,k r 

Y,^' k '^L 

n=0 

1 f* 1 /"'Liffe, k , i(-ln(l + x)) 



;i + t) 2 ln(l + t) J 0 (1 + t) ln(l + t) J 0 1 + t 

\ / k r — l 



1 1 



mi! • • • m r !(roi + l) fcl • • • (m r _i + l)^- 1 (1 + t) z ln(l + t) 

0<mi<-<m r v / v / \ / \ / 

1 /•* 1 /•* (-ln(l + t)) m " , 

' ' -dt---dt 



0 



l+t)ln(l + t) 7 0 (l + t)ln(l + t) 7 0 1 + * 



(6) 



Remark. If r = 1 in Proposition 2, then it is reduced to Corollary 3.3 in [5]. 
Define the function Z fclj ... jfer (s, z) for s 6 C with 3?(s) > 0 and z > — 1 by 
- 1 Z" 1 

Z fcll ..., fcr (s,z) := ^-y J _ Lif fel ,..„ fcr (-ln(l -t))dt (5) 

or equivalently, 

^ 1 /"°° 

Theorem 8 For n = 0, 1, 2, . . . , we have 

Z kl _ kr (-n,z)=c k n 1 >-' kr (z). 



Proof. The analytic continuation of Z kl ^ ..,jt T .(— n, z) can be shown in a similar way to 
that of Zk u _ t k r (— n, z) in Theorem 3. By the equation (5), for n — 0, 1, 2, . . . , we have 

4,..^(-^^)=C ( n 1 '-' M (^)- ■ 

Remark. If r = 1, then Theorem 8 is reduced to Proposition 7.2 in [5]. 

The function Z klt ^ tkr (s, z) satisfies similar properties to those of Z klj __ jkr (s, z). They 
are proven in the same manner, so we state here only the results and omit their proofs. 

13 
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Theorem 9 Let n and k±, . . . , k r be positive integers. For z > 0, we have 



Z kl ,..., kr (n, z) 



n—l , , 



(n-l)\j-^\ I J -f-' mi! . . .m r _i!(mi + . . . (m r _i + 1)^-1 

(=0 7 0<mi<-<m, — i 



0<mi<-<m, — i 



Remark. If r = 1, then Theorem 9 is reduced to Proposition 7.3 in [5]. 

Theorem 10 For positive integers k±, . . . ,k r and p > 2 and a real number — 1 < z < 0, 
we have 

X) Tin) 



—Z kl _ kr (n,z) 

n=l 

(-l)^-i t p {m r ,l-z) 



E 



mi! • • • m r _ 1 !(m 1 + l) fcl • • • (m r _i + l)^-i m^r 

1 <C 11% p 1 



Remark. If r = 1, then Theorem 10 is reduced to Corollary 7.5 in [5]. 
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RATES OF APPROXIMATION BY NEURAL NETWORKS WITH FOUR 

LAYERS 

DANSHENG YU AND PING ZHOU 

Abstract. We invesigate the rates of approximation by a type of feed-forward neural networks 
with four layers, for some important function classes including functions of bounded (^—variation, 
functions in Sobolev space W p ^ a ^ and functions in L p spaces. 



1. Introduction 

A bounded function cr : R — > R is called a sigmoidal function if a (x) — ¥ 1 as x — > +oo and 
a (x) — > 0 as x — > — oo. Denote by G n . a the set of all feed-forward neural networks (FNN) with 
activation function cr, that is, 

f 

G n ,a ■= I N (x) :— ^ CjO (ajx + bj) , x, aj,bj,Cj G 
{ j=o 

As we know, FNNS are universal approximators. Theoretically, any continuous function defined 
on a compact set can be approximated to any desired degree of accuracy by increasing the number 
of hidden neurons. A lot of results concerning the existence of an approximation and the deter- 
mination of the number of neurons required to guarantee that all functions (belong to a certain 
class) can be approximated to the prescribed degree of accuracy, have been achieved by many 
mathematicians. When cr is a sigmoidal function, by a result of Gao and Xu ([5]), each continuous 
function of bounded variation / can be approximated, with respect to the uniform norm on the 
interval [a, b] , by feed-forward neural networks in G no . with the error O (n^ 1 ) ■ Later, Lewicki and 
Marino [6] generalized the result of Gao and Xu ([5]) by considering the approximation rate for 
functions satisfying a property (P). Their result can be read as follows: 

Theorem LM Let <f> : R + — > R + be a continuous, strictly increasing function such that (p (0) = 
0. Let the function f G C [a, b] satisfy the property 

(P) There exists a constant C > 0 such that for every n G N we can select a partition a = xq < 
X\ < ■ ■ ■ < x n = b such that for every i = 1, 2, ■ ■ • , n, if x,y G ij = [a^-i, Xj\ , then 

|/(z)-/(y)|< W^), (1.1) 



and let a G Loo (R) be a fixed sigmoidal function. Then 

dist(/,G ni(7 ) <(1 + 8 IML)^ -1 
where the distance is taken with respect to the supremum norm denoted by ||-||[ 0) (,] on [a,b] 



Key words and phrases, feed-forward neural networks; functions of bounded variation; Sobolev space; approximation 
rate. 
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Let 4> be as in Theorem LM, / G C [a, b] . Set 

v <t>(f)[ a ,b] : = SU P jx^CI/fo+i) ~ ^( X J')D : a = x o < xt < ■■■ < x n = b\ . 

We say that / is of bounded 0— variation if (/)[„ b ] < oo. It is shown that (see [6]), if / is of 
bounded 0— variation, then / satisfies property (P) with C = V$ (/)[„ b ] • 

Recently, some authors investigated the FNN with activation function gj : R d — ¥ K, defined by 

e -Ap(x,x j ) 

where xq,x\,--- ,x n are the points in M. d , p(a,b) denotes the Euclidean distance between the 
points a and b in K d , and A > 0 is a parameter. In this case, N (x) can be regarded as a FNN with 
four layers: the first layer is the input layer, the input is x; the second layer is processing layer 
for computing the distances of p (x, Xi) , i = 0, 1, • • • , n, between the input x and the prototypical 
input points Xi\ The values p(x,Xi) from the second layer are the inputs of the third layer that 
contains n + 1 neurons, each output gj (x) is activation function of the j-th neuron; the fourth 
layer is output layer, the output is N (x) . Although gj (x) are not sigmoidal, they have some better 
properties than the usual sigmoidal functions. Indeed, we have: (i) 0 < gj (x) < l,j = 0, 1, ■ ■ ■ n; 

(ii) £"=„ = ^R'- 

In [4], Cao, Zhang and Xu constructed a class of neural networks N n ^ a (f,x) with activation 
functions gj (x) on a finite interval [a, b] as follows: 

™ e -Mn)\x-Xj\ 

N n , a (f,x) := ]T f(xj) e _ A{n)lx _ Xil , (1.2) 

j=0 Z^i=0 

where {xj}" =0 are nodes on [a, b] and A (n) is a parameter depending on n. They also gives the 
rate of approximation by operator N n , a (/, x) for continuous functions on [a, b] . 
Set 

{« e -A(n)|x-^| 
N n , a (/, g) = ^ f( Xj ) ^ e _ A( „)| x _ Xi | = »i € ft] 

The approximation properties of neural networks with four layers were also studied by Anas- 
tassiou (see [l]-[3]). 

The first purpose of this note is to estimate the rate of approximation by elements in N n for 
functions satisfying the property (P), and show that similar result of Theorem LM holds for N n . 
In fact, we have 

Theorem 1. Let <p be defined as in Theorem LM, f G C [a, b] satisfy property (P). Then 

2e 2 +4e , , /C* N 



dist(f,N n ) < 

(e + 1) 



n 



Define the Sobolev space Wp^ a .b] as follows: 

W pAaM := {.f : / G AC ([a, &]) , /' G LP [a, b}} , 1 < p < oo. 
For / G W P) [ 0)6 ], we have 

Theorem 2. For any / G W P) [ 0i &], if ZioWs f/iat 

^ (/, N n ) p <C p (n+ I)' 1 \\f\\ p , 1 < p < oo, 

w/sere ||-||p is ifte norm in L p {a,b] space, the distance dist(f,N n ) p is taken with respect to the 
LP— norm, and C p is a constant only depending on p. 

2 
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Theorem 2 above generalzies the result given by Petrushev and Popov in [7] for approximation 
by rational functions, where they only gave the result for p > 1. 
Finally, for / G L* a ^ , we have 

Theorem 3. For any f e L^ a fc j, it holds that 

dist (/, N n ) p < C p uj (7, , 1 < P < oo, 

where cu (f,t) is the modulus of continuity of f under the L p —norm, that is, 

i/p 

w(/,*) p := 



sup ( f h \f(x + h)-f(x)\Pdx) 

0<h<t yJa J 



Throughout the paper, C p denotes a positive constant only depending on p, which may be 
different in different occurrence. 

2. Proofs 

2.1. Proof of Theorem 1. Since / and 0 satisfy property (P), there exits a partition a = x 0 < 
x\ < ■ ■ ■ < x n — b such that (1.1) holds for x,y e /, = [a;,_i, Xj\ , i = 1, 2, • • ■ , n. Taking 

A(n):= 



min 0 <i<„-i - xj 

We only need to prove the following 

IliW/)- /|| s £±^-(£), (2.!) 

where A/„ i0 (/, x) is defined by (1.2). For convenience, we write 

e -A(n)\x-Xj\ 

r i ( a; ) := ^-™_ o g-AHlx-^l ' i = °' " " " > n - 

Assume that min 0 <i<„_i {x i+1 — Xj} = £j 0 +i — a;j o ,0 < j 0 < n — 1 and x £ [xk,Xk+i] ,k = 
0, 1, • • • , n. Since N nM (1, x) = 1, we have 1 



N n , a (/, x) - / (x) = E (fix,) - f (x)) rj (x) 

3=0 
fc-1 

= E (/fo) - / (*)) r ^ (*) + (/ - / (*)) ^ (*) 



J=0 



+ E (/tewcs))^) 

=:7i+/ 2 + 7 3 - (2.2) 



By (1.1) and noting that — - — - _^ , ^ , < 1, we have 



|/ 2 | < 0 _1 f- I • (2.3) 



n 



1 When k = 0 (or k = n), Ii (or 73) vanishes. 
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For Ii, we have 

|/i|<£|/fe)-/(z)|e-^ ( " 



k-i 

)(\x-Xj\-\x-X k \) 



3=0 
k-1 

<J2\f( x ^-fw\ e ~ A{n)(Xk ~ Xi) 

3=0 
k-1 

<Ei/fe)-/wie- (fc - j) . 

J=0 



By (1.1), it is obvious that 



1/ {x 3 ) - f ( X )\ < i/ ( Xj ) - f ( Xj+1 )\ + ■■■ + !/ (x fe ) - / < (fc - i + 1) r 1 (- 



n 



Therefore, 

l/il^r 1 ( C )]>>-J + l) e - (fe - j) 



where in the last inequality, we used the identity 

CO 

J2 iqi = 77^2' l ? l <1 ' 
7^ (! - «) 

which in turn can be derived by using the derivatives of the geometric series in the circle of 
convergence. 
Similarly, 

n 

\h\< 2 \f(xj)- f(x)\e- A ^ x - x ^ x - Xk +^ 
j=k+i 



3=0 

/ k k 



< 



(-) E (.?-fc) e - A( " )fe - a;fc+i) 
^ n ' j=k+i 



(~) E (j - A;)e" A( ™ )( - , '"' s " 1) ( a: io+i- a: jo) 



j = fe + l 
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< 



< 



■(f) ± «-*)•- 



U-k-l) 



< 



j = k + l 

n—k 

E* e " 

i=l 
1 f C 



-i+1 



(e + lY 



(2.5) 



Combining (2.2)-(2.5), we have 



\N n , a (f,x)-f(x)\< 

(e + 1) 



2e 2 +4e (C 



which proves (2.1). 



2.2. Proof of Theorem 2. If we consider the function g(x) = f(a + (b — a)x), it is sufficient to 
take only the case when [a, b] = [0, 1]. 

In this part, we take Xj = j = 0, 1, 2, • • • , n, and A (n) = n + 1 in (1.2). Then, we only 

need to prove the following: 



\\f-N n , a (f)\\ p <C p (n+l) 



- 1 II fl 



By Hlder's inequality, we deduce that 



/ |/ (x) - N n>a (/, x)\ p dx = J2 f (*) dtr i ( x ) 

Jo Jo j =Q Jx 

< / E / 

Jo J= 0 Jx 
n n r h+l . I 

sEE/; + 7r |/ ' w|P<ii 

? — n 4 — n ^ „ i i u „ i i 



, , 1 < p < OO. 



dx 



(2.6) 



rj (a;) dx 

x — xjf^ 1 rj (x) dx 
k* j 



n + l n+l 



p-i 



rj (x) dx, 



k = 0 j=0 n + l " n + l 

where k* — k for k > j, k* = k + 1 for k < j. Similar to the proof of Theorem 1, we have for 



x G 



k k+l 
n+l ' n+l 



that 



and 
Hence, 



rj (x) = e " (n+1)|a ""+ 11 . < -(n+Ddx-^l-lx-^l) = e -(fc-i) for • < fc 
rj (x) < e-^Hh-strl-h-sSI) = e -0-fc-i) ) for j > k. 



r 1 ™ " /-nil 

/ |/(x)-^ a (.f,x)rdx<(n + l)- p ^^ / |/'(t)| 



dt 



(|i-fc| + l) p e-^'- fc l +1 ) 



(-+ir p E E 

m=0 0<j ,k<n,\j -k\=rn 



\f'(t)\ P dt 



(m + l) p e- ( - m+1 \ 
(2.7) 
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For any given k (0 < k < n) , we have for m > 1 that (when k > n — m (or k < m) , the second 
last term (or the last term) in (2.8) should be understood as zero) 



E 

\j-k\=m 



Therefore, 

E 



\f(t)\ p dt 



m+fc k 

" +1 \f'(t)\ p dt+ \f'(t)\ p dt 

k / k — m 



-1 - 

n + 1 



x-1 ,. A 



i+i 



^ / i/'wrdt+x; L \ f wr*. ( 2 -8) 

1=0 n+T i=0 n + 1 



n+1 — mm— 1 a+fc+l 
r -i+i 



< 2m 



EEL (*)!'*+ EE L^u'W* 

k=0 i=0 n+i fe=m i=0 n+i 

C\f(t)\ P dt. (2.9) 
Jo 



Substituting (2.9) into (2.7), we get 



/ |/( a; )-7V„ iQ (/,x)| p d a ;<(n + l)- p ^ / |/'(i)| p dt+^2m(m+l) p e-( m - 1 ) / |/' (*)| J 

<(n + iy p (^ + 2j2(m + l) p+1 e"^" 1 ^ jf ' \f (t)\ p dt, 



dt 



which proves (2.6). 



2.3. Proof of Theorem 3. We also take only the case when [a, b] = [0, 1]. For any given h(0 < 
h < 1), define the Steklov function fh(x) as follows: 



fh(x):=l [ f{x + u)du, 0 < x < 1 - h. 
h Jo 



Then, it is obvious that fh(x) is absolute continuous, 



and 



Set 



Then, 



f'h(x) = ^ (f(x + h) — f{x)) for almost every x £ [0, 1 — h], 



f i-h \ 1 / p 

J o \f(x)- f h (x)\ p dx\ <u(f,h) p , l<p<oo. (2.10) 



ft (x) ■= 



fh (x) , 0<x<l-h, 
f h (l-h), l-h<x<l. 



almost for every x € [0, 1] 
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By the symmetry, we deduce that 



f dx f \f(x)-f(y)\ p dy = 2[ 1 dx f \f (x) - f (y)\ p dy 

Jl-h Jl-h Jl-h Jx 

= 2 f dx f X \f(x)-f(x + y)\ p d 

Jl-h JO 

= 2 / dy f V \f(x)-f(x + y)\ p dx 

Jo Jl-h 



< 



2 f u; p (f,y)dy 
Jo 



< 2huj p (/, h) . 



(2.12) 



By (2.10) and (2.12), we have 
J\f{x)-f h {x)\ p dx^ ^ < k \f(x)-f h (x)\ p dx) +(j\f(x)-.f h (l-h)\ p dx^J 



i/p 



i/p 



< h) p +\Jj,£ h £ (/ (*) - f (! - h + v)) d V 

<u>(f,h)p+(l£ f J\f{x)-f{l-h + y)\ p dydx^j 

= U (f, h) p +(lf" £ If (x) - f (y)\ P dydx 

< (l + 2 1/p ) w(f,h), l<p< oo. 



p \ 1 /p 



dx 
i/p 



(2.13) 



In what follows, we always take h — Xj = ^j-, j = 0, 1, 2, • • • , n, and A (n) = n + 1 in 
(1.2). Then, we only need to prove the following: 

1 



\\f-N n , a (f* h )\\ <<> / 



n + 1 



1 < p < oo. 



(2.14) 



By (2.13), we have 

11/ - N n , a (f* h )\\ p < 11/ - /ft ll p + Wfh - N n , a (f* h )\\ p 

<(l + 2 1 / P ) w ^,-l I ) + \\f*- Nn>M) 

Now, by Theorem 2 and (2.11), we see that 



(2.15) 



\\.fh-N n , a (fDL^Cpin + iy'UrJl 



<C p {n+l) 1 



1/p 



\fk(xWdx 



f(x 



n+1 



-fix) 



i/p 



dx 



< CpOJ f 



n + 1 



(2.16) 
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We prove (2.14) by combining (2.15) and (2.16). 
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Abstract. The notion of int-soft implicative filters of a Bi?-algebra is introduced, and related properties are 
investigated. The problem of classifying int-soft implicative by their 7-inclusive filter is solved. Also, as a gener- 
alization of int-soft implicative filters, the foldness of int-soft implicative filters are considered. Characterizations 
of int-soft (n-fold) implicative filters are discussed. 

1. Introduction 

In 1966, Imai and Iseki [3] and Iseki [4] introduced two classes of abstract algebras: BCK-algebras and BCI- 
algebras. It is known that the class of BCK-algebras is a proper subclass of the class of BCI-algebras. As a 
generalization of a BCK-algcbra, Kim and Kim [6] introduced the notion of a _B£?-algebra, and investigated several 
properties. In [2], Ahn and So introduced the notion of ideals in £?_E-algebras. They gave several descriptions of 
ideals in £?i?-algebras. 

Various problems in system identification involve characteristics which are essentially non-probabilistic in nature 
[11]. In response to this situation Zadeh [12] introduced fuzzy set theory as an alternative to probability theory. 
Uncertainty is an attribute of information. In order to suggest a more general framework, the approach to 
uncertainty is outlined by Zadeh [13]. To solve complicated problem in economics, engineering, and environment, 
we can't successfully use classical methods because of various uncertainties typical for those problems. There are 
three theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we can consider as 
mathematical tools for dealing with uncertainties. But all these theories have their own difficulties. Uncertainties 
can't be handled using traditional mathematical tools but may be dealt with using a wide range of existing 
theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval 
mathematics, and theory of rough sets. However, all of these theories have their own difficulties which are pointed 
out in [9]. Maji et al. [8] and Molodtsov [9] suggested that one reason for these difficulties may be due to the 
inadequacy of the parametrization tool of the theory. To overcome these difficulties, Molodtsov [9] introduced the 
concept of soft set as a new mathematical tool for dealing with uncertainties that is free from the difficulties that 
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the applications of 
soft sets. At present, works on the soft set theory are progressing rapidly. Maji et al. [8] described the application 

°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: BE'-algcbra; (implicative) filter; int-soft filter; int-soft (n-fold) implicative filter. 
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Young Bae Jun, N. O. Alshehri and Sun Shin Ahn 

of soft set theory to a decision making problem. Maji et al. [7] also studied several operations on the theory of 
soft sets. Ahn et al. [1] introduced the notion of an implicative vague filter in L?i?-algebras, and investigate some 
properties of it. 

In this paper, we introduce the notion of int-soft implicative filter of a -BF-algebra, and investigate their 
properties. We solve the problem of classifying int-soft subalgebras by their 7-inclusive implicative filters. We 
provide conditions for an int-soft filter to be an int-soft implicative filter. We make a new int-soft implicative filter 
from old one. Also, as a generalization of int-soft implicative filters, we consider the foldness of int-soft implicative 
filters. We discuss characterizations of int-soft (n-fold) implicative filters. 

2. Preliminaries 
We recall some definitions and results discussed in [5]. 

An algebra (A; *, 1) of type (2, 0) is called a BE-algebra if 

(BE1) x * x = 1 for all x E X; 
(BE2) x * 1 = 1 for all x G X; 
(BE3) 1 * x = x for all x G X; 

(BE4) x * (y * z) = y * (x * z) for all x, y, z £ X (exchange) 

We introduce a relation "<" on a BE-algebra X by x < y if and only if x * y = 1. A non-empty subset S of a 
£?i?-algcbra X is said to be a subalgebra of X if it is closed under the operation " * " . Noticing that x * x = 1 for 
all x £ X, it is clear that 1 G S. A Bi?-algebra (A; *, 1) is said to be self distributive if x * (y * z) = (x * y) * (x * z) 
for all x,y, z G X . 

Definition 2.1. ([5]) Let (A; *, 1) be a -BS-algebra and let F be a non-empty subset of X. Then F is called a 
filter of X if 

(Fl) leF; 

(F2) x *y G F and x <E F imply y G F 
for all x, y G X. 

Definition 2.2. Let (A;*,l) be a BE-algebra and let F be a non-empty subset of X. Then F is called an 
implicative filter of X if 
(Fl) leF; 

(F2) x * (y * z) G F and x * y G F imply a; * z G F 
for all x,y,z G X. 

Proposition 2.3. Let (A; *, 1) be a BE-algebra and let F be a filter of X. If x < y and x E F for any y G X, 
then y G F. 

Proposition 2.4. Let (A; *, 1) be a self distributive BE-algebra. Then following hold: for any x,y,z G X, 

(i) if x < y, then z * x < z * y and y * z < x * z. 

(ii) y * z < (z * x) * (y * z). 
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(iii) y * z < (x * y) * {x * z). 
A £?£?-algebra (A; *, 1) is said to be transitive if it satisfies Proposition 2.4(iii). 

A soft set theory is introduced by Molodtsov [9]. In what follows, let U be an initial universe set and A be a 
set of parameters. Let &(U) denotes the power set of U and A, B, C, ■ ■ ■ C X. 

Definition 2.5. A soft set (f,A) of X over U is defined to be the set of ordered pairs 

(f,A) :={( X ,f(x)):xeX,f(x)e0>(U)}, 

where / : X ->• &(U) such that f(x) = 0 if x $ A. 

For a soft set (/, A) of X and a subset 7 of U, the "{-inclusive set of (/, A) , denoted by iA (/; 7) , is defined to 
be the set 

i a (/;7) :={xeA\ 1 <zf{x)}. 

For any soft sets (/, X) and (g, X) of X, wc call (/, X) a soft subset of (g,X) , denoted by (/, X) C (g,X) , if 
/(#) Q d( x ) f° r au a; G A. The soft union of (/, A) and (5, A), denoted by (/, A) 0 (.9, A) , is defined to be the 
soft set (/ 0 g, X) of A over U in which / 0 g is defined by 

(/U ff ) (x) = f{x) U 3(2;) for all x <E M. 

The soft intersection of (/, A) and {g,X) , denoted by (/, A) n (3, A) , is defined to be the soft set (ff\g,M) of 
A over ?7 in which / n g is defined by 

(/n<?) (i) = /Wn S (i) for all x€ S. 

3. Int-soft implicative filters 

In what follows, we take a BE-algebra, A, as a set of parameters unless specified. 

Definition 3.1. ([I]) A soft set (/, A) of A over U is called an intersection-soft filter (briefly, int-soft filter) over 
U if it satisfies: 

(LSI) (Vs G A) (/(l) D /(x)) , 

(152) (V^eijf/fx^ln/Wc/fe)). 

Proposition 3.2.([1]) Every int-soft filter (/, A) of A over {/ satisfies the following properties: 

(i) (Vx,y & X) (x < y => f(x) C f(y)). 

(ii) (Vx, y, z G A) (f(x * z) D f(x * (y * z)) n f(y)). 

Definition 3.3. A soft set (/, A) of X over U is called an intersection- soft implicative filter (briefly, int-soft 
implicative filter) over U if it satisfies (IS1) and 

(153) (Vx, y, z e X) (f(x * (y * z)) n /(a; * y) C f(x * z)). 

561 Young Bae Jun et al 559-571 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.3, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Young Bae Jun, N. O. Alshehri and Sun Shin Ahn 

Example 3.4. Let E = X be the set of parameters where X := {1, a, b, c, d, 0} is a £?.E-algebra ([5]) with the 
following Cayley table: 
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Let (/, X) be a soft set of X over U defined as follows: 

' \ 7i if {c,d,0}, 

where 71 and 72 are subsets of U with 71 C 72. It is easy to check that (/, X) is an int-soft implicative filter of X. 

Proposition 3.5. Every int-soft implicative Biter over U is an int-soft filter over U. 

Proof. Let (f,X) be an int-soft implicative filter over U. Using (BE4) and (IS3), we have 

f(y *(x* z)) D f(x * y) =f(x * (y * z)) D f(x * y) 

(3.1) 

Cf(x * z) 

for any x, y, z e X. Putting x := 1 in (3.1), we get /(y * z) (~l /(y) C f(z). Hence (IS2) holds. Therefore (/, X) is 
an int-soft filter over U. □ 

The converse of Proposition 3.5 is not true in general as seen in the following example. 

Example 3.6. Let E = X be the set of parameters and U = X be the initial universe set where X = {I, a, b, c, d, 0} 
is a i?_E-algebra as in Example 3.4. Let (/, X) be a soft set of X over U defined as follows: 

72 if x = 1 
71 if x e {a, b, c, d, 0}, 

where 71 and 72 are subsets of U with 71 C 72. It is easy to check that {f,X) is an int-soft filter of X. But it is 
not an int-soft implicative filter over U, since f(d * (a * 0)) n f(d * a) = 72 71 = /(rf * 0). 

We provide conditions for an int-soft filter to be an int-soft implicative filter. 

Proposition 3.7. Let X be a self distributive BE-algebra. Let (f,X) be a soft filter over U satisfying 

{Wx, y,ze X)(f(y * z) D f(x * (y * (y * z))) n f{y * x)). (3.2) 

Then (/, X) is an int-soft implicative filter over U. 

Proof. Since x*(y*z) = y*(x*z) < (x*y)*(x*(x*z)) = x* (y * (x* z)) — y*(x* (x*z)) for all x,y £ X, we have 
f(x*(y*z)) C f(y*(x*(x*z))) by Proposition 3.2(i). Using (3.2), we have f(x*z) D f(y*(x*(x*z))r\f(x*y) D 
f(x * (y * z)) D /(a; * y). Thus (/, X) is an int-soft implicative filter over U . □ 

Theorem 3.8. Let X be a transitive BE-algebra. For any int-soft filter (/, X) over U, the following are equivalent: 

(i) (/, X) is an int-soft implicative filter, 

(ii) (Var, y <E X) (f(x * y) D /(a; * (a; * y))) , 

(iii) (Vx, y,ze X) (f((x * y) * (x * z)) D /(a; * (y * z))). 
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Proof. (i)=^(ii) Assume that (/, X) is an int-soft implicative filter over U. Putting z := y , y := x in (IS3), we have 

f{x * y) 2f(x * (x * y)) n f(x * x) 
=/(x * (x * y)) n /(l) 
=/(x * (x * y)). 

Hence (ii) holds. 

(ii) =>(iii) Suppose that (ii) holds. Since x * (y * z) < x * ((x * y) * (x * z)) = x * (x * ((x * y) * z)), using Proposition 
3.2(i) we have /(x * ((x * y) * (x * z))) = /(x * (x * ((x * y) * z))) Z> /(x * (y * z)). Using (ii), we get 

/((x * y) * (x * z)) =f(x * ((x * y) * z)) 

2/(x * (x * ((x * y) * z))) 
D/(x* (y * z)). 

Thus (hi) holds. 

(iii) =^(ii) Assume that (iii) holds. Using (IS2) and (hi), we have 

f(x * z) ^/((x * y) * (x * z)) D /(x * y) 

2/(x* (y *z))nf(x*y). 

Therefore (/, X) is an int-soft implicative filter over U. □ 

Theorem 3.9. Let X be a self distributive BE-algebra. Then the soft set (/, X) over U is an int-soft implicative 
filter over U if and only if it is an int-soft filter over U. 

Proof. By Proposition 3.5, every int-soft implicative hlter over U is an int-soft filter over U. 

Conversely, Suppose that (f 7 X) is an int-soft filter over U. For any x,y,z e X, using (IS2) we have 

f(x * z) 2/((x * y) * (x * z)) n f(x * y) 

=/(x* {y*z))nf(x*y). 
Hence (f,X) is an int-soft implicative filter over U. 

For any element x and y of a _Bi?-algebra X and positive integer n, let x n *y denote x * (• • • * (x * (x * y)) ■ ■ ■ ) 
in which x occurs n times, and x° * y = 1. 

Definition 3.10. A soft set (f,X) over {/ is called an int-soft n-fold implicative filter over U if it satisfies (IS1) 
and 

(IS4) (Vx, y, z E X) (f(x n * z) D f(x n * (y * z)) fl f(x n * y))) . 

Note that an int-soft 1-fold implicative filter over U is an int-soft implicative filter over U. 

Example 3.11. Let E = X be the set of parameters where X := {1, a, b, c, d, 0} is a transitive B_E-algebra ([11]) 
with the following Cayley table: 
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Let (f,X) be a soft set of X over U defined as follows: 

1 7i if a; e {a,d,0}, 

where 71 and 72 are subsets of U with 71 C -f 2 - It is easy to check that (/, X) is an int-soft n-fold implicative filter 
over U. 

Theorem 3.12. Every int-soft n-fold implicative filter over U is an int-soft filter over U. 

Proof. Taking x := 1 in (IS4) and (BE3), we have f(z) D f(y * z) n f(y). Hence (/, X) is an int-soft filter over 
U. □ 

The converse of Theorem 3.12 is not true in general as seen the following example. 

Example 3.13. Let E = X be the set of parameters where X := {1, a, b, c, d, 0} is a _B.E-algebra as in Example 
3.11. Let (f,X) be a soft set of X over U defined as follows: 



f:X-¥ &>{U), x^ 



72 if x = 1 

71 if x e {a, b, c, d, 0}, 



where 71 and 72 are subsets of U with 71 C 72. It is easy to check that (f,X) is an int-soft filter of X. But it is 
not an int-soft 1-fold implicative filter over U, since f(d * c) = f(b) = 71 ^ 72 = ./(I) = /(d * (b* c)) fl /(d * &). 

Theorem 3.14. Let X be a transitive BE-algebra. For any int-soft filter (/, X) over U , the following are 
equivalent: 

(i) (/, X) is an int-soft n-fold implicative filter, 

(ii) (Vx, j/el) (/(i" * y) D f(x n+1 * y)) , 

(in) (Vx, y, z G X) (f((x n * y) * (x" * z)) D /(x" * (y * «))). 

Proof. (i)=>(ii) Assume that (f,X) is an int-soft n-fold implicative filter over U. Putting z := y,y := x in (IS4), 
we have 

f(x n *y) Df(x n * (x * y)) n f(x n * x) 
=/(x" +1 *y)n/(l) 
=/(x" +1 *y). 

Hence (ii) holds. 

(ii)=>(iii) Suppose that (ii) holds. Since x n * (y * z) < x n * ((x™ * y) * (x" * z)), we have f(x n * ((x" * y) * (x™ * z))) D 
/(x™ * (y * z)). Since x™ +1 * (x n_1 * ((x n * y) * z)) = x™ * (x™ * ((x n * y) * z))) = x" * ((x™ * y)) * (x n * z)) and 
using (ii), we have 

f(x n+1 * (x n - 2 * ((x" * y) * z)) =/(x" * (x"- 1 * ((x™ * y) * z)) 

D/(x n+1 * (x"' 1 * ((*" * y) * z))) 

(3.3) 

=/(x" * ((x" * y) * (x" * z))) 
D/(x™* (y*z)). 
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It follows form (ii) and (3.3) that 

f(x n+1 * (x n - 3 * ((x n * y) * z))) =f(x n * (x n - 2 * ((x n * y) * z))) 

^f(x n+1 * (x n - 2 * ((x n *y)*z))) 

Df(x n * (y*z)). 

Repeating this process, we conclude that 

f((x n * y) * (x n * z)) =f(x n * ((x n * y) * z)) 

2f(x n * (y*z)). 

(iii)=>(i) Let x,y 7 z £ X. Using (iii), we have 

f(x n * z) Df({x n * y) * (a;" * z)) n f(x n * y) 

D/((^*(y*z))n/(x"*y). 
Hence (f,X) is an int-soft n-fold implicative filter □ 

Definition 3.15. Let n be a positive integer. A £>_E-algebra X is said to be n-fold implicative if it satisfies the 
equality x n+l * y = x n * y for all x, y € X. 

Corollary 3.16. In an n-fold implicative BE-algebra, the notion of int-soft filters and int-soft n-fold implicative 
filters coincide. 

Proof. Straightforward. □ 

Theorem 3.17. Let X be a BE-algebra. A soft set (/, X) over U is an int-soft n-fold implicative filter over U if 
and only if it satisfies (IS1) and 

(IS5) (Vx, y, z e X) (f(x n * z) 2 f(x n * (y n+1 * z)) n f(x)) . 

Proof. Suppose that a soft set (f,X) over U is an int-soft n-fold implicative filter. By Theorem Theorem 3.14, 
3.12 and (IS2), we have 

f(y n * z) ^f(y n+1 * z) 

Df(x * (y n+1 * z)) n f(x) 

for any x,y,z £ X. Hence (IS5) holds. 

Conversely, assume that (f,X) satisfies (IS1) and (IS5). Using (BE3), we obtain 

f(y) =/(i n * v) 

^f(x*(l n+1 *y))nf(x) 
=f(x*y)nf(x). 

Hence (IS2) holds and so (f,X) is an int-soft filter over U. By (IS5), (IS1) and (BE3), we get 

f(x n *y) 2/(1 * (x n+l * y)) n /(l) 

=/(^" +1 * y)- 

By Theorem 3.14, (f,X) is an int-soft n-fold implicative filter over U. □ 

Theorem 3.18. A soft set (f,X) of X over U is an int-soft implicative filter of X over U if and only if the 
j-inclusive set ix(f', 7) is an implicative filter of X over U for all 7 € 0*(U) with ix(f', l) 7^ 0- 

The filter ix(f',l) in Theorem 3.18 is called the inclusive filter of X over U. 
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Proof. Assume that (f,X) is an int-soft implicative filter over U. Let x,y,z G A and 7 G ZP(U) be such that 
x * (y * z) G ix(f', 7) and x * y G ix(/; 7)- Then 7 C /(a; * (y * z)) and 7 C /(a; * y). It follows from(ISl) and (IS3) 
that 7 C /(l) and 7 C /(a; * (y * z)) D /(a; * y) C /(a; * z) for x, y, z G A. Hence 1 € «x(/; 7) an d x * z G ix(/; 7)- 
Thus ix(f',7) is an implicative filter of A over {/. 

Conversely, suppose that ix{f]j) is an implicative filter of A over J7 for all 7 G &*{U) with ix(.f',j) 7^ 0- F° r 
any a; G A, let /(a;) = 7. Since ix(f', 7) is an implicative filter of A, wc have 1 G ix(/; 7) and so /(x) = 7 C /(l). 
For any x,y G A, let /(x*(y*z)) = 7 X * (2/ * Z ) and /(x*y) = 7^. Take 7 = 7x*(y*2)n7x*j/- Then x*(y*z) G ix(fn) 
and a; * j/ G ix(f',l) which imply that x * z G ix(f',j)- Hence 



where 7 is any subset of U and S is a subset of U satisfying 5 C n /(a;)- if (/, A) is an int-soft implicative 
filter of A, then so is (/*, A). 

Proof. Assume that (/, A) is an int-soft implicative filter of A. Then i x (f;j)(^ 0) is an implicative filter of A 
over J7 for all 7 C [/ by Theorem 3.18. Hence 1 G ix{f;i), and so /*(1) = /(l) D /(or) D /*(a;) for all x G A. 
Let x, y, z G A. If x * (y * z) G «x(/; 7) and x * y G ix{f\ 7), then x * z G «x(/; 7)- Hence 

/*(x * z) = / (x * z) 3/(x * (y * z)) D /(x * y) 

=f*(x * (y * z)) n /*(x * y). 
If x * (y * z) ^ ix{f',l) or x * y ^ ix(/; 7), then /*(x * (y * z)) = (5 or /*(x * y) = 5. Thus 

f*{x*z) DS = f*(x*(y*z))nf*{x*y). 
Therefore (/*, A) is an int-soft implicative filter of A. □ 

Theorem 3.20. Every filter of a BE-algebra can be represented as a ^-inclusive set of an int-soft implicative 
filter. 

Proof. Let F be a filter of a FF-algebra A. For a subset 7 of U, define a soft set (/, A) over U by 



Obviously, F = ix(/;7)- We now prove that (/, A) is an int-soft implicative filter of A. Since 1 G F = ix(f',f), 
we have /(l) = 7 D /(x) for all x G A. Let x, y, z G A. If x * (y * z), x * y G F, then x * z G F because F is an 
implicative filter of A. Hence /(x * (y * z)) = f(x * y) = /(x * z) = 7, and so /(x * (y * z)) (~l /(x * y) C /(x * z). If 
x * (y * z) G F and x * y ^ F, then /(x * (y * z)) =7 and /(x * y) = 0 which imply that 

/(x * (y * z)) n / (x *y)=7H0 = 0G /(x * z). 

Similarly, if x * (y * z) ^ F and x * y G F, then /(x * (y * z)) D /(x * y) C /(x * z). Obviously, if x * (y * z) ^ F and 
x * y ^ F, then /(x * (y * z)) D f(x * y) C /(x * z). Therefore (/, A) is an int-soft implicative filter of A. □ 



f(x * z) D 7 = 7 X . (!( . Z ) n 7^ = /(x * (y * z)) n /(x * y). 



Thus (/, A) is an int-soft implicative filter of A over U. 



□ 



We make a new int-soft implicative filter from one. 



Theorem 3.19. Let (/, A) G S(U) and define a soft set (/*, A) of A over U by 
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n,X) over U where 



71 if a * (b * x) = 1, 

72 otherwise, 



where 71 and 72 are subsets of U with 72 C 7^ In the following example, we know that there exist a, 6 e X such 
that (f%,X) is not an int-soft implicative filter of X. 

Example 3.21. Consider the BE-&\gcbr& X = {1, a, b, c, d, 0} which is given in Example 3.4. Then (f",X) is 
not an int-soft implicative filter of X over U since 



Now we provide a condition for the soft set (f%,X) to be an int-soft implicative filter of X over U for all 
a,b e X. 

Theorem 3.22. If X is a self distributive BE-algebra, then the soft set X) is an int-soft implicative filter of 
X over U for all a,b € X. 

Proof. Let a,b <E X. Obviously, 2 /^(x) for all x € X. Let x, y, z e X be such that a * (6 * (x * (y * z))) 7^ 1 

or a * (b * (a; * y)) ^ 1. Then / b (x * (y * z)) = 72 or /*(a; * y) = 72- Hence 



and so / b (x * (y * z)) C\ f%(x * y) =71 = /„(x * z). Therefore (/*, X) is an int-soft implicative filter of X over J7 



Theorem 3.23. If (/, X) and (y, X) are int-soft implicative filters of X, then the soft intersection (/, X) n (y, X) 
of (/, X) and (y, X) is an int-soft implicative filter of X. 

Proof. For any x £ X, we have 



/?(! * (a * &)) n /?(! * a) = 71 g * 6) = 72- 



f b a (x * (y * z)) n / a fc (x * y) = 72 C ,f a b (x * z). 



Assume that a * (b * (x * (y * z))) = 1 and a * (6 * (x * y)) = 1. Then 



1 = a * (6 * (x * (y * z))) 

— a * (b * ((x * y) * (x * z))) 

= a * ((b * (x * y)) * (6 * (x * z))) 

= (a * (b * (x * y))) * (a * (6 * (x * z))) 

= 1 * (a * (6 * (x * z))) 

— a * (6 * (x * z)), 



for all a,b e X. 



□ 



(/n<?) (i) = /(i) n y(l) 3 /(x) ny(x) = (.fny)(x). 



Let x, y, z e X. Then 



(/ ^ 5) ( x * z ) — f( x * z ) n sC^ * z ) 



D (/(x * (y * z)) n ,f(x * y)) n (y(x * (y * z)) D y(x * y)) 
= (/(x * (y * z)) D y(x * (y * z))) n (/(x * y) D y(x * y)) 
= (/ny) (x* (y * z)) n (/fly) (x*y). 
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Hence (f,X) n (g, X) is an int-soft implicative filter of X. □ 

The following example shows that the soft union of int-soft implicative filters of X may not be an int-soft 
implicative filter of X. 

Example 3.24. Let E = X be the set of parameters and U = X be the initial universe set, where X = {1, a, b, c, d} 
is a BE- algebra with the following Cay ley table ([5]): 
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Let (/, X) and (g, X) be soft sets of X over U defined, respectively, as follows: 

73 if x G {1,6} 



f:X->&(U), x^ 
and 

g:X-*&(U), x^ 



71 if x G {a, c, d} 



74 if x G {1, a, c} 
72 if x G {6, d} 

where 71, 72, 73, and 74 are subsets of U with 74 C 72 C 73 C 74. It is easy to check that (/, X) and (g,X) are 
int-soft implicative filters of X over £/. But (f,X) 0 (5, X) = (fl)g,X) is not an int-soft implicative filter of X 
over U, since 

(/ 0 g) (l * (c * d))n(/ u g) (l * c) = (/ 0 <?) (6) n (/ 0 <?) (c) 
= (/(fe)u fl (6))n (/(c) U. 9(c)) 
= 73 n 74 = 73 £ 72 = 71 u 72 

= /(l*d)U0(l*d). 

Let (/, X) be a soft set of X. For any a, b G X and fc e N, consider the set 

/[a t ;i ) ]:={ 1 el|/(a t *(b 1 ))=/(l)} 

where f(a k * x) = f(a * (a *(•••* (a * (a * 2)) •••))) in which a appears fc-times. Note that a, 6, 1 G /[a fe ; 6] for all 
a, b e X and k G N. 

Proposition 3.25. Let (/, X) be a soft set of X over U such that the condition (IS1 ) and f(x * y) = f(x) U f(y) 
for all x, y G X. For any a,b G X and k G N, if x G /[a fe ; 6], then y*xE f[a k ; b] for all y E X. 

Proof. Assume that x € /[a fc ; 6]. Then /(a fc * (b * x)) = ,f(l), and so 

.f(a fc * (b * (y * x))) = f(a k * (3/ * (b * x))) 
= f(y*(a k * (6*x))) 
= /(y) U /(a fe * (6 * x)) 
= /(y)U/(l)=/(l) 

for all y G A by the exchange property of the operation *. Hence y * x G /[a fc ; 6] for all y E X. □ 
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Proposition 3.26. For any soft set (/, X) of X, let a G X satisfy the following assertion: 

(Vx eX){a*x = l). 
Then f[a k ;b] = X = f[b k ; a] for all b e X and k G N. 
Proof. For any i e I, we have 

f(a k * (b * x)) = f{a k ~ 1 * (a * (b * x))) 
= /(a^ 1 * (b * (a * x))) 
= /(a fe - 1 *(6*l)) 
= /«, 

and so i G f[a k ; b]. Similarly, x G f[b k ; a]. □ 

Proposition 3.27. Let X be a self distributive BE-algebra and let (/, X) be an order-preserving soft set of X 
over U with the property (IS1 ). Ifb<c in X, then f[a k ;c\ C f[a k ; b] for all a e X and k G N. 

Proof. Let a, b,c,eX be such that b < c. For any k e N, if a; € /[a fe ; c], then 

/(l) = /(a fe * (c * a;)) = /(c * (a fc * a:)) 
C /(6* (a fe *x)) = /(a fe * (6*x)) 

by Proposition 2.4(i), Proposition 3.2(i) and (BE4), and so f(a k * (b * x)) = /(l). Thus x e f[a k ;b], which 
completes the proof. □ 

The following example shows that there exists a soft set (/, X) of X, a, b e X and k & N such that f[a k ; b] is 
not a filter of X. 

Example 3.28. Let E = X be the set of parameters and U — X be the initial universe set where X = {1, a, b, c} 
is a £>_E-algebra with the following Cayley table: 



* 


1 


a 


b 


c 


1 


1 


a 


b 


c 


a 


1 


1 


a 


a 


b 


1 


1 


1 


a 


c 


1 


a 


a 


1 



Let (/, X) be a soft set of X over U defined as follows: 

I 7i if x G {a,6,c}, 

where 71 and 72 are subsets of U with 71 C 72. Then it is a soft set of X over U. But /[c; 6] = {x G X|/(c*(6*x)) = 
/(l)} = {1, a, &} is not an implicative filter, since a * (1 * c) = a e /[c; 6], a * 1 G /[c; fe] and 1 * c = c ^ f[c; b}. 

We provide conditions for a set /[a fc ; 6] to be an implicative filter. 

Theorem 3.29. Let (f,X) be a soft set over U. If X is a self distributive BE-algebra and f is injective, then 
f[a k ]b] is an implicative filter of X for all a,b G X and k G N. 
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Proof. Assume that A is a self distributive £?_E-algebra and / is injective. Obviously, 1 G f[a k ; b]. Let a, 6, x, y, z G 
A and fc G N be such that x * (y * z) G f[a k ; b] and x * y G f[a k ;b]. Then /(a fc * (b * (x * y))) = /(l) which implies 
that a k * (6 * (x * y)) = 1 since / is injective. Since A is a self distributive B.E-algcbra, we have 

/(l) = /(a fe *(6*(x*(y*z)))) 

= f(a * (a * (b * (x * (y * z))))) 

= f(a * (a * ((6 * (x * y)) * (6 * (x * z))))) 

= /((a fc * (& * (x * y))) * (a fe * (6 * (x * z)))) 
= /(l * (a fc * (6* (x * z)))) 
= f(a k * (6 * (x * z))), 

which implies that i*zg/[a';i]. Therefore /[a fc ; b] is an implicative filter of A for all a,b e X and fc G N. □ 

Theorem 3.30. Let X be a self distributive BE-algebra. Let (/, A) be a soft set of X over U satisfying the 
condition (IS1) and 

(Vx, y G A) (/(x * y) - /(x) n /(»)) . (3.4) 
Then /[a fc ; 6] is an implicative filter of X for all a, 6 G A and fc G N. 

Proof. Let a, 6 G A and fc G N. Obviously, 1 G f[a k ;b\. Let x,y, z G A be such that x * (y * z) G /[a fc ;6] and 
x * y G /[a fe ; &]. Then / (a fc * (6 * (x * y))) = /(l), which implies from (3.4) and (IS1) that 

/(l) = /(a fe *(6*(x*(y*z)))) 

= /(« fe_1 * (a * (6 * (x * (y * z))))) 

= /(« fe_1 * (a * ((& * (x * y)) * (6 * (x * z))))) 

= f{{a k * (b * (x * y))) * (a fe * (6 * (x * z)))) 
= f(a k * (b * (x * y))) n /(a fc * (b * (x * z))) 
= /(l)n/(a fe *(6*(x*z))) 
= /(« fc * (b * (x * z))). 

Hence x * z G f[a k ; b] and therefore f[a k ; b] is an implicative filter of A for all a, b G A and fc G N. □ 
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TWISTED PETERS POLYNOMIALS ARISING FROM 
MULTIVARIATE p-ADIC INTEGRAL ON Z p 

DAE SAN KIM AND TAEKYUN KIM 



Abstract. Recently, several authors have studied the twisted Bernoulli and 
Eulcr polynomials. In this paper, we study the properties of the twisted Peters 
polynomials arising from multivariate p-adic integral on Z p . 



1. Introduction 

For n > 0, let C p n = {( e C p |C p " = 1} be the cyclic group of the p n -th root of 

unity and let T p = U rl >oC p »« = limC pn be the space of locally constant functions. 

it 

Throughout this paper, Z p ,Q p and C p will denote the ring of p-adic integers, the 
field of p-adic numbers and the completion of algebraic closure of Q p . The p-adic 
norm is defined by \p\ p — K For any positive integer k and ( e T p , the twisted 
Euler polynomials of order k are defined by the generating function to be 

( Ce ^ I J * Xt = Y, Q E niW- V ^ee [1,7,10,13]). (1.1) 

Recently, several authors have studied the twisted Eulcr numbers and polynomials 
(see [1-13]). When x = 0, = E$(0) are called the twisted Eulcr numbers of 
order k. Let C/D(Z p ) be the space of uniformly differentiable functions on Z p . For 
/ G UD(Z P ), the p-adic integral on Z p is defined by Kim to be 

1(f) = / f{x)dnix)= lim Y^f{x){-l) x , (see [7,8,9,10]). (1.2) 

u iu™ „ — n 



x=0 



Let /i be the translation of / given by fi(x) = f(x + 1). Then, by (1.2), we get 

J(/i) = -/(/) + 2/(0) (see [7,8]). (1.3) 
As is well known, the Stirling number of the first kind is given by 

n 

(x) n = x{x - 1) ■ • ■ (x - n + 1) = ^2 S i( n > 0^! ( n > °). ( see I 7 ' 8 D) ( L4 ) 

and the Stirling number of the second kind is defined by the generating function to 
be 

(e 4 -l)"-n!^5 2 (/,n)-, (see [7,8]). (1.5) 
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In this paper, we study the properties of the twisted Peters polynomials arising 
from multivariate p-adic integral on 7L V and give some relations between twisted 
Peters polynomials and special polynomials. 



2. Twisted Peters polynomials 

In this section, we assume that ( e T p and A e Z p . For any positive integer k, 
let us define the twisted Peters polynomials of the first kind as follows: 

)k oo n 

(i + Ctr = £ p n$(*W-i, (fceN). (2.1) 
n=0 



i + (i + tC) ; 



Note that Pi k \x\X) = (x|A) arc the Peters polynomials. Let us take f(x) = 
(I + (t) Xx . Then, by (1.3), we get 

From (2.2), we can derive the following equation (2.3): 

S v ' 

k— times 

oo n 

= 2*EPi5(x|A)* 



n=0 



(2.3) 



and 



/ ••• / (i + a) Axi+ - +Aa:fc+a; dM(x 1 )...rf A1 (^) 

oo^ f [ t n 
= y^C"/ / ( A:E 1 H hAx fe +.T)„(fyi(x 1 )...G^(x /c ) — . 

Therefore, by (2.3) and (2.4), we obtain the following theorem. 
Theorem 2.1. For n > 0, we have 

2 k P^{x\X) = C f ••• f (\x 1 + --- + \x k + x) n d^x 1 )...d l i{x k ). 

From Theorem 2.1, we note that 



(2.4) 
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2 fc P I W(z|A) = C n £si(n,i) ( ■■■ ( (Xx 1 + --- + Xx k +x) l d f i(x 1 ).. 



dfjt{x k ) 

1=0 

C"V5i(n,/)A' f ••• f (x 1 + ---+x k + ^) l dfi(x 1 )...dn(x k ) 
i=o Jz p Jz p A 

n 



where E\ k \x) is the /-th Euler polynomial of order k. 
Replacing t by e* — ^ in (2.1), we gi 



(2.5) 



ret 



o \ fe 00 (p t — -) 



n—0 

oo 



2 ^ C -«p(5 (a; |A)l(Ce*-ir 

n=0 

n—0 m—n 
oo / m \ m 

m=0 \n=0 / 



(2.6) 



and 



2 

( A e At + 



C*e- = C £ Am <C> (D (2-7) 

m=0 

where E^(x) are the twisted Euler polynomials of order fc. Therefore, by (2.5), 
(2.6) and (2.7), we obtain the following theorem. 

Theorem 2.2. For m > 0, we have 

m 

Am <C* (f) =2 fc £C" 3; -"^ fe c ) WA)5 2 (m,n), fe e N, 

and 

n 

2 fe pSw A ) = c"E^^0A^ (fe) (f). 

For n > 0, the rising factorial sequence is defined by 

(x) n = x(x + l)---(x + n-l) = {-l) n (-x) n . 
Now, we consider the twisted Peters polynomials of the second kind as follows: 

(iiw)" (1+w -£^ WA) S- (2 - 8) 



From (1.3), we have 
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-a^..^ _ 2(i + q) A 

i + + 



(1 + Ct)- Xx d^(x) = - \Z,Lx - ( 2 - 9 ) 



Thus, by (2.9), we get 

(i + ctr {Xxi+ '" +Xxk)+x d^{ Xl ) . . . dfi(x k ) 



k— times 



(2.10) 



i + (i + C*)\ 



(i+ar = 2 fc ^p(5(,|A)-, 



n=0 



and 



(2.11) 



= ^2 "/ ( _ ( Aa; i H hA.T fe ) + a;)„rf^(xi)...cf ; (i(x fc )C"-r. 

n=0 Jz p Jz p n - 

Therefore, by (2.10) and (2.11), we obtain the following theorem. 
Theorem 2.3. For n > 0, we have 

C I - I (-\(x 1 + ---+x k )+x) n dfi(x 1 )...d»(x k ) = 2 k ?( k l(x\\). 
From (1.4) and Theorem 1.3, we have 

2 k P^ k }(x\\) = Cj2 S i( n > l )(- X ) 1 f ■ ■ f {x 1 + ---+x k -^) l drtx 1 )...diM{x k ) 

n 



(2.12) 



Now, we observe that 



k 

(k-x)t 



-^(iTTf)'^ (2 - 13) 

= c- fe E(- 1 )"<c- 1 (-)^- 

n=0 

By comparing the coefficients of the both sides of (2.13), we get 

E { ^{k-x)=C k {-l) n E^{x). (2.14) 
From (2.12) and (2.14), we have 
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n 

2 k Pi k l(x\X) = C +k J2Si(n,l)X l C k (-^ l El k) (~) 

1=0 

n 

Replacing t by e* — | in (2.10), we get 



(Ce*) A + 



and 



2(C e *) A \ (/- p t\x _ ( ^ \ xt+\ktfk+x 



m=0 



Therefore, by (2.16) and (2.17), we obtain the following theorem. 
Theorem 2.4. For m > 0, we have 

m 

\™E^ (X (fc+£) =2 k Y / C x - k - n S2(m,n)?j i %\\), 

n=0 



and 



n 

2 fe pW(x|A) = C " +fe ]>>(n,/)A^ 



(2.15) 



**>M (c ,r = 2 'i:^NA,i(,-i)" 

= 2^r"^ fe c ) ™i(Ce*-l)" (2.16) 

n=0 

oo / m \ TO 

m =0 \n=0 / 



(2.17) 



We observe that 
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= c [ ...[ (-^+~+w-* + "- 1 ) Mi:i) ... Mxk) 



m=0 
n I n— \\ 



n V- (m-l) I f f /"(ASH \-\x k )- X \ 

m—l 



(2.18) 



m—l 



m—l) ml 



Therefore, by (2.18), we obtain the following theorem. 
Theorem 2.5. For n>0, we have 



m = 1 ^ ' 



m—l 

Remark 1. By the same method as (2.18), we get 



m—l) ml 



(-ir 2fcp " fc ^ |A) =c"(-i)"/ •••/ (- {Xxi + -- + Xxk)+x )d,( Xl )... d K Xk ) 

n - J-Lp JZ P \ n J 

= c[ ■■■[ ( Xxi + -- + Xxk - x+n - 1 )d,( Xl )...d,( Xk) 

Jz p Jz p \ n J 



m=0 



= C±^-ml[ -../ ( Xx ^- + XXk - X )d,( Xl )... d ,( Xk ) 
-l\2 k P^ c (~ X \X) 



m—l) m\ 



Therefore, by (2.19), we get 



(2.19) 



m—l) ml 
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Abstract 

This article studies the existence and uniqueness of solutions for an aver- 
age value problem of nonlinear second-order impulsive gfe-difference equa- 
tions. Two results are obtained by applying Banach's contraction mapping 
principle and Leray-Schauder's nonlinear alternative. Some examples are 
presented to illustrate the results. 

Keywords: -derivative; ^-integral; impulsive (^-difference equation; exis- 
tence; uniqueness 

(2010) Mathematics Subject Classifications: 26A33; 39A13; 34A37 

1 Introduction and Preliminaries 

In this paper, we consider the following average value problem for nonlinear 
second-order impulsive ^-difference equation of the form 

* Corresponding author 

1 Member of Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group at 
King Abdulaziz University, Jeddah, Saudi Arabia 
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( D 2 qk x(t) = f(t,x(t)), teJ:=[0,T],t^t k , 
Ax(t k ) = I k (x(t k )) , fc=l,2,...,m, 

D qk x(t+)-D qk _ lX (t k )=I* k (x(t k )), fc=l,2,...,m, (1) 
2_/ / x(s)d qj s = a, x{rf) = (3, 

where 0 = i 0 < ii < t 2 < ■ ■ ■ < t k < ■ ■ ■ < t m < t m+1 = T, f : J x 
M — > M is a continuous function, I k ,Il G C(R, R), Ax(t k ) = x(t£) — x(t k ) for 
fc = 1,2,...,™, = lim 4 ^ 0 + z(*fc + ft), 0 < q k < 1 for fc = 0, 1, 2, . . . , m, 

T] G (ti,t i+ i) a fixed constant for some i G {0, 1, . . . , m}, and a, /3 are given 
constants. 

The notions of g^-derivative and (^-integral on finite intervals were intro- 
duced in [1]. For a fixed k G N U {0} let J k := [t k , t k+1 ] C 1 be an interval and 
0 < q k < 1 be a constant. We define (^-derivative of a function / : J k — > R at 
a point t G Jfc as follows: 

Definition 1.1. Assume f : J k —> R is a continuous function and let t G Jfe. 
TTien i/te expression 

D q J(t) = f(t) \( {qk l){t- ~t k ) k)tk) ' * D q J(t k )=\unD q J(t), (2) 

is caZZed £/ie q k -derivative of function f at t. 

We say that / is gfc-differentiable on J k provided D qk f(t) exists for all t G J k . 
Note that if t k = 0 and % = g in (2), then -D 9fc / = D q f, where D q is the well- 
known (/-derivative of the function f(t) defined by 

In addition, we should define the higher (^-derivative of functions. 

Definition 1.2. Let f : J k — > R is a continuous function, we call the second- 
order q k -derivative D qk f provided D qk f is q k -differentiable on J k with D qk f = 
Dq k (D qk f) : J k — > R. Similarly, we define higher order q k -derivative D qk : 
J k — » R. 

The (^-integral is defined as follows: 
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Definition 1.3. Assume f : J k — > R is a continuous function. Then the q k - 
integral is defined by 

/t oo 
f(s)d qk s = (l - qk )(t t k ) + (l - gj?)t fc ) (4) 

-* n=0 

for t e Jk- Moreover, if a e (ffc,t) then the definite q k -integral is defined by 
\ f(s)d gk s = / f(s)d qk s- / f(s)d qk s 

oo 

= (1 - q k )(t - t k ) q k f(q k t + (1 - gj?)t fc ) 

oo 

-(1 - %)(a - t fc ) ^ ?fe/(3fe« + (1 - «J?)*fc)- 

n=0 

Note that if tfc = 0 and % = q, then (4) reduces to g-integral of a function 

t oo 

/(*), defined by / f(s)d q s = (1 - q)tJ2 q n f(q n t) for t e [0,oo). 

For the basic properties of gfc-derivative and gfe-intcgral we refer to [1]. 

The book by Kac and Cheung [2] covers many of the fundamental aspects 
of the quantum calculus. In recent years, the topic of q-calculus has attracted 
the attention of several researchers and a variety of new results can be found in 
the papers [3]- [15] and the references cited therein. 

Impulsive differential equations serve as basic models to study the dynamics 
of processes that are subject to sudden changes in their states. Recent devel- 
opment in this field has been motivated by many applied problems, such as 
control theory, population dynamics and medicine. For some recent works on 
the theory of impulsive differential equations, we refer the interested reader to 
the monographs [16]-[18] . 

In this paper we prove existence and uniqueness results for the impulsive 
boundary value problem (1) by using Banach's contraction mapping principle 
and Leray-Schauder's nonlinear alternative. The rest of this paper is organized 
as follows: In Section 2 we present an auxiliary lemma which is used to convert 
the impulsive boundary value problem (1) into an equivalent integral equation. 
The main results are given in Section 3, while examples illustrating the results 
are presented in Section 4. 
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2 An auxiliary lemma 

Let J = [0,1], J 0 = [t 0 ,ti], J k = (tk,tk+i] for k = 1,2,... ,m. Let PC(J,R) = 
{x : J — > M : a;(t) is continuous everywhere except for some tk at which x(t + ) 
and x(t^) exist and x(t k ) = x(tk), k = 1,2,..., m}. PC(J, K) is a Banach space 
with the norm ||a;||pc = sup{|a;(t)|; t G J}. 

Lemma 2.1. Le£ A 7^ jjT. T/ie unique solution of problem (1) is given by 

m 1 ( r *k 



mi/ nt k nS \ 

+ ( / / /( T ' ar ( r )) d 9*-i 7 " d 9fc-i S + / fe( a; (*fc)) I 



3 = 1 k=l 



+ z2 / / f{u,x(u))d qj ud qj Td qj s \ 

j=0 '' t j ) 

+ i -^A{^i{r [ f^^))d qk -,rd qk _ lS + Ik(x(tk))^ 

£(/ f(s,x(s))d qk _ lS + I* k (x(tk)))(ri-tk) (5) 
k=i \ Jt k-i J 



k 

nf(T, X (T))d qt Td qt S 
i 



+ e [r 1 f^ x ( T )) d i k -^d qk _ lS +ik(x(tk))) 

0<t k <t \ Jt k-1 Jtk-1 ) 

+ E ( t f(s,x(s))d qk _ lS + r k (x(tk)))(t-tk) 

0<t k <t \ Jt k-l ) 
+ f(T,x(T))d qk Td qk S, 



'tk Jtk 

with 5Z 0 <o(") = ®> where 



and 

HZ = ^ l ^ + ^ - ^ ±M , fc = 1, . , . , m ,j = 0, . . . , m. (7) 
1 + H 
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Proof. For t G Jo, taking g 0 -integral for the first equation of (1), we get 



D go x{t) = D qo x{0) + [ f{s,x{s))d qo s, 
Jo 



(8) 



which yields 



D qo x{h) = D qo x{0) + f 1 f(a, x(s))d qo s. (9) 
Jo 

For t G Jo, by ^-integrating (8) and setting x(0) = A, D qo x(0) = B, we obtain 

x(t) = x(0) + D qo x(0)t+ f f f(T, X (T))d qo Td qo S 

Jo Jo 

= A+Bt+ f f f(T, X (T))d qo Td qo S. 

Jo Jo 

In particular, for t = t\ 

x(t 1 )=A + Bt 1 + f f f{T,x{T))d qo Td qo s. 
Jo Jo 

For t e Ji = (£1,^2], 9i-integrating (1), we have 

D qi x(t) = D qi x(tf) + / f(s,x(s))d qi s. 
Jti 

Using the third condition of (1) with (9), it follows that 

D qi x(t) = B+ f 1 f( S ,x(s))d qo s + r i (x(t 1 ))+ [ f(s,x(s))d qi s. 
Jo Jti 

Taking gi-intcgral to (11) for t G Ji, we obtain 



x(t) = x(t+) + 



B+ /' 1 /(s^(s))^oS + A*W*i)) 
Jo 



(t-ti) 



+ / / f{T,x{r))d qi Td q 
Ju Jti 



Applying the second equation of (1) with (10) and (12), we get 

ftl PS 



x(t) = A + Bh + 



I 1 [ S f(r,x( 
Jo Jo 



(r))d qo Td qo s + h(x(h)) 



B+ / /(s,a;(s))rf go s + 7r(a ; (ii)) 
Jo 

r t PS 

- I / f{T,x{T))d qi Td qi s 
ti Ju 



(t-h) 



(10) 



(11) 



(12) 
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n/(r, x(T))d qo Td qo s + hixih)) 



= A + Bt + 



+ 



I 

JO 



(t-tl) 



+ / / f{T,x{T))d qi Td qi s. 

Jti Jtx 

Repeating the above process, for t e J, we get 
x(t) 



= A + Bt+ E (/ / /fo*MH»-i Td »-i s + M*(*fc)) J 

0<t k <t \ Jt k-1 Jtk-1 J 

+ E ( t f(s,x(s))d qk _ lS + r k (x(t k ))) 

0<t k <t \ J tk-i ) 

J tu J tie 



(t-tfc) 



'tk J t k 
From (13), we have 



„' n t-i 



AT + BA 

+ EE / / /(^.^K-i^-i'+Awtfc)) (tj+i-tj) 

j = l fe=l \ Jt k-l Jtk-1 J 



m j / -t k \ 

+EE / /( s ^( s )X-i s + 7 n^))U7 fe 
j=i fe=i \"'*fc-i / 

+ E/ / / f( u ,x(u))d qj ud qj Td q] s, 



(14) 



with Eo<o(') = 0- 

Further, for t = rj € we have 

a;(7?) = A + B-q 



+ E(/ fc / f^ X (j))d qk _,Td qk _ lS + I k {x{t k )) I 

fc = l \ Jtk-1 Jtk-1 ) 

+ E( r /(a^WK^-x^ + ifc W**)) )(»7-tfc) (15) 
fe=i / 



77 /•« 



f(r,x{T))d qi rd qi s. 
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Using the boundary conditions of (1) with (14) and (15), we get 
AT + BA 

m i / rt k rs \ 

= a ~EE / / f{T,x{T))d qk _sd qk _ lS + I k {x{t k )) \ (tj+i ~tj) 

j = l k = l \ Jt k-1 Jtk-1 ) 

"EE / f(s,x(s))d qk _ lS + I* k (x(t k )) HJ k (16) 
j=i fe=i \Jtk-i ) 

E / / / f(u,x(u))d qj ud qi Td qj s, 



j=0 *i *3 *3 

and 



- e ( r ^ ^x-^ + 4* (»(tfc)) ) (»? - **) (17) 

~ j t f(T,x(T))d qt Td qt S. 

Solving the linear system of equations (16), (17) for unknown constants A and 
B, we have 



A = *f 



mi/ „t k rs \ 

_7 ?EE / / /( T > a; ( T )) d m-i rd «ft-i* + J 'fc (*(**)) I 

i=i fe=i V ■'*fc-i •'tfc-i / 

_?? E / / / f{u,x{u))d qj ud qj Td qj s- Af3 

j=0 tj *J *i 

+ a e( r i /^.^wx-^^-^+^^N) 

fe=l \Jtk-\Jtk-l ) 

+ a e ( r /(^(*))<- 1 s+4 (»?-**) 
fe=i \ j t)=-i / 

+ A f f f(T,x(T))d qk rd qk s\, (18) 

J tu J tu I 



7 
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and 

B = rfT~A 



a + EE [T f(s,x(s))d qk _ lS + Il(x(t k ))\H- k 

3 = 1 fc=l / 

+ EE / / /(^w)Vi<. s +A(i(t t )) ) - *i) 
j=i fe=i v-'tfc-i / 

+ E / / / f{u,x(u))d qj ud q: .Td qi s 

j=0 l i l i *3 

+ T(3-TJ2[ f" f /(T,x(r))d 9fc _ 1 rd ft _ 1 a + / fc ( a :(t fc )) ) 

fe=l \"'tfc-l Jtk-l ) 

~ T E (/ + J (»?-**) 

fc=i y-'tfc-i / 

-T T [ S f(r,x(T))d qi rd q A. (19) 
Substituting the values of ^4 and 5 in (13), we obtain the solution (5). □ 

3 Main results 

In view of Lemma 2.1, we define an operator T : PC(J, R) — > PC (J, R) by 

(.Fs)(t) 
(* — */) 



a+ EE / /(^^wk*-!^^ (*(**)) pr* 

J=l fc=l \"' t fc-l / 

+ EE / / /( t ' 2; ( t )X-i t <-i s + A(a;(tfc)) 

j = l k = l \ Jt k-l Jt k -1 ) 

+ E/ / / 

j=0 *J *J *J J 

+ ^x{ /3 "E(/ tfc / /(r,a:(r))d w _ 1 rd m _ 1 * + / fc ( a; (t fc )l2))) 

- E ( / " /(*» a; ( a )) d m-i* + J fc (*(**))) (»7-*fc) 
fc=i \ J *fc-i / 



v rs 

/ f(r,x(T))d qi Td qi s 
U Jti 
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E ( / / f( T ' X ( T )) d 1k-l Td q k -l S + h (X(tk)) 
0<t k <t \ Jt k-i Jtk-\ 

E ( r f(s,x(s))d qk _ lS + r k (x(t k ))](t-t k ) 

0<t k <t \ Jt k-l / 

/ / f(T,x(r))d qk Td 



'tfc Jtk 

with A 7^ r/T. It should be noticed that problem (1) has solutions if and only if 
the operator T has fixed points. 

For convenience, we set: 

tt+ ._ - tj)(t j+1 + qjtj + t k (l + q 3 )) 

U 3 k - TTq~j ' (21) 



m J 



0 := i^q|EE(^^-^)+ i 3) J ff; fc 



and 



j=i fe=i 



fe+i-^) 3 1 , (r 2 + |A|) /^/ r fa-^-i) 2 , r 

E (M*k - tfc-i) + L 3 ) (v - t k ) + V ,; [ (22) 
fc=i i + * J 



g / Li (*fc t fc -i) 2 + L \ + j2 {Ll{tk tk _ l} + l 3) {T tk) 

fe=l ^ 9fe 1 ' fc=l 

+ ii (T-U 2 



1 +<?r, 



|tfT-A| 



m J 

h + E E - + M a) H jk 



j=l k=l 
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+ J2 ( M ifa - *fc-i) + M s) (V - tk) + Mi ( ^ \ (23) 



(tk — tk-i) 2 



fe=i 

^2 



+ £ ( Ml (Lk Lk - V + M 2 + ^ (M!(t fc - t fc _!) + M 3 ) (T - t fc ) 
fe=i ^ 9fe 1 ' fc=i 

(T-i m ) 2 



+ Mi- 

1 + g m 

Theorem 3.1. Assume that: 

(Hi) f : [0, T] x M — > M is a continuous function and there exists a constant 
L\ > 0 suc/i iftai |/(i, x) — f(t, y)\ < L\\x — y\, for each t e J and x, y € M. 

(i?2) 27ie functions I kl 1% '■ R — > R are continuous and there exist constants Li, 
L 3 > 0 sucft tftaf |/fc(ar)-/ fe (j/)| < L 2 |a;-j/| and |/£(x) < ^3|a;-y| 
/or eac/i x, y € R, fc = 1, 2, . . . , m. 

If 

Q<S<1, (24) 
i/ien average value problem (1) /las a unique solution on J. 

Proof. We transform the problem (1) into a fixed point problem, x = Tx, 
where the operator T is defined by (20). By using the Banach's contraction 
mapping principle, we shall show that T has a fixed point which is a unique 
solution of problem (1). 

Setting sup teJ |/(i,0)| = M x < oo, sup{|4(0)| ; k = 1, 2, . . . , m} = M 2 < oo 

and sup{|/^(0)| ; k = 1,2,..., m} = M 3 < oo, and choosing r > , where 

S < e < 1 we show that TB r C S r , where B r = {i£ PC(J,R) : \\x\\ < r}. For 
x e _B r , we have 

Il-Fxll 

< 



m i ( rt k r s \ 
+ EE / / \f(T,x(T))\d qk _ lT d qk _ lS + \I k (x(t k ))\\(t J+1 -t 3 ) 
j=i fc=i \"' t fc-i -'tfc-i / 



j=0 Jt i 



10 
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+ E( f \f( S ,x( S ))\d qk _ lS +\It(x(t k ))\\(f 1 ~t k ) 

+ /"/ s l/(T,x(T))K I Td gIs j 

+ E (/ / S l/(r,a ; (r))K_ 1 T<_ 1 s+|/ fe (a ; (i fc ))| 

0<U<t \" /t *-i / 



+ [ [ \f( T > X ( T ))\ d qk Td qk S 
Jt k Jt k 

m < ( ft* 



< 



^X||l«l + EE^/ fc (l/( S ,^))-/( S ,o)| + |/( S) o)|K fc _ lS 



+ |4*(^ fe ))- 7^(0)1 + |72(0)|J|flT fc | 

+ EE / / (i/(^))-/( 

7 = 1 fc = l \ "'tfc-l 



o)l 



+ |/(r, O^d^rd^s + |4(.x(t fe )) - / fe (ar(0))| + |4(x(0))|J - tj) 

f.t j + 1 /.S f T 



"1 + 1 fS fT 

+ E / / / (l/(«^(«))-/(«,0)| + |/(«,0)|)d w «d w rd wS [ 
+ i ^T + -A\ { lPl + i(r [ {\f^^))-f^M + \.f{rM)d qk ^Td qk _ lS 



+ \h(x(t k ))- 4(0)| + |4(0)|J 

+e( r (i/(*,»w)-/(*,o)i+i/(«,o)i)d ft _ lS 

fe=i V-'tfc-i 

+ |7*( a; (f fe ))-7*(0)| + |7*(0)|^(r ? -t fe ) 

+ f r(|/(r, a: (r))-/(r,0)| + |/(T,0)|)d 9( rd g4S l 



11 
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+ E / / {\f{r,x{T))^ f{ T M + \f{rM)d qk ^Td qk _ lS 



fc—l \ Jtk-i Jtk-i 

+ \h(x(t k ))- J fc (0)| + |/ fc (0)| 



+ E / (l/(s,^))-/( s ,o)| + |/( s ,o)|H fc _ lS 
fe=i 

+ |7*(^ fe ))-7*(0)| + |7 fe *(0)|^(T-t fe ) 

/ T f (|/(r >a; (r)) - /(r,0)| + \f(r,0)\)d qm rd qm s 



+ 

It 



< E^l { m + E E (( Lir + M i)(** - + ^ + m 3 )^ 
1 1 j=i fc=i 

+ E E (W + + + M 2 ) (t j+1 H) 

j=i fc=i ^ yfe— l / 

+ £ ((Lir + Mi)(t fc - i fc _i) + 7 3 r + M 3 ) (r) - t k ) + (L ir + Mi) (? i \~ U) ' 
k=i qi 

+ E + M *) (t * + g*" 1 ^ 2 + L * r + M 2 



+ ^ ((^r + Mi)(t fc - t fc _i) + L 3 r + M 3 ) (T - i fc ) + (L ir + M t ) \ m> 
fe=i 1 + 9m 

= + 7 < ((5+ 1 -e)r < r. 

It follows that TB r C S r . 

For x, y € PC(J, K) and for each t e J, we have 

|^x(t)-^y(t)| 



12 
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+ \i* k (x(t k ))-i* k (y(t k ))\jH+ 

+ EE / / m^xir^-firMrW^rd^s 
j=i fc=i \ J tk-i J t k -i 

+ \h(x(tk))-h(y(t k ))\ ] J (t j+1 -tj) 

+ E/ / / \f( u ' x ( u )) ~ f{u,y{u))\d qj ud qj Td qj s \ 

j=0 Jtj Jtj Jtj ) 

+ l ^T\{i{r [ \fMr))- f{T,y{T))\d qk _sd qk _ lS 

+ \Ik{x{t k ))-I k {y{t k ))\\+Y t [ f \f{a,x{8))- f{8,y{a))\d qh _ x s 
J k=i \ Jt k-i 

+ \r k (x(t k )) r k (y(t k ))\^ (V tk) + £ £ \.f (r, x(r)) - f(r, y(r))\d qi Td qi s^ 

m / -t fc ps 

+ E / / \f(r,x(r)) - firMrW^rd^s 

fc=l \ J **— 1 — 1 

+\h(x(t k )) - I k (y(t k ))\j 

m ( rt k \ 

+ E / l/(«^W)-/(*,i/W)K fc _ 1 « + |ii;Wtfc))-ifc(y(tfc))l (T-t^ 

fc=l / 
|/(t,x(t)) - /(r,y(r))|d, m rd gm s 



< \\x-y\\ 



\r}T — A| 



5^5Z(ii(t fc -tfc-i)+i3)fl". 



j=i fc=i 

|2 



+ E E ( V;^; 0 + - *i) + E ^ 



+ 



j=i fc=i 

(r 2 + |A|) 
|tfT-A| 



j=0 



(1 + qj + q]) 



fc=i 



1 + <?fe- 



+ (Li(t fc - i fc _i) + L 3 ) fa - t fc ) + Li 



fc=i 



l + «< 



+ \\x - y\\ jr U ^Jk-i? +L \ + \\ X _ y|| ( Ll (t k - i fc _!) + L 3 ) (T - t fc ) 
k=i V A + 9*-i / k=1 



13 
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XII II T (^-U 2 

+ \\x-y\\L 1 ^— 

l + q m 

- Sl\\x-y\\. 

This implies that \\Tx — Ty\\ < $l\\x — y||. As £1 < 1, therefore T is a con- 
traction. Hence, by the Banach fixed point theorem, we get that T has a fixed 
point which is the unique solution of the problem (1). □ 

Now, our second existence result is based on Leray-Schauder's nonlinear 
alternative. 

Lemma 3.2. (Nonlinear alternative for single-valued maps) [19]. Let E be a 
Banach space, C be a closed, convex subset of E, U be an open subset of C and 
0 G U . Suppose that F : U — > C is a continuous, compact (that is, F(U) is a 
relatively compact subset of C) map. Then either 

(i) F has a fixed point in U , or 

(ii) there is a u e dU (the boundary of U in C) and A e (0, 1) with u — XF(u). 
Theorem 3.3. Assume that: 

(H3) There exist a continuous nondecreasing function ip : [0,oo) — > (0,oo) and 
a function p £ C(J, K + ) such that 

\f(t,x)\ <p(t)ip(\x\) for each (t,x) e J x R. 

(H4) There exist continuous nondecreasing functions <p,ip* : [0,oo) — > (0, 00) 
such that 

\I k (x)\ < <p(\x\), \r k (x)\<<p*(\x\) for all x eR. 

(H 5 ) There exists a constant M* > 0 such that 

M* 

> 1, 



p 0 ip{M*)Q 0 + ifi(M*)Q 1 + <p*(M*)Q 2 + Q 3 
where p 0 = m&x{p(t) ; t e J} and 

Qo = 



\vT-M 



J=l k=l v 



14 
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(tj+l - tj) 3 



, T 2 + \A\ 
\VT-A\ _ 

. (T-t m ) 2 



Qi = m ■ 



i{T 2 + \k\) T+ V 



|tfT-A| \vT-A\f^ 



r 2 + |A| 



fe=i 



T + | r 2 + |A| , Q , 
^3 = — nl a l + T77^ — n\P\- 



I^T-Af 1 |r?T - A| 1 
TTien average value problem (1) /las at least one solution on J. 

Proof. Firstly, we shall show that T, defined by (20), maps bounded sets 
(balls) into bounded sets in PC(J,M). For a positive number p, let B p = {x G 
PC(J,R) : \\x\\ < p} be a bounded ball in PC(J,R). Then for t € J we have 



■ ^f^jN + EE^ l/(^x( s ))K_ lS + |4*(x(t fc ))|J |flr fc | 



EE / / l/M^OK^^V^ + l^ 

E / / / l/Kz^l^.u^.TC^s 



s(*k))l — *j) 



j=0 Jt i Jt i J tj 



k=l \ Jt k-1 Jtk-1 , 



\r)T — A| 



fc=i V-'tfc-i 



l/^arWJI^a + lJJ^tfc))! (t, - t k ) 



\f(T,x(r))\d qi Td q 
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/ rtk ps 

+ E / / \f(r,x(r))\d qk _ 1 Td qk _ 1 s+ \I k (x(t k ))\ 

k—l \ Jtk — lJtk — l j 

+ E / \f(s,x(s))\d qk _ lS +\r k (x(t k ))\)(T-t k ) 
fc=l \ J tk~l / 

+ f f \f(T,x(r))\d qm Td qm s 
Jt„ Jt m 



m J / rt k rs \ 

+ EE »*(W) / <Vi™Vi s +^(H) 

j=i fe=i V / 

+ P0^(lkll)5Z / / / ^Wrf gj Td g . S l 

+ ^T-' A| {l^l + E^NI)/* jf d«-i^-i*+v(NI) 

+s(po^(N) r d«-i*+y*(iND) (»?-**) 



+ PoV>(IM|) / / d qi rd qi s \ + ip(\\x\\) I I p(T)d qm Td qm s 
Jti Jti 



s+ <^(||x||) 



+ XI PoV'dkll) / / dg^rdq^ 

k —l \ Jtk-\ Jtk-1 

m ( rtk \ 

+ E Uv(NI) / + (T-t fc ) 

fc=i V Jt '=- 1 / 

&4 In + E E (po^(p)(* fc - tfc-i) + ^ 
1 1 j=i fc=i 

^(p) (t 'T! fc ' l)2 + I fe+i - *i) 



h 

( 



m j / 



+ E (PoV>(p)(*k - tfc-l) + (»? - **) + PoVM i _i_ 

fc=l 1 + Qi 
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(T - t m f 
l + 9m 



m / 



*;=i V 

+ ^ {p 0 ip{p){t k - i fe _i) + (T - i fc ) 



fc=i 

:= K. 

Therefore, we conclude that Tx < K. 

Next we show that T maps bounded sets into equicontinuous sets of PC (J, R). 
Let sup (t x)eJxBp \ f(t,x) \ = / < co, i/i,i/ 2 S for some / e {0, 1, . . . , to} 

with v\ < v-i and x € -Bp. Then we have 

|(^)(^ 2 )-(^)K)| 



\r)T — A| 



a +EE / /(^(«K.i»+^w**))k* 

7=1 fc=l / 



+ EE / / /('■. !c W) d »-i i -^-i* + J fc (*(**)) I 
j=i /t=i \ jt k-i j tk-i j 

+ E/ / / /(«.&(«))<*?, ud^Td,,*! 

_ E(/ / /( T >*( T )) d m-i Td «-i* + M&(*k)) ) 
fe=l \ *fc— l •/ tfc-l / 



|r?T-A| 



- e f r /(s,x( S ))d 9fc _ lS +4* 
fc=i \ j t)=-i 



(a:(i fc )) (»j - t fc ) 



J7 /-s 



/(r, x{r))d qi Td qi 



1 t rtk 



E( / f( s > x ( s )) d <ik-i s + Jkixitk)) J (yi-v x ) 
k=i ytk-i j 

/ / f{T,x{T))d qi Td qi s- I I f(T,x( T ))d qi Td qi s 

J t\ Jt\ J t{ J tl 



< \V2-V\\ 



1 



m 3 



\ V T-A\ 



\<*\ + '£'E((t k -t k - 1 )f + <p*(p))H+ 



i=i fc=i 



j=i fc=i 
1 + qk-i J 



E E ( v " , IT 1 ' f + <p(p) ) fe+i - *;) 
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+ E 



fe=i 



fe=l 



1 + 9/ 



Obviously the right hand side of the above inequality tends to zero independently 
of x G B p as V2 — v\ — > 0. As satisfies the above assumptions, therefore it fol- 
lows by the Arzela-Ascoli theorem that J 7 : PC(J, K) — > PC {J, K) is completely 
continuous. 

Let i be a solution. Then, for fe J, and following similar computations as 
in the first step, we have 



< 



|x| 

(T + y) 
\ V T-A\ 



m J 



H + E E (po^(lkll)(* fc - t fc -i) + ¥>*(ND) 
j=l fc=l 



+ EE poV(ini)^ 



j=i k=i 



+ Qk-l 



+ v(lkll) fe+i-tj) 



■poV(INI)E?i 



(! + * + ? ) 



3=0 



+ 



(r 2 + |A|) 
IryT-AI 



eLv(ind ^ , [ k - l)2 + ,-di.i) 



fe=i 



1 + 9fe- 



fa-*i) 5 



E (wMIMI)fe - t k -i) + <p*(\\x\\)) (v i fe ) + poV(INI)^ , , 
Efpo^(IN|) ( ^7' fc - l)2 + y (|N|)) 



fe=l 



+ E (wMIWIXtfc - t fc -i) + </>*(ND) (T - tfc ) + ^(11x11)^- '" 



k=l 



= Po4>{\\x\\)Qo + <p{\\x\\)Qi + <p*(\\x\\)Q2 + Q 3 . 

Consequently, we have 

po^ONDQo + <p(\\x\\)Qi + <p*(\\x\\)Q2 + Q 3 



< i. 
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In view of (77 5 ), there exists M* such that ||a;|| ^ M*. Let us set 

U = {xE PC{J, K) : ||x|| < M*}. (25) 

Note that the operator T : U — > PC(J,M.) is continuous and completely con- 
tinuous. From the choice of U, there is no x € dU such that x = \Tx for 
some A€ (0,1). Consequently, by nonlinear alternative of Leray-Schauder type 
(Lemma 3.2) we deduce that T has a fixed point in U, which is a solution of 
the average problem (1). This completes the proof. □ 

4 Examples 

Example 4.1. Consider the following average value problem for second-order 
impulsive q^-difference equation 



- cos t 



(*)l 



% lW= (ioTW«' te J =[o,i], t^t k . 



D m x(4)-D m x(t k ) = lun- 1 Q 



k 

n x(t k )\, t k = ^, fc=l,2,...,9, 



(26) 



Here % = (2 + fc)/(3 + 2fc), fc = 0, 1, 2, . . . , 9, m = 9, T = 1, i = 2, 
ry = 9/40, /(i,*) - (e" cos2 'M)/((10 + i) 2 (l + |x|)), / fc (x) = |z|/(10(9 + |z|)) 
and I^(x) = (1/8) taiT 1 (x/U). Since 

\f(t,x)-f(t,y)\ < (1/100)1^ - 

|/ fc (a:) - I k (y)\ < (l/90)\x - y\ and \I* k (x) - I* k (y)\ < (l/88)\x - y\, 

then (77i) and (77 2 ) are satisfied with L x = (1/100), L 2 = (1/90), L 3 = (1/88). 
We can show that 

A w 0.514187, n w 0.7472621 < 1. 

Hence, by Theorem 3.1, the average value problem (26) has a unique solution 
on [0,1]. 
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Example 4.2. Consider the following average value problem for second-order 
impulsive q^-difference equation 

sin(7ra;/2) l+sin(7ri/2) 



D i+k x(t) 

3 + 2fc 

Ax(t k ) = 



13w 2 + sin (irx) 



25tt 



te J= [0,1], t^t k , 



sin(7ra:/2) 



15tt 2 

£>it*_a;(it) - D_>^x(t k ) = 

■3111. 1 _l_ 1 I. N 7 



*k=10' fc = l,2,...,9, 



a; 

35^ + x* ' * fe ^ 10' fc = 1 ' 2 >---< 9 ' 



2 / / x(s)d i+j 5 = 1, X 



j=0 - "J 



3+2j 



1 

2' 



(27) 



Here q fe = (1 + fe)/(3 + 2fe), fc = 0,1, 2,..., 9, m = 9, T = 1, i = 2, r? = 1/4, 
a= 1,(3 = 1/2, /(i,a;) = (sin (7ra/2)) / (13tt 2 +sin 2 (7ra))+(l + sin (7rt/2)) /(25tt), 
4 (a;) = (sin (nx/2)) / (15tt 2 ) and F*(x) = (x)/ (35tt + x 2 ). Clearly, 



sin(7rcc/2) 



l + sin(7ri/2) 



and 



137r 2 + sin (irx) 
\h(x)\ 



I4*(*)l = 



25?r 
sin(7ra;/2) 



< (l + sin(7rt/2)) 



25tt 



15tt 2 



< 



30tt' 



< 



35tt 



357T + .T 2 

Choosing p(t) = 1 + sin(7rt/2) s V>(|a;|) = (|.t| + 1)/(25tt), <^(|x|) = (|x|)/(30tt) 
and </?*(|a;|) = (|x|)/(357r), we can show that 

A w 0.519461129, Q 0 « 3.976411236, 

Qi w 41.15277206, Q 2 ~ 27.92869898, Q 3 w 7.458332013, 



and 



(2) (3.976411236) + (§£) (41.15277206) + (§£) (27.92869898) + 7.458332013 

which implies that M* > 36.32714112. Hence, by Theorem 3.3, the average 
value problem (27) has at least one solution on [0, 1]. 
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ESSENTIAL NORMS OF INTEGRAL-TYPE OPERATORS FROM 
WEIGHTED BERGMAN SPACES INTO ZYGMUND-TYPE SPACES 



CUI WANG AND YONG-XIN GAO* 



Abstract. For a unit disk D in the complex plane, by H(D) denote the class of all 
holomorphic functions on D. We estimate the essential norms of integral-type operators 
(C™ g f)(z) = f* /( m >(^(0)ff(£K from weighted bergman spaces fiP a into zygmund-typc 
spaces Z^, where /,j 6 H(B>) and ip is an analytic self-map of H>. Moreover, we obtain 
a new characterization for the boundedness and its essential norm in terms of the n— th 
power of tp of C™ 9 : A v a -> 2 M on D. 



1. Introduction 

Let D be the open unit disk in the complex plane C, H(B) the class of all holomorphic 
functions on D and N the set of all nonnegative integers. For p > 0 and a > — 1, the weighted 
Bergman space AP a consists of / e H(D) with the following notation 



\p,a 



\f(z)\ p dA a (z)) <oo 



where dA a (z) = (a + 1)(1 — \z\ 2 ) a dA(z), and dA(z) is the 2-dimentional Lebesgue area 
measure on D such that A(D) = 1. Note that when 1 < p < oo the space A v a is a Banach 
space with the norm || • || PiQ . If 0 < p < 1, the space A v a is a complete metric space with the 
distance: d{f,g) = \\f - g\\ p p . a - 

A positive continuous function v on [0,1) is called normal (see [8]), if there exist three 
positive numbers a and b, 0 < a < b, and 6 £ [0, 1) such that for re [S, 1) 

v(r) v(r) 

(i) — r— is decreasing on [<5, 1), lim — — = 0; 

w (1 - r ) a 6 1 ' r^i (1 - r)° 

/ ■ - \ v{r) . . . . v(r) 

(ii) t- rr is increasing on d, 1), lim — -r = oo. 

K ' (l-r) b to 1 ' r^i (1 - r) b 

If we say a function /i is normal we will also assume that it's radial, that is, /i(z) = 
/^(|z|), z € D. In this paper, we suppose /i is normal. 

Recall that the Zygmund-type space, denoted by Z M , consists of all / e H(D) such that 



supyu(z)|/"(z)| < oo. 



Under the following norm 



k = 1/(0)1 + |/'(0)| + sup »(z)\f"(z)\. (1.1) 



The authors were supported in part by the National Natural Science Foundation of China (Grant Nos. 
11371276; 11301373; 10971153). 
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Let Z^fi denote the subspace of Z^ consisting of those / G if (O) for which 

lim n(z)\f"(z)\=0. 

This space is called little Zygmund-type space. Both Z M and i? M; o are Banach spaces with 
the norm ]| • \\z defined in (1.1). 

Moreover, we need the weighted Banach spaces of analytic functions 

H? = {.f G H(B) : H/IU := a npu(z)\f(z)\ < oo}, 

endowed with the norm || • The so-called associated weight is an important tool to handle 
problems in the setting of weighted Banach spaces of analytic functions. For a weight v the 
associated weight v is defined by v(z) := (sup{|/(z) |; / G H£°, \\f\\ v < l}) -1 , z G D. For 
standard weights v a (z) = (1 — |z| 2 ) Q , where 0 < a < oo and v a = v a . 

If ip is an analytic self-map of D and u G H(D), the linear weighted composition operator 
associated to (p and u is defined by uC^f = uf(ip) for any / G H(B). This operator is well 
studied by many researchers, and readers interested in this topic can refer to [2, 3, 4, 7, 13]. 

Recently interest has arisen to characterize boundedness and compactness of composition 
operators acting some spaces in terms of the n— th power of <p on D. More clearly, in [10], 
Wulan, Zheng and Zhu obtained a new result about the compactness of the composition 
operator on the Bloch space in the unit disk. In [12], Zhao gave a new characterization of 
boundedness and compactness between Bloch type spaces in terms of ip n . 

Let g G H(D), to be a positive integer and ip be a holomorphic self-map of D. The 
following integral-type operator 

(C™J)(z) = f f< m H<p(®)g(Z)dt, f e H(B), z G D, 
Jo 

which was firstly introduced by Zhu in [14]. is the generalized composition operator. 

C" g is the Volterra composition operator defined by Li in [5] . 

Motivated by [9, 14], we first study the boundedness and compactness of C™ g : — » 
Zfi{Z^fl) as well as the the essential norm of C™ 9 : A p a — > Z^. Apart from these, we get 
similar estimates about the boundedness and the essential norm of such operators in terms 
of /i, g and the n— th power ip n of ip. Our approach is inspired by Esmaeili and Lindstrom 
in [2], some estimates in [3, 4] make it possible to obtain our results with very easy proofs. 

Throughout the remainder of this paper, C will denote a positive constant, the exact 
value of which will vary from one appearance to the next. The notation A x B means that 
there is a positive constant C such that B/C < A < CB. 

2. Notation and Lemmas 

In order to prove the main results of this paper, we need some auxiliary results. 
For p > 0, a > —1, j G N and a G D. Define the test functions 

fl,a( z ) = a 2h a ,l(z) - ai/l 0i2 (z), f2,a{ Z ) = 02 h a,l{z) ~ P\Kai z )i 

where h a>j (z) - {^g^}^ , = i ■ ^(i ■ ^ + 1) (i ■ ^ + m - 1), and 

/3i_i = Oi-i(i ■ ^ + m), for i = 2, 3. By [11, Proposition 1.4.10], we see that f i<a G A*. 

Lemma 2.1. Suppose p > 0, a > — 1, to G N, and 95 is a holomorphic self-map of D. 
TTien C™ g : A p a — > Z M is compact if and only if C™ g : A v a — > Z M is bounded and for any 
bounded sequence (fk)keN in A v a which converges to zero uniformly on compact subsets of 
D, HC^/fcHoo-Oaafc-oo. 

Proof. Similarly to [1, Prop 3.11]. Hence the details are omitted here. □ 
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The following lemma can be proved similarly to [6, Lemma 1]. 

Lemma 2.2. Let fi be normal. A closed subset K in Z^q is compact if and only if it is 
bounded and satisfies lim sup fi(z)\f(z)\ = 0. 

Lemma 2.3 ([3], Theorem 2.4). Let v and w be radial, non-increasing weights tending to 0 
at the boundary o/D. Then 

(i) the weighted composition operators uC v maps into H^f if and only if 

\\wp n \\uj lo(z) 

n>0 \\Z n \\u ze0 v((p(z)) 



with norm comparable to the above supremum. 

T>(tp{z)) 



(ii) \\uC^\\ e ^ H ^^H^ =lim sup 'Km 11 " =lim sup 5( " ( fL \u(z)\. 



sup(n + 1)*-%'^ x sup n ^Z^JLi < °°- (3-3) 



Lemma 2.4 ([4], Lemma 2.1). For V 0 < a < oo, we have lim (n+l) a \\z n \\ Va = (^) a . 

n— >oo 

3. The boundedness of C™ g : A p a —> 2^(2^ 

Theorem 3.1. Suppose p > 0, a > —1, m e N, and <p is a holomorphic self-map o/D, 
t = ^i- + m + 1. Then C™ g : A v a ^* 2^ is bounded if and only if 

sup(n + l)V g |I^Bup ^Jf^gl <cx, > (3.2) 
™>o zeo (1 — |^(^) | 2 )* 

MgMg)l 

;r 0 v " 1 " """"^(i-i^)! 2 ) 4 - 

Proo/. Suppose first C™ g : A p a —> 2^ is bounded, that is to say \\C™ g f\\ Ztl < C||/|| P;a . 
Taking the test functions given by f\{z) — z m and f2(z) — z m+1 . For \f(z)\ < 1 and 
II /i Hp, a < C, % = 1, 2, it's clear that 

sup fj,{z)\g'{z)\ < oo, (3.4) 

z en 

sup ^(z)|g(z)< ) 5'(z)| < oo. (3-5) 

z en 

Let a = <p(z) in fi, a {z) and f2, a (z), from the boundedness of C™ 9 : — > Z M , we get 

«i«2^MWi3W^'wn^)r +1 

oo > ||G Vifl /i, 0 |U„ > (i_|^)|2)t ' 

and 

nrm t . ^ ai a 2 ^fn{z)\g'{z)Mz)r 



'<P.B'WP ~ (! _ |^( z )|2)t-l 

If |(/?(z)| > r, for any fixed r € (0, 1), from the above, we obtain 

^z)W{z)g{z)\ n{z)W{z)g{z)Mz)r+^ 

{v °Zr (1-W*)| 2 )« < ,iT>, ^(l-l^)l 2 )* < (3 - 6) 

and 

-p n^tr < -p Mz) lf1tS1 r <-- (3-7) 

bWl^a-bWI 2 )*- 1 |„(z)|>r r^l-M*)! 2 )*" 1 
If IvMI < r , for any fixed r e (0, 1), it follows from (3.4) and (3.5) that 

sup sup ^I^^^Koo, (3.8) 

\ V (z)\<r {l-\<p{z)\ 2 y (1 -r 2 Y \ v ( z )\< r 
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and 

SU P n ^fl^ml-i g 71 sup »{*)\sf{z)\<°°- (3-9) 

On the other hand, (i) of Lemma 2.3 and Lemma 2.4 tell us 

S up f^W - sup^^xsup(n + l)* M U<oo, (3.10) 

z£D (1 - 1^(^)1 ) n>0 IMk n>0 



and 

. D (1 - |^(z)| 2 ) t_1 n>0 IMk-i „ II 



™» T, iT;,; -! - BupM^XBup(n + l)*- 1 || fl '|U<oo. (3.11) 



Combining (3.6), (3.8) with (3.10), the desired result (3.2) follows. From (3.7), (3.9) and 
(3.11), we obtain (3.3). 

For the converse, we assume (3.2) and (3.3) hold. A well-known inequality (see [9]) for 
V/ e A?, z e D, 

|/<»>(*)| < - ■ (3.12) 



(i-M 2 )^ 



Hence 



»{z)\{c™j)"{z)\ = M«)lflW^WII/ (m+1) (^))l + M«)lff , WII/ (,n) (^))l 

(i-l^)l 2 )* IIJII ^ + (i-\<p( z )\ 2 y-i ullp ' a 



Moreover, |(C£„/)(0)| = 0, and \(C™ g f)>(0)\ = \f™(<p(0)M0)\ < gg?)^ < oo. 

So = |(C£ fl /)(0)| + |(C£ ff /)'(0)| +sup zeD /iW(C^ fl /)"(«)| < oo. 

Thus C™ g : A v a ^f is bounded. This completes the proof. □ 

Theorem 3.2. Suppose p > 0, a > —1, m e N, and ip is a holomorphic self-map of D. 
TTien operator C™ g : A v a — » Z^q is bounded if and only if C™ g : A v a ^> Z^ is bounded, 

lim M*)l^(*M*)l=0, (3.13) 

|z|-»l 

lim M (z)|.g'(z)| = 0. (3.14) 
|z|->i 

Proof. Assume that C™ g : — » Z^ 0 is bounded. Since Z^ 0 is the subspace of Z^, it is 
easy to see C™ 9 : A v a — > Z p is bounded. From this and since = z m and /2(z) = z" l+1 
are in A v a , we can easily show that (3.13) and (3.14) hold. 

Conversely, suppose that C™ 9 : A v a — > Z M is bounded and (3.13) and (3.14) hold. Using 
the condition that polynomials are dense in A v a , we see that 

/i(*0(^ fl p)"(*)l<M*)l^^ 

where p denotes any polynomial, j| • is the supremum norm of function on D. Applying 
(3.13) and (3.14) to the above inequality, we have C™ g p e Z^ 0 - Then C™ g f G Z^, 0 , for an Y 
/ e A^. By the closed graph theorem C™ g : — > Z^o is bounded. □ 
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4. The essential norm of C™ ff : A v a — » Z M . 

The essential norm of a bounded operator T is the distance from T to the compact JC, 
that is ||T|| e = inf{||T - JC\\ : JC is compact}. Notice that ||T|| e = 0 if and only if T is 
compact. 

Theorem 4.1. Suppose p > 0, a > — 1, to e N, and \\<p\\oo = 1, t = ^1 + m + 1. If the 

operator C™ : Ag, — > Z„ is bounded, then 



\\C m II ~ lim sun ^^i z )\ + 1™ S1ln V(z)\g'(z)\ 

ll%, s lle - iimsup _ + umfaup _ x, 2 w x 



limsup(n+ l)*||(^' 5 || M +limsup(n+ l)*- 1 !^'!^. (4.15) 



"\t-l|| „'l 

l^/t -r 1 

n — >oo n — >oo 



Proof. We start with the lower bound. Let {zj} be a sequence in D such that |¥>(-Zj)| — > 1 
as j — > oo. Considering the functions fij(z) and f 2 ,j(z) separately, 

/i,jO) = "2^(2^,1(2) ~ "i h v ( Zj ) i2 {z), f 2 ,j{z) = P2h v{Zj)A (z) - Pih^^^z). 

For i = 1, 2, a calculation shows that {fij} — » 0 uniformly on compact subsets of D in 
.i4£. Since the duality of A v a verifies fi.j — > 0 weakly in A v a , for every compact operator 
JC : AP a — > ||£/j )i j||.z — > 0 as j — > 00. Hence we obtain that 

||C£J e > glimsupdl^/^IU, - IIAC/^bJ x limsup ^Mg^M , (4.I6) 

||C£J e > Climsup(||C^ fl / 2j -|| z , - ||/C/ 2 , 3 |UJ x limsup g^^U ■ (4.17) 

Inequalities (4.16) and (4.17) establish the lower estimate in (4.15). 

For the upper bound. Let L k f{£) = /(jqpi-z) for each positive integer k. Since C™ 5 is 
bounded and L k is compact on A p a , C™ g L k : A v a ^> is also compact. Thus 

l|C£Je < ||C£ fl -C£ fl L fc || 

= |(C^ fl (J-L fc )/)(0)| + |(C^ ff (J-L fc )/)'(0)| 

+ sup /i(z)|(C^ fl (/-L fc )/)"(z)| 

II/IIp,c<i 

= sup »(z)\(C™ g (I - L k )f)"(z)\, (4.18) 

ll/llp,o<l 

where / denotes the identity operator on A v a . 

On the other hand, for any r e (0, 1), the last term in (4.18) is equal to the following 
sup sup n{z)\{C™ g {I-L k )f)"{z)\+ sup sup p{z)\{C™ g {I - L k )f)"{z)\. 

\\f\\ P , a <l\ V (z)\<r \\f\\ p , a <l\ V (z)\>r 

Morover 

(C^ g (I-L k )f)"(z) = {/( m+1 »(^W)-(^T) m+1 / (m+1) (^)}/W.9W 



+ 



{/ M (^)) - (fc^i) m / (m) (trr ) } 5 ' (z) - (419) 

When \ip(z)\ > r, by (3.12) and (4.19) 

..(y-Wtt™ (T T \fV'(,\\<- mn f KzW(z)g(z)\ p{z)\g'{z)\ 

sup n(z) (C (1 - L k )f) {z) < sup (— + M2\t-i )- ( 4 - 20 ^ 
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Next assume \<p(z)\ < r. In order to calculate conveniently, during the next proof of this 
theorem, let u> = <p(z). By Lagrange's mean value theorem, there exist £i(w), ^(w) € 
[j^j-u;,w], such that 

!/<•»«>(„) -/^(^I < J^I/.—K.H)! < (^L K p« 1/(01,(4-21) 
l/«H - < J^I/'™ + «(6H)l < , { p« 1/(01. (4.22) 

The last inequalities are applying Cauchy's estimate to y( m + 1 ) and j( m + 2 ) on the circle with 
center at £i(w), £2(0*) and radius i? e (0, 1 — r), using (4.21) and (3.12), we obtain 

_ ( _*_ ) ™+l / ( W M-l) ( _*_ fc , ) | 

< r(m+l)!||/|| p , a (fc+ir+i-fc"^ 1 jj/jj^ f423) 

" (fc + 1)^+1(1 + (fc + 1)"^ 1 {l-(^)2 } f 

The same argument in the above, we get 

i/ (m ^)-(^r/ (m H^^)i 



< 



rm! ||/|| P>Q (fc + l) m+1 - fc m+1 



l v 1 y "■' U 24) 

(fc + i)iz- ( i- (j R + r ) 2 )^ (k + iyn+i {l-i^r 1 ' 

We have 

sup sup M (M)|(C£ fl (J-L fc )/)"(*)|-0 as k ^ 00. (4.25) 

||/|| p ,a<l|vWI<r 

By (4.18), (4.20) and (4.25), since r € (0,1) is arbitrary, we obtain the desired upper 
bound in (4.15). 

According to (i) of Lemma 2.3 and Lemma 2.4, 

H(z) W{z)g{z)\ ,. Kz)\g'(z)\ 
limsup ,\ ' 1 , , ;,;,/' + limsup ^ v mv n 



bWhi (l-l^)! 2 )' |^)Hi(l-|^)| 2 ) 



2\i— 1 



x lim sup ? + lim sup — — ^ 

ra— >oo ||2 IIj/, ra— >oo \\Z \\ Vt _ l 

x limsup^ + ^i^l^ + limsup^ + l)*- 1 !^'!^. 

n^oo n^oo 

This completes the proof of the theorem. □ 

5. The compactness of C™ 9 : A p a — » Z^Z^q). 

Theorem 5.1. Suppose p > 0, a > —1, m e N, and \\(p\\oo = 1, t = ^±2 + m + 1. Jfte 
operator C™ g : A v a ^> is bounded. Then C™ g : AP a — > Z M is compact if and only if 

H(z) \tp'(z)g(z) 

w¥-i (i-lvW I 2 ) 4 



MP . ^ TXX'' = 0, (5.26) 



MgMg) l 
|v»Wh*i (1 - |^(z)| 2 ) 



MP . ^7^1 = 0. (5.27) 
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Theorem 5.2. Suppose p > 1, a > — 1, m £ N, and ||<p||oo < 1- Then the following 
conditions are equivalent: 

(a) C™ g : A v a —* Z^ is bounded. 

0 3 ) C™g '■ —> Zfj. is compact. 

(c) sup fi(z)\g' (z)\ < co, s\ipfi(z)\g(z)<fi'(z)\ < co. 

z GO z GO 

Proof. (6) (a) is clearly true. By Theorem 3.1, (a) => (c) is obtained. So we only need to 
prove (c) =>• (6). Let {fj}j^ be a bounded sequence in AP a and converge to zero weakly as 
j — > oo. Since the duality of , it verifies that fj — > 0 uniformly on compact subsets of D 

and so docs {/j™' 1 }. Therefore for a fixed z e O, 

M^KC^H*)! - M (kl)l.9W^WII/i m+1) (^))l + MWl3'WII/i m) (^))l 

< M (z)| 5 (z)^'(z)| max |/j m+1) (u;)l + »{z)\g\z)\ max |/j m) M|, 

which implies that lim sup /z(z)|(C™ /,-)'' (z)| = 0. Consequently, ||C™ 0 /,||oo — ► 0 as 7 — > 
00. By lemma 2.1, (b) follows from (c), as desired. □ 

Theorem 5.3. Suppose p > 1, a > —1, m <G N, ant! \i is a normal weight on D, t = 
^ + m + 1. 7/ C™ g : -» Z^ 0 is bounded. Then C™ g : A p a -> Z M , 0 is compact i/ and 
oni?/ if 

lim MWMW = (528) 

N-i (l-l^(z)l 2 )* 

w-i (i-kWI 2 )*" 1 

Proof. First assume C™ g : — ► Z^ 0 is compact, then the operator is bounded. Hence, by 
Theorem 3.2, conditions (3.13) and (3.14) are true. Since Z^ 0 is the subset of Z^, along 
with Theorem 5.1, we get (5.26) and (5.27). 

By (3.13) and (5.26), it follows that, for any e > 0, there exist S, r £ (0, 1) 

^(z)\ l p'(z)g(z)\ <e, if \z\ £ (5,1), 
fi(z)\ip'(z)g(z)\ . . 

Therefore, when 5 < \z\ < 1 and r < \<p(z)\ < 1, we have that 

M (z)|^(z)g(z)| 
(1-|^)| 2 )* ' 

When 5 < \z\ < 1 and \<p(z)\ < r, we obtain 

^{z)W{z)g{z)\ _^ e 



(1 - |(^(z)| 2 )* (l-r 2 ) 4 ' 
The above two inequalities yields (5.28) easily. 

By replacing conditions (3.14) and (5.27) with (3.13) and (5.26) in the above argument, we 
obtain (5.29). 

Conversely, suppose that (5.28) and (5.29) hold. Let M a p be the unit ball in A v a . Applying 
the boundedness of C™ g : A p a — > Z M ,o, C™ g M A p is closed in Z^ 0 - Combining this with (3.12), 
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(5.28) and (5.29) yield that 

V-{z)\{C2J)"{z)\ = M«)l5W^WII/ (m+1 H^))l + M«)lff , WII/ ( ' n) (¥'W)l 
C(,(z)\g(z)<p'(z)\ Cn{z)\g'{z)\ 

- (i-|^)| 2 )* m * a+ {\-\v{ z )\*y-i m * a 

— > 0, as \z\ — > 1, 

for every / G B^p . 

By Lemma 2.2, C™ s B^g is a compact subset in Z M . 0 . Hence C™ 9 : — > Z M , 0 is compact. 

□ 
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Five-Dimensional Discrete Green's Function and 

Its Estimates 

Jinghong Liu*and Yinsuo Jia* 

In this article we first introduce definitions of the regularized Green's func- 
tion, the discrete Green's function, the discrete 5 function, and the L 2 projection 
operator in five dimensions. Then the W^^-norm estimate for the regularized 
Green's function is derived. Finally, we obtain the M /r2,1 -seminorm estimate for 
the discrete Green's function. 

1 Introduction 

It is well known that estimates for the Green's function play very important roles 
in the study of the superconvergence of the finite element approximation (see [1- 
5]). Especially, the estimates for the Green's function are usually used to bound 
the maximum-norm error of the finite element approximation. For one- and 
two-dimensional elliptic problems, one have obtained many optimal estimates 
for the Green's function (see [5]). For three-dimensional elliptic problems, we 
also obtained the optimal estimates for the discrete derivative Green's function 
and the discrete Green's function (see [6, 7]). Recently, we derived the W 1 ' 1 - 
seminorm estimate with order 0(|ln/i|5) for the discrete derivative Green's 
function for the 5D Poisson equation (see [8]). This article will discuss the 
IF 2 ^-seminoma estimate for the discrete Green's function. 

In this article, we shall use the symbol C to denote a generic constant, which 
is independent from the discretization parameter h and which may not be the 
same in each occurrence and also use the standard notations for the Sobolev 
spaces and their norms. 

The model problem that we study in this paper is 

-Am = / in n, « = 0 on <9Q. (1.1) 

where f2 C 1Z 5 is a bounded polytopic domain. Let {T h } be a regular family 
of uniform partitions of O, and Sq(SY) C Hq(SI) the linear finite element space. 
Discretizing the above elliptic equation using Sq as approximating space means 

* Department of Fundamental Courses, Ningbo Institute of Technology, Zhcjiang University, 
Ningbo 315100, China, email: jhliull29@sina.com 

' School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: jiayinsuo2002@sohu.com 
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finding Uh G Sq such that a(uh , v) = (/ , v) for all u 6 S}, where 

a(uh,v)= / Vtift -VvdX, 
Jn 

and 

(f,v)= f fvdX. 

In addition, we also assume that the given function / is smooth enough. 
For every Z G ft, we define the discrete 5 function S z G Sq(SY), and the 
L 2 -projection P^u G Sq(Q) such that (see [7] for the three-dimensional setting) 

(v,S h z )=v(Z) VveS%(n), (1.2) 

{u-P h u, v) = 0 Vu G (1.3) 

Let G| G if 2 (ft) D Hl{9) be the solution of the elliptic problem -AG* Z = S' z . 
We may call G* z the regularized Green's function. Further, let the discrete 
Green's function G\ G Sq (Q) be the finite element approximation to G* z . Thus, 

a(G|-G|,w) = 0 V)ieSj(f]). (1.4) 

The purpose of this article is to bound the term | G h z 1 2 1 Q . 

The rest of this article is organized as follows. In Section 2 we derive the 
VF^-norm optimal estimate for G* z . Section 3 is devoted to the estimate for 
G h z . 



2 Weight Function and Estimates for G* z 

We first introduce the weight function defined by 

<\> = <f>(x) = (\x - x\ 2 + <? 2 )~ s vie n, 

where X G £l is a fixed point, 9 = 7/1, and 7 G [5, +00) is a suitable real number. 
For every a G 1Z, we give the following notations: 

\V n v\ 2 = Yl \ D?V \ 2 > l V "*V,n = (/ <P a \V n v\ 2 dX 
\0\=n ^ n 

m 

where 0 = (fa, fa, fa, fa, fa), \fa = fa+fa+fa+fa+fa, and fa > 0, i = 1, • ■ ■ , 5 
are integers. In particular, for the case of m — 0, we write 

NU«,fi = (^jj a \v\ 2 dX 
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We assume that there exists an q 0 (1 < qo < oo) such that 

-A: w 2 - q {n)nWo' q (n) -^L*(n) (i< q < qa ) 

is a homeomorphism (see [5]). Thus, for v G W 2 ' q (il) D Wq' 9 (Q), we have the 
so-called a priori estimate: 

IHk,,n<C( g )||-At;||o, g , n , (2.2) 

where C(q) denotes a constant depending on q. The weight function <j> possesses 
the following properties. 

I V n <t> a \ < C(a, n)(f> a+ i, a eTZ, n= 1,2. (2.3) 

/ (f> a dX < C(a- i)-i0-5(°-i) Va > 1, (2.4) 
Jn 

[ <j)dX < C{k)\ ln<9|, 9 < k < 1. (2.5) 
For L 2 -projection operator P h , we have 

||i\w||i, a , n <C(g)|H|i,,,n for 1 < o < oo. (2.6) 
As for 5^, we have the following estimate. 

Lemma 2.1. For <5^ the discrete S function defined by (1.2), we have the 
weighted-norm estimate 

Pz\\^- a < Ch 5 ^ Va > 0. (2.7) 

Remark 1. The proof of the result (2.7) is similar to that of (2.27) in [7]. 
Lemma 2.2. For q a > 2 and v G H 2 (fl) n Hq(H), there exists a constant 
C = C(a, fi) > 0 suc/i i/iai 



|V 2 V ||J_ Q < C (\\Av\\l- a + \v\l^. a+i + N|J_ a+ «) Va G ft. (2.8) 



Proof. 



||V 2 «|| 2 = / 0- Q |V 2 «| 2 dx= / fa-* \V 2 v\) 2 dx 
Jn Jn 

< C( [ |V 2 (4>-^v)\ 2 dx+ f \vV 2 4>-^\ 2 dx+ f \V<t>-%\ 2 \Vv\ 2 dx) 

\Jn Jn Jn J 

< c(iiA(r*«)ii;+iHi;-^i+i<^ + i) 

< C(/ 0- a |Aw| 2 da;+ / | V^t | 2 | Vw| 2 

+ jf |A0-f | 2 |«| 2 dx+ ||«||J_ Q+ 4 + M^_ a+ g) 

< c (ll A HI 2 ^ + l<^ + i + IHI^ + t)- 
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The proof of the result (2.8) is completed. 

Lemma 2.3. Suppose qo > 2 and a € TZ. For G* z and S z , the regularized 
Green's function and the discrete S function, respectively, we have 



\V 2 G Z \\] 1 <C\\6* 



z^+C\\G z f 



(2.9) 



Proof. Taking v = G* z in (2.8), and by the definition of G* z , we have 



|v 2 g:ii!_ 



+ c 



< c(iiAG:ii^ + iG:ij 0 _ Q+§ + iiG:n;_ Q+t ) 

a(G* z ,<t>- a+i G z )\+C\\G* z \\ 
(5 h z ,r a+i G^\ + C\\Gl\\ 

, iiGtii ,_„ a4 +c\\g: 



cm 



cut 



- cU h A 



< cU^f ■ ^"^*" 2 



+ G v 
+ C\\S h z 
+ C\\G* 



2 



which completes the proof of the result (2.9). 

Lemma 2.4. Suppose qo > §. For G* z the regularized Green's function, we have 



\\G* z \r_i <C\\nh\^ +C\lnh\* \G* z l . . 
Proof. Consider the problem 

J — Aw = (j>~i G* z , in fl 



(2.10) 



to = 0, 



on dfl. 



By the stability estimate (2.6), a priori estimate (2.2), and the Sobolev Embed- 
ding Theorem [9], 

\\G*z\\l-i - (r l G* z , G* z ) = a(«; , G* z ) - (S h z , u;) - P^(Z) 
< \Phw\ 0iOO <C\lnh\i \P h w\ 15 < C\lnh\* \w\ 1>6 



< G|ln/i| 5 \\w\\ 2 & < C\\nh\> 



t>G% 



< G|ln/i| 5 

< G|ln/i|s 

In addition, 

>sGt 



sG^ 



<G|ln/i| 5 -A(</>-5G|) 



(2.11) 



0. : 



0, : 



IVG 



+ 



^G* z 



< 



dX) \\G* z \\,<C\lne\^\\G z \ 



Combining (2.11), (2.12), and the Young inequality yields 

||G z || 2 _i < G|ln/i|5 +G|ln/i|5 || VG* z \\ oJl + Ce \\G* Z \\ 2 _ i + C(e)|lnft| : 



(2.12) 



(2.13) 
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Choosing a suitable e in (2.13), we immediately obtain the result (2.10). 



Remark 2. To derive (2.13), we used the fact that 



4> 5 <5 



< C. 



Lemma 2.5. Suppose qo > §. For G* z the regularized Green's function, we have 



Proof. Obviously, 



\G 



Z\\2 



\G* Z \\ 2 1 < C\lnh\> 



1 < [ <j>dX- \\V 2 G* Z \ 



(2.14) 



(2.15) 



Taking a = 1 in (2.7) and (2.9), and combining (2.5), (2.7), (2.9), and (2.15) 
yield 



11^112,1 < C|ln^| -hC|l n ^| ||^||J_ 4 . 
From (2.10) and (2.16), 

HGy^CMl" +C\lnh\i \G* z \ hi . 

By the Sobolev Embedding Theorem [9] and the Young inequality, 

\\G? z \\li < C\]nh\J+C\]nh\i\\G%\\ 2il 

< C|lnfe|" +C(e)\\nh\™ + Ce \\G Z \\ 2 21 . 

Taking a suitable e in (2.18) yields the result (2.14). 



(2.16) 



(2.17) 



(2.18) 



3 Finite Element Approximation to G* z and Its 
Estimates 

In this section, we will bound the discrete Green's function, G Zl the finite 
element approximation to G* z . 

Lemma 3.1. For the discrete Green's function G\ £ Sq(Q), the finite element 
approximation to G* z £ H 2 (Q) (1 Hq(Q), we have 

\\G* Z GlU^ < Ch 2 \V 2 G z \l_, + C \\G* Z - G h z \\l-s . (3.1) 

Remark 3. The proof of the result (3.1) is similar to that of (2.43) in [7]. 
Lemma 3.2. For G* z and G z , the regularized Green's function and the discrete 
Green's function, respectively, we have the following estimate: 

\G* z -G z \ 11 <Ch\\nh\i. (3.2) 

Proof. Obviously, 

\G* Z G h z \\ tl <JjdX- \G* Z G z \\^ . (3.3) 
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From (3.1), 



G* sih \ 2 
Z Z i 



1 < Ch \V G* z \ * + C \\G* Z - G 2 



\<j> 5" 



(3.4) 



By the Young inequality and the interpolation error estimate with the weighted- 
norm, we have 

\\G*z ~ G h z \\l- 1 = {4>-*{G z -G z ),G z -G z ) = a{v,G z -G h z ) 



= a(v-Uv, G* z -G h z ) < \G\ 



G z\i 



-i ■ \v-~ttv\ l t 



< e\G* z -G h z \ 



< e\G z -G h z \ Xi 



itj> _ 1+ C(e)\v-Ilv\i^ 



C{e)h 2 \V 2 v\ 



(3.5) 

where -Av = 4>~HG Z - G h z ) and n is a linear interpolation operator. Similar 
to (2.44) in [8], we have 



\G*, 



<e\G z -G h z \{ 



+C{e)T 2 (h 2 - 



\G% 



Z\l <A-i + W^Z ~ °"Z 



Z||0 5 



(3.6) 



For a fixed e e (0, 1), choosing 7 e [5, +00) in (3.6) such that 0 < C(e)j 2 < 
min(£, i), we then have 



\\G Z 

From (3.4) and (3.7), 



G h z \\,-i <±e\G z -G\ 



zli,< 



z~ Lr z\ 1 



.! < Ch 2 \V 2 G* 2 



AeC\G* z -G h z \ l 



Taking a suitable e G (0, 1) in (3.8) such that 4eC < 1, we have 



\G%-Gl 



, < Ch 2 \V 2 G Z \ , 1 +Ch 2 . 



(3.7) 
(3.8) 
(3.9) 



In addition, 



\^ 2 G* z \l^= Jj- 1 \V 2 G* z \ 2 dX = J (r 1 \V 2 G z \) 2 dX 



< C 

< C 

< C 

< C 



< c 
= c 



I 



V 2 (<T 3 G|) 



dX + 



J 

Jn 



G%V 2 c 



dX+ [ |V0-5 • VG* Z 
Jn 



dX 



v 2 (r-*G z ) o + \\g z 



| 2 _i + \G* '~ 



1,0 5 

2 



W-*CTz) 0 + \\Gz\\;-l+\G* z \^ 

11411^ + 11^11^1+ a^,^- 1 ^)) 
11411^-! + HG||| 2 _i +(4,r«Gz)) 
< C|U||| 2 ,_ 1+ C||G||| 2 
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namely, 

IV^H^^Cll^ll^+CIIG^II^j. (3.10) 
From (2.10), (2.14), and the Sobolev Embedding Theorem [9], 

||Gyj_i < C\lnh\^ +C\lnh\* \G* z \ hi 

< C|ln/i|T +C\\nh\* \\G* z \\ 2l (3.11) 

< C\\nh\^. 

Taking a = 1 in (2.7), we have 

II^Hj-i <C (3.12) 

Combining (2.5), (3.3), and (3.9)-(3.12) yields the desired result (3.2). 
Theorem 3.1. For G\ the discrete Green's junction, we have the following 
estimate: 

\G h z \ h 21 <C\lnh\i. (3.13) 

Proof. Obviously, by the triangle inequality, the inverse inequality and the 
interpolation error estimate, we have 

\G*z-G h z \ h 21 < \G z -UG z \ h 2!l + \UG z -G h z \ h 21 

< C\\G z \\ 2tl + Ch- l \TlG z -G z \ ltl 

< C\\CT Z \\ 2>1 + CH- 1 \UG* Z - G^ . + Ch- 1 \G* Z -G h z \ lA 

< C\\G* Z \\ 2 A + Ch- l \G* z -G h z \ 11 , 

where II is a linear interpolation operator. By the triangle inequality, 

\G h z \ h 2A < iGz-Gzll^G^^CllG^.+Ch-^Gz-G^^. (3.14) 
Combining (2.14), (3.2), and (3.14) yields the result (3.13). 
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On the geometric convergence of the Arrow-Hurwicz algorithm for 
steady incompressible Navier-Stokes equations 1 

Puyin Chen a , Jianguo Huang a,b 2 
"Department of Mathematics, and MOE-LSC, Shanghai Jiao Tong University, Shanghai 200240, China 
^Division of Computational Science, E-Institute of Shanghai Universities, Shanghai 200235, China 

Abstract 

In the seminal monograph [11], Tcmam proposed an Arrow-Hurwicz algorithm 
for solving steady incompressible Navier-Stokes equations and proved its convergence. 
However, the convergence rate analysis remains open until now. Using some techniques 
in [8] combined with a very tricky analysis, we prove in this paper that the previous 
method converges geometrically. This result is important in theory, showing a funda- 
mental property of the Arrow-Hurwicz algorithm. Moreover, it motivates us to devise 
efficient algorithms for numerically solving steady incompressible Navier-Stokes equa- 
tions. 

Keywords. Navier-Stokes equations, Arrow-Hurwicz algorithm, convergence rate anal- 
ysis 

1 Introduction 

Consider the steady incompressible Navier-Stokes equations: 

- uAu + (u ■ V)w + Vp = f in ft, 

V-it = 0 infi, ^'"^ 

where SlCl' 1 (dimension d = 2 or 3) is a bounded domain with Lipschitz boundary <9Q, 
v > 0 is the viscosity coefficient of the flow under consideration, and the / prescribes 
body force; u and p are the corresponding velocity field and pressure field, respectively. 
The above equations are the well-known mathematical model describing the steady flow 
of an incompressible Newtonian fluid, such as air or water (cf. [6,9, 11]). To simplify the 
presentation, we impose the non-slip condition for the equations (1.1), 

u = 0 ondn. (1.2) 

For the uniqueness of p we assume that 

p £ Lg(fi) := {q € L 2 (ft); / qdx = 0}. (1.3) 

Jn 

Next, we introduce some notation for later uses. Let (•, •) denote the scalar product over 
L 2 (£l). Given a non-negative integer s, let H S (Q) be the usual Sobolev space consisting of 
all functions v £ L 2 (Q) whose generalized derivatives with the total degree no more than 
s are still L 2 (0)-integrable. We equip H s (ft) with the standard norm || • || s and seminorm 
| • | s (cf. [1]). The closure of Cg°(f2) under the norm || • || s is denoted by Hq(Q,). The 
dual of flg(fi) is denoted by H~ s (n). Let H s (n) be the product space (H s (n)) d , whose 
induced norm, seminorm, and scalar product are expressed with the same symbols over 

x The work was partly supported by NSFC (Grant no. 11171219) and E-Institutes of Shanghai Municipal 
Education Commission (E03004). 

2 Corresponding author. E-mail address: jghuang@sjtu.edu.cn. 
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H S (Q), when there is no confusion caused. The similar conventions also apply to Hq(Q) 
and H- S (n). 

Furthermore, write V := Hq(Q), P := Lq(£T), and let V 3 denote the product space 
V x V x V. Define over V 3 two trilinear forms as follows: 

ai(u;v,w)= / (u-V)v-wdx, 
Jn 

N(u;v,w) = -ai(u;v,w) - -ai(u;w,v). 

For u € V, v £ V, and w £ V, since div-u = 0 and v and w vanish on dQ, we can easily 
deduce that a\{u;v,w) = —a\(u;w,v) by integration by parts. Hence, the above two 
trilinear forms are identical over V s , and N(-;-,-) can be viewed as the anti-symmetrization 
of ai(-;-,-). Then the variational formulation of problem (1.1)-(1.3) can be described as 
follows (cf. [7,9,11]): 

Problem Q. Find (u,p) G V X P such that 

N(u;u,v) + u(Vu,Vv) - (p,divv) = (f,v) Vi> 6 V, (1.4) 
(dwu,q) = 0 VpeP, (1.5) 

where / 6 i? _1 (il) and (•, •) stands for the bilinear form between the dual pair i3" _1 (f2) 
and JfS(fi). 

As shown in [7,9, 11], there exists a positive number Af such that 

ai(u;v,w) < Af\u\i\v\i\w\i \/u,v,w 6 Hq(Q), (1.6) 
and there exits a generic constant /3 > 0 such that 

• , (dwv,q) 

mr sup ^ — , — r, — r, — > p. (1.7) 
qeP veV \v\i\\q\\o 

Throughout this paper, define 

A=i/- 2 jsru/|f_i, (i.8) 

where 

llfll ^'^ 
\\f\\-i := sup . 

Then, it is well-known that problem Q has a solution for any / 6 i3" _1 (f2), and the solution 
is unique whenever A < 1. We refer the reader to the references [7,9, 11] for details about 
these results. 

The problem (1.4)-(1.5) is a nonlinear saddle-point system, so it is very challenging to get 
the solution efficiently (cf. [6]). In the seminal monograph [11], following the ideas in [2], 
Temam proposed an iterative method, called the Arrow-Hurwicz algorithm, for solving 
problem (1.1) (or equivalently, problem (1.4)-(1.5)). The key advantage of the method is 
that the original system is decoupled, and at each iteration step it is only required to solve 
an equation involving the unknown velocity field. Moreover, the convergence of the method 
was proved in the previous monograph; but no convergence rate analysis was investigated. 
As commented in [10], the analysis in [11] did not allows us to estimate the convergence 
rate of the Arrow-Hurwicz algorithm. We mention in passing that some algorithms of 
the Arrow-Hurwicz type were also given and thoroughly discussed in [3, 5, 10] for finite 
dimensional linear saddle-point systems. 



629 



Puyin Chen et al 628-635 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



In this paper, we are concerned with the convergence rate analysis of the Arrow-Hurwicz 
algorithm in [11]. We first show the iteration sequence generated by the algorithm is 
bounded. Then, using some techniques in [8] combined with a very tricky analysis, we 
prove that the algorithm is convergent geometrically. The contribution of our result is 
twofold. First, it is important in theory, showing a fundamental property of the Arrow- 
Hurwicz algorithm. Second, it motivates us to devise efficient algorithms for numerically 
solving steady incompressible Navier-Stokes equations. We remark that using the similar 
arguments we can also prove an Uzawa algorithm proposed in [11] converges geometrically. 
The discrete analogue and the modified algorithm of the Uzawa algorithm were devised 
in [4] to solve steady incompressible Navier-Stokes equation discretized by mixed element 
methods. 



2 The Arrow-Hurwicz algorithm and some basic results 

The Arrow-Hurwicz algorithm was first proposed in [2] for solving constrained opti- 
mization problems based on the method of (discrete) gradient flow. For the quadratic 
optimization problem with the affine constraint, by using the method of Lagrange multi- 
pliers, the solution (including the primal variable and dual variable) satisfies the following 
linear saddle-point system: 

Au + Bp = f, 
B T u = g. 

Then the Arrow-Hurwicz algorithm in this case can be described as follows. Given any 
initial guess u° and p°, for k = 0, 1, 2, • ■ • , when u k and p k are available, we get u k+l and 
pk+i ky so i v j n g following equations: 

J- — + Au k + Bp k = /, 

_ R P P- +B T U k+1 =g, 

T 

where J and K denote the preconditioned operators, co and r are iterative parameters. 
From the computational point of view, the Arrow-Hurwicz algorithm can be viewed as a 
variant of the following Uzawa method 

f Au k+1 + Bp k = f, 

\ p k+1 =p k + a(B T u k+1 -g), 

with the subproblem Aw = d solved inexactly. We refer the reader to [10] for details along 
this line. The other point to be emphasized is that it is very challenging and problem- 
oriented to construct feasible preconditioners J and K to increase computational efficiency. 
Some discussions were given in [3,5, 10]. 

Following the ideas in [2], Temam proposed in [11] an Arrow-Hurwicz algorithm for 
solving steady incompressible Navier-Stokes equations, described as Algorithm 1. 

Under the assumptions that 

u*:=v- 2z/~ 1 AA||/||_i - 4^- 2 AT 2 ||/||2 1 > 0 (2.1) 

and 

2(1 + u z a) 



3 
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Temam proved in [11] that u n converges weakly to u in V, and p n converges weakly to p 
in P as n — > oo, where (u,p) is the unique solution of (1.1). 

According to the notation mentioned in the last section, condition (2.1) can be rewritten 
as v — 2vK — 4u 2 A 2 > 0, which implies 

0 < A < (1 + VTT^y 1 < 1/2. 

That means only ifO<A<(l + \/l + 4z^)~ 1 , the above result can ensure convergence of 
Algorithm 1. In this paper, we will develop the convergence rate analysis of Algorithm 1. 
As a direct consequence, we will find Algorithm 1 is convergent for 0 < A < 1 as long as 
the parameters p and a are well chosen. 

Algorithm 1 The Arrow-Hurwicz algorithm. 
Construct a sequence of couples (u n ,p n ) as follows. 

Start with arbitrary u° £ V and p° £ P, when u n and p n are available, derive u n+1 £ V 
and p n+1 £ P by solving 



(2.2) 



(V(w n+1 - u n ), V«) + pu(Vu n , Vu ) + P N{u n - u n+1 ,v) - p(p n , divv) 

=p(f,v) Vv£V, 
a(p n+1 -p n ,q)+p(dwu n+1 ,q) = 0 V q £ P, (2.3) 

where p and a are two positive numbers. 

For later uses, we present some basic and useful results in the following lemma. 
Lemma 2.1 The following statements hold: 

1. For allv £ Hq(Q), ||divt?||o < ||V«||o- And (3 £ (0, 1], where (3 is the generic constant 
given in (1.7). 

2. Let (u,p) £ V x P be a solution of problem Q, if A < 1 and inf-sup condition holds, 
then 

|«|i < ^ll/ll-i, P\\p\\o <3||/||_i (2.4) 

Proof. The first statement is due to [8]. The first estimate in (2.4) is well known (cf. [7,11]), 
and let us prove the second estimate of (2.4). It follows from (1.4) and (1.6) that 

(p,divv) = N(u;u,v) + u(Vu,Vv) — (f,v) < A/"|it|iHi + f|t*|i|t>|i + ||/||-i|v|i, 

which, in conjunction with the inf-sup condition (1.7) and the estimate for u, gives 

/3|b||o < sup W , , ; < M\u\\ + + WfW^ < A||/||_i + 2||/||_i < 3||/||_i, 
vev \ v \i 

as required. ■ 

3 Convergence rate analysis 

Define 

E n = u-u n , e n =p-p n , (3.1) 

which represent the errors between the solution of problem Q and the iteration sequence 
generated by Algorithm 1. 
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Lemma 3.1 Let (u,p) £ V x P be the unique solution of problem Q. Let (u n ,p n ) be the 
function sequence generated by Algorithm 1. If the parameter A given in (1.8) is less than 
1 and the parameters p and a in Algorithm 1 satisfy 

P 2 

1 - pv\ + puA + '— < 1, 
2a 

then the sequences {|u n |i} and {||p n ||o} « r e bounded. 

Proof. Because of (2.4), it suffices to prove the boundedness of the sequences {|£? n |i} 
and {||e-|| 0 }. 

For this, recalling the definitions of E n and e n (cf. (3.1)), multiplying (1.4) by p and 
taking subtraction from (2.2), we get 

(V(£ n+1 - E n ), Vv) + pv{VE n , Vv) - p{e n , divv) = —pN(E n ; u, v) - P N(u n ; E n+ \ v). 

(3.2) 

Choosing v = E n+1 in the above equation and noting that N(u n ; E n+1 , E n+1 ) = 0, we 
have 

\E n+1 \\ - p(e n ,divE n+1 ) = (1 - pv)(VE n ,VE n+1 ) - pN(E n ;u,E n+1 ). (3.3) 
On the other hand, it follows from (1.5) and (2.3) that 

-p(e n ,divE n+1 ) = p(e n ,divw n+1 ) = a(e n+1 - e n , e n ) = |(||e n+1 ||g- \\e n \\ 2 0 - \\e n+1 -e n \\ 2 0 ). 

(3-4) 

Now, we infer that 

||e n+1 -e n || 0 < pa- 1 \E n+1 \ 1 . (3.5) 
As a matter of fact, it follows from (1.5) and (2.3) that 

( e ™+i _ e n g ) = - pa -\dwE n+1 ,q). 

Choosing q = e n+1 —e n in the above equation, and then using the Cauchy-Schwarz inequality 
and Lemma 2.1, we can derive (3.5) readily. 

Inserting (3.4) into (3.3), in view of (3.5) and the inequality 2ab < ea 2 + e" 1 ^ 2 , we 
further have 

2\E n+1 \l + a\\e n+1 \\l =a\\e n \\ 2 0 + a\\e n+1 - e n \\ 2 0 + 2(1 - pu)(VE n , VE n+l ) - 2pN(E n ; u, E n+1 ) 
<a||e n ||g + p 2 a- 1 \E n+1 \\ + 2|1 - puWE^E^ 1 ^ + 2^A|£; n | 1 |£; n+1 |i 
<a||e n ||g + /Pa-^ET+^l + (|1 - pv\ + puA)(e\E n+1 \j + e- l \E n \l). 

where e > 0 is a parameter to be determined later on. 

Define number r = |1 — pv\ + pvk. Then the above estimate can be expressed as 

(2 - p 2 a- x - re)\E n+1 \\ + a\\e n+1 \\ 2 0 < re^E^l + a||e n ||g. (3.6) 

We try to find e such that 

2- p 2 oT x -re = re~ 1 , (3.7) 
or equivalently, e is a positive root of the quadratic equation 

re 2 - (2 - p 2 oT 1 )e + r = 0. 
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Note that the discriminant of the equation is 

A = (2 - p 2 a- 1 ) 2 - \r 2 = 4 (l - Qj ' - 4r 2 , 

p 2 P 2 

which is positive as long as the condition 1 — pv + pvA H = r H <1 holds. Hence, 

2a 2a 

2 - n 2 a~~ 1 - VA 

under the assumption of the lemma, e* := > 0, which is what we find. 

2r 

Now, letting 

p 2 1 /— 

V = 2 - p 2 a~ 1 - re, = re~ x = 1 - £- + -VA, 

za 2 

we are able to rewrite (3.6) as 

D|£ n+1 | 2 + a||e n+1 ||g < D|£ n | 2 + a\\e n \\ 2 0 , 

which implies 

V\E n+1 \ 2 + a\\e n+l \\ 2 < V\E°\ 2 + a\\e°\\ 2 . 

The proof is complete. ■ 

Now we are ready to develop the convergence rate analysis for Algorithm 1. 

Theorem 3.1 Let (u,p) € V x P be the unique solution of problem Q. Let (u n ,p n ) be the 
function sequence generated by Algorithm 1. If the parameter A given in (1.8) is less than 
1 and the parameters p and a in Algorithm 1 satisfy 

P 2 

1 - pv\ + puA + !— < 1, 
2a 

then we have 

P\E n+l \ 2 + a\\e n+1 \\ 2 < 7(P\E n \ 2 + a\\e n \\ 2 0 ), 

where T 6 (0, 1) and 7 6 (0, 1) are two generic constants independent of n, and E n and e n 
are given as in (3.1). 

Proof. From Lemma 3.1, there is a positive number T\ such that |w n |i < J-\ for all 
natural numbers n. On the other hand, we can rewrite (3.2) in the form 

(e n , divv) = u(VE n , Vv) + / 9- 1 (V(£ n+1 - E n ),Vv) + N(E n ; u, v) + N(u n ; E n+1 ,v). 

Hence, from the above equation, the inf-sup condition (1.7), (1.6), and (2.4), it follows that 

P\\e n \\o < sup j— | 

v&V \ v \i 

<v\E n \ x +p~ l \E n+1 - E n \i + A^|-E n |i|w|i + M\u n \i\E n+l \i 
<i/|£ n |i +p~ l \E n+ \ +p- l \E n \ 1 + vA\E n \ 1 +MPi\E n+1 \ 1 
= {y + vA + p- x )\E n \ x + [HT\ + p- l )\E n+ \. 

Squaring the above equation, applying the basic inequality: (u + v) 2 < 2(u 2 + v 2 ) for any 
real numbers u and v, we arrive at 

P 2 \\e n \\ 2 0 < 2(y + vA + p" 1 ) 2 !^! 2 + 2{MT X + p- 1 ) 2 )^ 1 ] 2 , 
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i.e., 

\E n+l \\ >F 2 \\e n \\l- T 3 \E n \l, (3.8) 

where 

^ 2 • 2 \Af^ +p-i) ' ^ 3 • V + P- 1 J ' 
Rewrite (3.6) in the form 

5\E n+1 \\ + (2 - P 2 oT l -re- 5)\E n+1 \\ + a\\e n+1 \\ 2 0 < re'^E^l + a\\e n \\ 2 0 , 

where 5 > 0 is a parameter to be determined. We then decrease the first term in the above 
inequality in view of (3.8) and reorganizing terms to get 

(2 _ p> a ^ -re- 8)\E n+l \\ + a\\e n+l \\ 2 < (re^ 1 + 5T 3 )\E n \ 2 + (a - 5T 2 )\\e n \\ 2 0 . (3.9) 

Next, we try to find e and 5 such that 

(2 - p 2 cT l -re-5)/a = {re' 1 + 5F z )/{a - 5T 2 ), (3.10) 

a — 8T 2 > 0 and 2 — p 2 a _1 — re — 5 > 0. First of all, we have after a direct manipulation 
that 5 is determined by the quadratic equation 

T 2 5 2 - (a + aJ- 3 + J" 2 (2 - p 2 a~ 1 - re))5 + q(2 - p 2 a' 1 -re- re' 1 ) = 0. (3.11) 

If we suppose 2 — p 2 a~ l — re > 5 > 0, then we have by (3.11) that 

a(2 - p 2 a~ 1 - re- re" 1 ) =(a + aT 3 + F 2 (2 - p 2 a~ 1 - re))5 - T 2 5 2 

>a5 + T 2 5 2 - T 2 5 2 = a5 > 0, 

which implies 

2 - p 2 a~ 1 - re - re" 1 > 0. (3.12) 

This motivates us to choose e such that (3.12) holds. Letting A = (2 — p 2 a~ 1 ) 2 — 4r 2 , one 
can show A > 0 under the condition |1 — pv\ + pvk + p 2 /(2a) < 1. Therefore, it follows 
from (3.12) that 

2 - p 2 a' 1 -yfK 2- p 2 a~ l + yfK 

2r <£ < Y r • 

Now we choose 

e = e . = »- A- = i -/*/(*«) >0 , 

2r r 
In this case, the quadratic equation (3.11) becomes 

a5 2 - b5 + c = 0, 

where 

s := 1 , a := T 2 , b := a + aJ^ + J^s, c := a(s ). 

2a s 

Observe that a > 0, b > 0, c > 0 and 

6 2 - Aac > (a + J^s) 2 - 4<x7 r 2 .s > 0. 

5 _ ^/5 2 — 4ac 

So the equation (3.11) has two real roots, and we choose 5 = 5* = > 0. 
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With the parameter e and 5 given respectively by e* and 5*, we have from (3.9) that 

F\E n+l \ 2 + a\\e n+l \\ 2 < j(F\E n \ 2 + a\\e n f 0 ), 

where T := s — 5* and 7 := 1 — a~ 1 5*J~2- 

Obviously, T < 1 and 7 < 1. Now let us show that T > 0 and 7 > 0. Consider the 
quadric function f(x) = ax 2 — bx + c. Since s > 0, b > a + F2S and c < as, we have 
lim^-oo f(x) = 00 and 

f(s) = as 2 — bs + c < F2S 2 — (a + J : 2s)s + as = 0, 

so the smaller root 5* of f(x) must belong to (— 00, s), i.e., J 7 > 0. In view of (3.10), we 
know 7 = (re* -1 + 5*F^)/F > 0. The proof is complete. ■ 



Remark 3.1 Condition 



is equivalent to 



|1 - pv\ + pz/A + < 1 
za 



p< y(T+Aj' a>< ! 



P 1 
2i/(l - A) ' P " 

P 2 1 



I 4 - 2pv(l + A) ' v v(l + A) ' 

Therefore, for any A G [0,1), we can /md suitable p and a such that Algorithm 1 is 
convergent and converges geometrically. 
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Abstract 

In this paper, we introduce a-^-contractive self mapping in 6-metric space and 
prove the existence of a fixed point for such mapping under some conditions. Some 
examples are given to illustrate the main results. 

1 Introduction 

Banach contraction principle is considered to be the main point of interest in fixed point 
theory. Most of the generalizations for metric fixed point theorems usually start from it. It 
is difficult to point out all the generalizations of this principle. For example, many authors 
recently studied this principle and its generalizations in different type metric spaces [1, 2]. 
Close to our interest in this article some authors studied some fixed point theorems in the 
so called 6-metric space [6, 8, 14, 15, 16]. Samet in [7], gave a generalization of Banach's 
contraction principles in a metric space by introducing a-^-contraction. After then, some 
authors started to prove a-^-versions of of certain fixed point theorems in different type 
metric spaces [3, 4, 5]. In this paper, we generalize a result of Mehmet in [8], by introducing 
the a-^-contractive mapping in b- metric space. 

Definition 1. [13] Let X be a nonempty set and let s > 1 be a given real number. A function 
d : X x X — > [0, oo) is called a b-metric if for all x,y,z G X the following conditions are 
satisfied: 

(i) d(x,y) = 0 if and only if x = y; 

(ii) d(x,y) = d(y,x); 

(Hi) d(x, z) < s[d(x, y) + d(y, z)]. 

The pair (X, d) is called a b-metric space. 

Remark 1.1. The class of b-metric spaces is effectively larger than the class of metric spaces, 
since any metric space is a special case of b-metric space when s — 1. 

The following examples shows that a 6-metric on X need not be a metric on X see also 
[12], [10]. 
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Example 1.1. [9] Let X = {x 1 ,x 2 ,x 3 ,x 4: }. Define a function d : X x X — > [0, oo) such 
that d(xi,X2) = k > 2 and d(xi,x 3 ) = d(xi,x&) = d(x2,x 3 ) = d(x2,X4) = d{x 3 ,Xi) = 1, 
d(xi,Xj) = d(xj,Xi) for all i,j = 1,2,3,4 and d(xi,Xi) = 0 for all i,j = 1,2,3,4. Then 
d(xi,Xj) < %[d(xi,x n ) + d(x n , Xj)] for Xi G X and i,j = 1,2,3,4. Therefore, (X,d) is a 
b-metric space with constant s — |. However if k > 2 the ordinary triangle inequality does 
not hold and thus (X, d) is not a metric space. 

Example 1.2. [16] Let X = [0,1]. Define a function d : X x X — > [0, oo) such that 
d(x,y) — \x — y\ 2 For all x,y G X. Then (X,d) is a complete b-metric on X with constant 
s = 2. Also, d is not a metric on X . 

Example 1.3. [16] Let X = [l,oo). Define a function d : X x X — > [0, oo) such that 
d(x,y) — \x — y\ 2 For all x,y G X. Then (X,d) is a complete b-metric on X with constant 
s = 2. Also, d is not a metric on X . 

n 

Example 1.4. Let X = l p with 0 < p < 1, where l' p = {{x n } C R : ^ \xi\ p < oo}. Let 

i=l 

oo 

d : X x X — > [0, oo) defined by d(x, y) = \x n — y n \ P Y^ p , where x = {x n }, y = {y n } G l p . 

n=l 

Then (X,d) is a b-metric space with constant s = 2? > 1 (see in [11]) . 

Denote by \I/ S the family of nondecreasing functions ip : [0, +oo) — > [0, +oo) such that 
Z)n=^iV' n (0 < +°° f° r eacn ^ > 0, where ip n is the n-th iterate of ip. We now present this 
useful lemma. 

Lemma 1.1. [7] For every function ip : [0, +oo) — > [0, +oo) the following holds: 
if ip is nondecreasing, then for each t > 0, \im n ^ +OQ ip n (t) = 0 implies that ip{t) < t. 

We now introduce o-^-contractive self mapping on 6-metric space. 

Definition 2. (see also [7]) Let (X,d) be a b-metric space T : X — > X be a given mapping 
and We say that T is an a -ip -contractive mapping if there exist two functions ip G \I> S and 
a : X x X :— > [0, oo) such that 

a(x,y)d(Tx,Ty) < ifj(d(x,y)) for all x,y <E X. 

Remark 1.2. For our purposes, for s > 1 we define = {ip : [0, oo) — > [0,oo): ip is 
nondecreasing and J2^=i s n ip n (t) < oo}. It is clear by the help of Lemma 1.1., that if ip G ^ s 
then lim^oo s n tp n (t) = 0, for all t > 0 and hence ip(t) < t. 

Remark 1.3. (see also [7]) If T : X — )■ X satisfies the Banach contraction principle, then 
T is an a -ip -contractive mapping, where a(x,y) = 1 for all x,y G X and ip{t) = kt for all 
t > 0 and some k G [0, 1). 

Definition 3. (see also [7]) Let (X,d) be a b-metric space and T : X — > X be a given 
mapping. We say thatT is a-admissible ifx,y G X, a(x,y) > 1 implies that a(Tx,Ty) > 1. 

2 



637 



Aiman A. Mukheimer 636-644 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Example 1.5. [7] Let X = (0, oo) . Define T : X -> X and a : X x X -> [0, oo) byTx = lnx 
for all x G X and 

2 ifx>y, 
0 if x < y. 



a(x,y) 
Then, T is a-admissible. 



Example 1.6. [7] Let X = [0, oo). Define T : X ->■ X and a : X x X ->■ [0, oo) byTx = y/x 
for all x G X and 

a[X,V) \0 ifx<y. 

Then, T is a-admissible. 



2 Main result 

We start this section by proving our main theorem. 

Theorem 2.1. Let (X, d) be a complete b-metric space with constant s > 1 and T : X — > X 
be an a -ip- contractive mapping for some ip G Suppose that the following conditions hold: 



(1) T is a-admissible; 

(2) there exists xq G X such that a(xo,Txo) > 1; 

(3) T is continuous. 



Then, T has a fixed point. 

Proof. It is clear that d(x, y) — 0 if and only if x = y is a fixed point of T. Thus we may 
assume that d(x, y) > 0 for all x, y G X. 

Let x 0 G X such that a(xo,Tx 0 ) > 1 (such a point exists from condition (2)). Define the 
sequence {x n } in X by x n+ \ = Tx n for all n > 0. If x n = x n+ i for some n then x = x n is a 
fixed point of T. So we may assume that x n ^ x n+ i for all n > 0. Since T is a-admissible 
from condition (1), we have 

a(xo,Tx 0 ) = a(x 0 ,Xi) > 1 =>• a(Tx 0 ,Txi) = a(xi,x 2 ) > 1. 
By induction, we have a(x n ,x n+ i) > 1 , for all n G N. 

By applying the o-^-contractive condition and using the fact that a(x n ,x n+ i) > 1, for all 
n G N we get 



d{x n , x n _|_i) 



< 


oc{x n — i, 


%n)d{x n) Xn+i) 




^(•^-rt— 1) 


■^n)d{Tx n —\ ) Tx-n) 


< 




-l,X n )) 


< 


o(a; n _2; 


x n -i)ip(d(x n -i,x n )) 




o(a; n „2, 


x n _!)^((i(Ta: n _2,Tx n . 


< 


^ 2 (rf(x n _ 2 ,a; n _i)). 



3 
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Inductively, for all n G N we get 

d(x n ,x n+1 ) < ip n (d(x 0 ,xi)). 
Now we show that {x n }^Li is a Cauchy sequence in (X, d). Let m > n > 0. Thus, 



m—n—l 



i=i 

rrt— n 

< ^ ] S t d(x n+ i-i,X n+ j) 
i=l 

m—n 

<Y^s l ^ +n ~\d{x^ Xl )) 

i=l 
m—n 

< ^s i+n -V i+n_1 (d(a:o,a;i)) 

i=l 
m— 1 

= ^sV(rf(i 0 ,n)) 

oo 

<^ s y(d( % xi)). 

But, we know that 

oo 

y^g n ^ ra ((i(x 0 ,xi)) < oo. 

n=l 

Hence, 

lim s n -0 n (d(x o ,x 1 )) = 0, 

n— >oo 

and ip n (d(xo,xi)) — > 0 as n — > oo, and also, lim^oo ^fel n s k ip k (d(xo, xi)) = 0. 
Therefore, we obtain that d(x n ,x m ) — > 0 as m,n — > oo. 

This implies that {x n }™ =l is a Cauchy sequence in (X,d). It follows from the completeness 
of (X, d) that there exists a e X such that 

lim x n = a. 

n— >oo 

Since T is continuous, we obtain that 

lim d(x n +i,Ta) = lim d(Tx n ,a) = 0. 

n— >oo n— >oo 

Thus, by the uniqueness of the limit, we get that a is a fixed point of T, that is, Ta = a. 
This completes the proof. 

□ 

In our next theorem we omit the condition of continuity in Theorem 2.1. 
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Theorem 2.2. Let (X, d) be a complete b-metric space with constant s > 1 and T : X — > X 
be an a -ip- contractive mapping for some ip G \I/ S . Suppose that the following conditions hold: 

(1) T is a- admissible; 

(2) there exists x 0 G X such that a(x 0 ,Tx 0 ) > 1; 

(3) If {£ n }^Li is a sequence in X such that a(x n ,x n+ i) > 1 and x n — >• x as n — >■ oo, then 
a(x n ,x) > 1 for all n; 

Then, T has a fixed point. 

Proof. Following the proof of Theorem 2.1, we know that the sequence {x n }^ =l defined by 
x n+ \ = Tx n for all n G N, is a Cauchy sequence in the complete 6-metric space (X,d). It 
follows from the completeness of (X, d) that there exists a G X such that lim n ^. QO x n = a. 
On the other hand, from a(x n ,x n+ i) > 1 for all n G N, and the condition (3), that implies 
) > 1 for all n G N. Now, by using the a-^-contractive mapping condition, the 
triangular inequality for a b- metric space and a(x n , a) > 1, for all n G N, we get 

d(Ta,a) < s[d(Ta,Tx n ) +d(x n+1 ,a)\ 

< a(x n , a)s(d(Ta, Tx n )) + sd(x n+ i, a) 

< s(i(j(d(a, x n ))) + s(d(a: n+ i, a)). 

Letting n — >■ oo, since ip is continuous at t = 0 we get 

lim ip(d(x n ,a)) = lim d(a; n+ i,a) = 0. 

n^oo n— >oo 

Thus, we get that d(Ta, a) = 0, that is, Ta = a. This completes the proof. 

□ 

In our next result, we show that we can have a unique fixed point, but using extra 
hypothesis. 

Theorem 2.3. Let T be a self mapping on a complete b-metric space, and assume that T 
satisfies all the conditions of Theorem 2.1 (resp. Theorem 2.2 ) If for every two fixed points 
x,y ofT there exists z G X such that 

a(x,z) > 1, and a(y,z) > 1. 

Then, T has a unique fixed point. 

Proof. Let x, y be two fixed points of T, we know from the hypothesis that there exists z G X 
such that a(x,z) > 1 and a(y,z) > 1. 

Since T is o-admissible and by induction on n, we obtain for all n G N, a(x,T n z) > 1 and 
a(y,T n z) > I. Thus, 

d{x,T n z) = diTx^TiT^z)) 

< a(x,T n - 1 z)d(Tx,T(T n - 1 z)) 

< V(rf(x,T n -^)). 

5 
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So, by induction on n we get, 

d{x,T n z) < ^ n {d{x,z)). 

Hence, as n — > +00 we have T n z — > x. Similarly, as n — > +00 we have T n z — > y. By 
the uniqueness of the limit we obtain that x = y as desired. This completes the proof. 

□ 

Example 2.1. Let X = [1, 00) with the functional d : X x X — > [0, 00) defined by d(x, y) = 
\x — y\ 2 For all x,y G X. Clearly, (X, Y) is a complete b-metric space with s = 2. Define 
the mapping T : X — > X by 



Tx = 

and a : X x X — > [0, 00) by 

a(x,y) 



if 1 < x < 2, 
Y ifx>2. 



2 ifx,ye [1,2], 
0 otherwise. 



In this case, T is continuous, and the Banach contraction principle cannot be applied 
since 

OK 

d(TA, Tl) = |T4 - Tl| 2 = ( — ) 2 £ fcd(4, 1) = fc|4 - 1| 2 = A;(3) 2 

/or 0 < A; < 1. 

W^e wra// prove t/ie following: 

i) T,n=iS n i> n (d(xo,Tx 0 ))<oo. 

ii) T : X X is an a — ip— contractive mapping, with ip{t) = - for all t > 0; 
Hi) T is a— admissible; 

iv) there exists xq = 1 G X such that a(xo,Txo) > 1; 

v) If {x n }^ =1 is a sequence in X such that a(x n ,x n+ i) > 1 and x n — >■ rr as n — >■ 00, taen 
a(x„, x) > 1 /or a// n G N; 

i>i) If for every two fixed points x,y of T there exists z G X sncn £/ia£ 2;) > 1, and 
a(y,z)>l. 
Proofs: 

i) Y.n=iS n V(d(x,,Tx 0 )) < E"=i(|) n (^o,Tx 0 ) < 00. 

m) Clearly T is a -ip -contractive mapping with tp(t) = - for all t > 0, since for all x,y G X, 

1 1 

a(x,y)d(Tx,Ty) = 2d(Tx,Ty) = -d(x,y) < ip(d(x,y)) = -d(x,y). 

Hi) Let (x,y) G X x X such that a(x,y) > 1. From £/ie definition of T and a we have 
both Tx = ^,and Ty = are in [1,2], so we nave a(Tx,Ty) = 2 > 1. Tnen T zs an 
a-a<imissi&/e. 

ir) Taking Xo = 1 <E X, we have 

7 

«(x 0 ,Txo) = a(l,Tl) = a(l, -) = 2 > 1. 
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v) let {x n } be a sequence in X such that a(x n , x n+ i) > 1 for all n G N and x n — > x G X as 
n — )• oo. Since a(x n ,x n+ i) > 1 for all n G N and by the definition of a, we have x n G [1,2] 
for all n GN and x G [1, 2]. Then a(x n , x) = 2 > 1. 

vi) Let (x,y) G X x X such that x and y both are fixed point of T . we have a(x,2) = 
a(y,2) = 2>l. 

Now, all the hypothesis of Theorem 2.1 and Theorem 2.3 are satisfied. Therefore, T has a 
unique fixed point 2. 

Example 2.2. Let X = [1, oo) with the functional d : X x X — >■ [0, oo) defined by d(x, y) = 
\x — y\ 2 for all x,y G X . Clearly, (X, d) is a complete b-metric space with s = 2. Define the 
mapping T : X — > X by 

Tx = 

and a : X x X — > [0, oo) by 

a(x,y) 

In this case, T is not continuous, and the Banach contraction principle cannot be applied 
since 

d(T4, Tl) = |T4 - Tl| 2 = (7) 2 £ fcd(4, 1) = fc|4 - 1| 2 = k(3) 2 

for 0 < k < 1. 

VKe i6i«ZZ prove t/ie following: 

i) En=i^ n (d(x 0 ,Tx 0 )) <oo. 

ii) T : X X is an a -ip -contractive mapping, with ip(t) = - for all t > 0; 
in) T is a- admissible; 

iv) there exists x 0 = 1 G X snc/i i/iai a(a;o,Txo) > 1; 

f) 7/ {iCn}^! is a sequence in X such that a(x n ,x n+ i) > 1 and rr n — > x as n — > oo, then 
a(x n , x) > 1 /or a// nGN; 

ri) If for every two fixed points x,y of T there exists z G X such that a(x,z) > 1, and 

a(y,z) > I. 

Proofs: 

i) En=iS n r(d(x 0 ,Tx 0 )) < En=i(lnd(x 0 ,Tx 0 ) < oo. 

ii) Clearly T is a -ip -contractive mapping with tp(t) = - for all t > 0, since for all x,y G X. 

a(x,y)d(Tx,Ty) = 2d(Tx,Ty) = ^d(x,y) < ip(d(x,y)) = ^d(x,y). 

Hi) Let (x,y) G X x X such that a(x,y) > 1. From the definition of T and a we have 
both Tx = ^,andTy = ^ are in [1,2], so we aare a{Tx,Ty) = 2 > 1. Taen T zs an 
a-adraissi6/e. 

in) Taking x 0 = 1 <E X, we have 

7 

a(xo,Tx 0 ) = a(l,Tl) = a(l, -) = 2 > 1. 
7 




ifx>2. 



2 if x,y & [1, 2], 
0 otherwise. 
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v) let {x n } be a sequence in X such that a(x n ,x n+ i) > 1 for all n G N and x n — > x G X as 
n — > oo. Since a(x n ,x n+ i) > 1 for all n G N and by the definition of a, we have x n €.[1,2] 
for all n GN and x G [1, 2]. Then a(x n , x) = 2 > 1. 

vi) Let (x,y) G X x X such that x and y both are fixed point of T . we have a(x,2) = 
a(y,2) = 2>l. 

Now, all the hypothesis of Theorem 2.2 and Theorem 2.3 are satisfied. Therefore, T has a 
unique fixed point 1. 

References 

[1] T.Abdeljawad, E.Karapinar, K.Tas, "A generalized contraction principle with control 
functions on partial metric spaces," Computers and Mathematics with Applications. 
Vol. 63, Issue 3, (2012), 716-719. 

[2] T.Abdeljawad, "Fixed points for generalized weakly contractive mappings in partial 
metric spaces," Mathematical and Computer Modelling. Vol. 54 no. 11-12, (2011), 2923- 
2927. 

[3] T.Abdeljawad, M.Keeler, "a-contractive fixed and common fixed point theorems," 
Fixed Point Theory and Applications. (2013), 2013:19. 

[4] E.Karapinar, R.Agarwal, "A note on coupled fixed point theorems for a-^-contractive- 
type mappings in partially ordered metric spaces," Fixed Point Theory and Applica- 
tions. (2013), 2013:216. 

[5] J.Asl, S.Rezapour, N.Shahzad, "On fixed points of a-^-contractive multifunctions," 
Fixed Point Theory and Applications. (2012), 2012:212. 

[6] W.Du, E.Karapinar, "A note on cone 6-metric and its related results: generalizations 
or equivalence?," Fixed Point Theory and Applications. (2013), 2013:210. 

[7] B.Samet, C.Vetro, P.Vetro, "Fixed point theorems for a-^-cont active type mappings," 
Nonlinear Analysis. 75 (2012), 2154-2165. 

[8] K.Mehmet, H.Kiziltunc, "On some well known fixed point theorems in 6-metric 
spaces." Turkish Journal of Analysis and Number Theory. 1.1 (2013), 13-16. 

[9] S.L.Singh, B.Prasad, "Some coincidence theorems and stability of iterative proce- 
dures." Comput. Math. Appl. 55 (2008), 2512-2520. 

[10] M.Shah, N.Hussain, "Nonlinear contractions in partially ordered Quasi 6-metric 
spaces." commun. Korean Math. Soc. 27 (2012) No.l, 117-128. 

[11] M.Boriceanu, M.Bota, A.Petrusel, " Multivalued fractals in 6-metric spaces. "Cent. 
Eur. J. Math. 8 (2010) (2), 367-377. 

[12] S.Czerwik, "Nonlinear set-valued contraction mappings in 6-metric spaces," Atti Sem. 
Mat. Fis. Univ. Modena 46 (1998), No. 2, 263-276. 

8 



643 



Aiman A. Mukheimer 636-644 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



[13] H.Aydi, M.Bota, E.Karapinar, S.Mitrovic, "A fixed point theorem for set valued quasi- 
contractions in 6-metric spaces," Fixed Point Theory and its Applications. (2012). 

[14] S.L.Singh, B.P.Chamola, "Quasi-contractions and approximate fixed points," J. Natur. 
Phys. Sci. 16 (2002), No.1-2, 105-107. 

[15] S.Tijs, A.Torre, R.Branzei "Approximate fixed point theorems," Libertas Math. 23 
(2003), 35-39. 

[16] H.Yingtaweesittikul, "Suzuki type fixed point for generalized multi-valued mappings 
in b- metric spaces," Fixed Point Theory and Applications. 23 (2013), 2012:215. 



9 



644 Aiman A. Mukheimer 636-644 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Refinement of some inequalities of q— gamma function 
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Abstract 

We prove the following theorem for the q— gamma function T q (x): 

(q; qU(l - q)^e^o f(^) < Tq {x) < (q; qU(l - q)^ e ^M^), 

where x > 0, 0 < q < 1 and f(x), g(x) are two positive functions pass through the point of 
origin such that 0 < f'(x) < < g'(x); for 0 < x < 1. As consequences of this result we 
will refine some recent results and we will present the following double inequality of T q (x) 
in terms of the q— digamma function ip q (x) for x > 0 and 0 < q < 1: 

(g;g)oo(l-#-*e^W* + ^) +Iog M <T q (x) < {q-q)Ul-q) l ~ x e^ [ ^ x)+Xo ^- q)] . 



2010 Mathematics Subject Classification: 33D05, 26D07, 11B65. 

Key Words: q— gamma function, q— factorial, q— digamma function, Inequalities, Mono- 
tonicity. 



1 Introduction. 

The q— gamma function T q (x) is denned by the infinite product [9] 

r 9 (x) = - q) 1 -*; x^O, -1, -2, (1) 

where q is a fixed real number 0 < q < 1. Here we use the following notation [12]: 
(a;q) 0 = 1, 

(a;g)fc = n*=o( 1 - a 9 , ')l fc = 2 > --- • 

This function is a g— analogue of the gamma function since we have 

lim T q (x) = T(x). 
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Also, it satisfies the functional equation 

r q (x + i) = [x} q r q (x) ; ryi) = i, (2) 

which is a q— extension of the well-known functional equation 

T(x + 1) = xT(x); r(l) = l, 
where [x] q = is the q— number of x and lim g _>i[a;]g = x. 

The q— factorial is defined by [11] 

[n] q \ = [n] q [n-l] q ...[2] q [l] q = T q (n + l), (3) 

which is the q— analog of the relation n\ = T(n + 1) where lim ? _ > i[ri] 9 ! = n\. In [13], Mansour 
and et al obtained the following upper and lower bounds for q— factorial [n] q \ 

(?l ?)oo(l - q)- n e f ^ n+1) < [n] q \ < (q; qU(l - q )~ n e^ n+1 \ (4) 

where n>l,0<g<l and the two sequences f q (n) and g q (n) tends to zero through positive 
values. Also, they presented two special cases of (4), one of them is 

q n+l gn+1 

(q;q)oo(l-qy n e~ < [n] q \ < (q; g) 0O (l - g)-" e (i- 9 )(i-,"+ 1 ) , n > 1; 0 < q < I. (5) 
The g-digamma (q— psi) function is defined for the real variable x > 0 as 

M*) = f^y 0 < q < 1. (6) 



It is also given by the sums 



^(x) = -log(l- g )+log^^— =-log(l-g) + logg^ r 3-^- ( ? ) 



x+n 



q 

n=l * n=0 



Using the first representation of ip q (x) given in (7), it can be shown that 

^\x) = (\og q ) k+1 J2^, 0<q<l (8) 

71=1 ^ 

and hence (-l) k (ip q (x)Y k) > 0 with x > 0, 0 < q <1 and for all k > 0. 

In [1], Alzer and Batir investigated the monotonicity property for a function involving the 
gamma function and the digamma function and they determined the the best possible nonnega- 
tive constants a and (5 in the two-sided inequality 



2nx x e~ x ~^ x+a) < T(x) < ^x x e~ x -^ x+p) ] x > 0 (9) 
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by a = 1/3 and (3 = 0. §evli and Batir [22] established the following new upper and lower 
bounds of T(x) in terms of the ip'— function : 



27T x x+1 / 2 e- x+ ^'^ +l ^ < T(x) < V*rx x+1 / 2 e- x+ ^'W; x > 0. (10) 

Also, Alzer and Grinshpan [2] presented several sharp inequalities for the gamma and q— gamma 
functions and some inequalities involve the psi and q— psi functions. In [21], Salem generalized 
the results of Alzer and Batir [1] and presented a q— analogue the two-sided inequality (9) by 

V^S q [x] x q^ H ^ exp - \U* + «)) < W 

< V2iiS 4 [x] x q q* XH to-Vexp { ^ l2 ^ 0 ~ q qX) ~ l^ + P)^ ;x>0, a,(3ER (11) 

with the best possible constants a = lo s 2 + 1 °g(g~ lo s9~ 1 )~ lo s( lo g g) anc [ p _ q w hen 0 < q < 1 and 
A = a + 1/2 with a > 0 or a = 1/2 and f3 = 0 when q > 1 and A = 1, where 
5 g = gir [f±YZ=-oc (e^ 2 / lo ^ m ^ m+1 ^ _ e (4- 2 /iog g )(2 m +i)(3 m +i) N j ) g = g if o < g < 1 and 



logg Z-'m=-oo 

g = g -1 if g > 1, i^(-z) is the Heaviside step function and Li 2 (z) is the dilogarithm function. 

For the developments in the area of inequalities for the gamma, psi, q— gamma and q— psi 
functions see [3]-[8], [10], [14]-[16], [18]-[20] and the references therein. Most of these inequalities 
follow from the studying of the monotonicity properties of functions which are closely related 
these functions. 

In this paper, we will find the formula of the double inequality (4) in the case of q— gamma 
function T q (x) and we will deduce the double inequality (5) for T q (x) as a special case and some 
of its refinements. Also, we will present a new inequality of the function T q (x) in terms of the 
function ip q (x), which refines the upper bound of the inequality (11) in the domain 0 < q < e~ 2 . 

2 Main results. 

From the definition of the function T q (x), we have 

r 9 (x) = (q; 9)00(1 - g) 1 -^*); x ? 0, -1, -2, ... , (12) 

where 

00 

^(*) = -5>(l (13) 

i=0 

Now let f(x) be a positive function passes through the point of origin such that 0 < f'(x) < 
for 0 < x < 1. Then the function 

F(x) = -ln(l -x) - f(x), 0<x<l 

is monotonically increasing function and hence 

F(x) > /(0) = 0. 
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Then 

-ln(l -x) > f(x) 0<x<l. 

Similarly, let g(x) be a positive function passes through the point of origin such that g'(x) > 
for 0 < x < 1. Then 

- ln(l -x) < g(x) 0 < x < 1. 

Now we get 

f(x) < - ln(l - x) < g(x) 0 < x < 1. 

The increasing property of each of f(x) and g(x) will guarantee the absolutely convergence of 
the two series /(? x+t ) an< l 9(,<l x+l ) f° r ^ > 0. Then 



oo 

x+i 



i=0 i=0 

So we get the following result: 

Theorem 1. The q— gamma function satisfies the double inequality 

(<?; gWl-^e^o^) <Tq (x) < (q;qU(l - g ) 1 -e^o^ +i ) ; x > 0; 0<g<l, (14) 

where f(x) and g(x) are two positive functions pass through the point of origin such that 0 < 
f'(x) < ^ < g'(x); for0<x<l. 

The double inequality (14) is a generalization of the inequality (4) in the case of T q (x) for x > 0. 
As a special case, if we put f\(x) = x and g\(x) = jf^, we obtain 



j=0 i=0 * 



qX+i 

x+i '■ 



00 

+i 



i=0 q i=0 



q x q x 



and 

1-g (l-q)(l-q x ) 
Then we obtain the following result: 

Corollary 2.1. T/ie q— gamma function satisfies the double inequality 

(?l 9)oo(l - qf^e^ < F q (x) < {q; q^l - q f- x e^-^; x > 0; 0 < q < 1. (15) 

The double inequality (15) is a generalization of the double inequality (5) for x > 0. 
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3 New double inequality of T q (x). 

In this section, we will refinement the inequality (15). Let 

f 2 (x) =x + x 3 , 0 < x < 1. 
Then / 2 (0) = 0 and f 2 (x) = 1 + 3x 2 < ^ for 0 < x < 1. Using Theorem (1) 

oo 

n q (x)>J2[q x+t + <i 3{x+l) } 

and hence 

N (x) >YT- q + Y^- (16) 

Now let 

g 2 (x) = J. — , 0 < x < 1 
Vl - x 



^2(0) = 0 and g' 2 (x) = 2 (i-x) 3 / 2 • f unc tion (Tz^p ^ i s monotonically decreasing function for 
0 < rr < 1 since -7-7^ — r ,, ? = ^ — ~f ^ . Then 7. — ? , < -n^r = 1 and hence 

— dx (l-x)g 2 (x) y/l-x (x-2) 2 (l-x)g 2 (x) g' 2 (0) 

1 



(17) 



1 -x 

Using Theorem (1) 

00 q x+i 
Hqix) < - 

and hence 

«.<*) < ( i- 9 )Vtf 

Then we get the following result: 

Corollary 3.1. The q— gamma function satisfies the double inequality 

(q; 5)00(1 - q) l - x e^ + ^ < T q {x) < {q; q)^! - q) l ~ x e^^- x > 0; 0 < q < 1. (18) 

Now let 

f 3 (x) = x + ax 3 ; 0 < x < 1, 0 < a < 1. 

Then / 3 (0) = 0 and fe(x) - ^ = s^-^ 1 ) . The function M (x) = 3ax 2 - 3a;r, for 0 < x < 1 
is convex function and its minimum value at x — 1/2. So, 

M(x) > - — . 
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Hence M(x) + 1 > 1 - ^ and f^(x) - ^ > 0 if a < |. The best formula of the function f 3 (x) 
which satisfies Theorem (1) will be at a = |. Using Theorem (1) 



H q {x) > 



+ 3 r 



and hence 



Now let 



H q (x) > - 
bx 



+ 



4 q 



31 



(19) 



x 



0 < x < 1, 0 < 6 < 1. 



# 3 (0) = 0 and ^(x) - ^ = ^0^^ - The function JV(x) = -26 + 2 V / T^ + bx is concave 



function for 0 < x < 1 since N"(x) 



-. Then iV(x) < 7V(1 - A 



< 0 if b > 1. 



(i_ x )3/2- -l^^^-v^; ^ "v- 1 b 
The best formula of the function g^{x) which satisfies Theorem (1) will be at b = 1. Hence, we 
obtain the following result: 

Corollary 3.2. The q— gamma function satisfies the double inequality 



(q;qU(l-qy- x e J 



-+ 



3;r 



3(l-<r») 



< r g (x) < (q; q)^! - g) 1 -^^')^; x > 0; 0 < g < 1. (20) 



The double inequality (20) is a refinement of each of the inequalities (15) and (18). 



4 Estimating g-gamma function by q— digamma function. 

In this section, we will concern the problem of approximation of the q— gamma function in terms 
of the q— digamma function. In fact, we will present a new double inequality similar to the 
inequality (9) in the case of T q (x) and ip q (x) using our main result of Theorem (1). Let 

hx 

H(x) = — , 0<x<l;h>0. 

1 — hx 

Then if (0) = 0 and H'{x) - ^ = f^^-iy ■ The parabola y{x) = h 2 x 2 - hx + 1 - h will 
be greater than or equal zero for all 0 < x < 1 iff h < |. Also, using y(0) = 1 — h and 
y(l) = (1 — h) 2 , we get that the parabola will be less than zero for all 0 < x < 1 iff h — 1. So, if 
we put f 4 (x) = with 0 < h < f and gi(x) = Theorem (1) will give us that 

E i _ a x +a+l < ^) < E I" ^' 0 < g a < i . 

i=0 y i=0 y 

Using the second sum of equation (7) 

n=0 ^ to ^ 

we get the following result: 
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Lemma 4.1. The q— gamma function satisfies the double inequality 

(?l 9)oo(l - q y~* e T^iMx+«)+iog(i- q )] < < (g . g)oo(1 _ ^i-Zgi^hMzHMi-^ (21) 

wnere x > 0; 0 < g < 1 and 0 < g a < f . 

Now, we will obtain the best value of the constant a in (21). Since ip q (x) is strictly increasing 
on (0, 00), we get 

if) q (x + A) > ip q (x + B), A> B > 0; x > 0; 0 < q < 1 

and 

— *— [ipJx + A) + log(l - q)} < — *— [rj)Jx + B) + log(l - q)\ , A > B > 0; x > 0; 0 < q < 1. 
logg logg 



Then 



1 1 

[if> q (x + a) + log(l - g)] < 



logg 



logg 



where 0 < g Q < §, x > 0 and 0 < g < 1. 



Then we get the following result: 
Lemma 4.2. TTie q— gamma function satisfies the double inequality 

(q;q)^(l - q) 1 - x e^M x + 1J ^r)+ 1 °^ 1 -^ <T q (x) < (q; g) 0O (l - q) 1 ^ e^ [Mx)+lo ^- q)] , (22) 
where x > 0 and 0 < g < 1 . 

Now we will prove that our upper bound in the inequality (22) is a refinement of the upper 
bound of the inequality (11) in the domain 0 < g < e~ 2 . Using the relation [17] 



(<?; <?)oo = e 61 °69g24 



1 ' 27T s-^ / (4,r2/i og? ) m ( 6m+1 ) _ (47r 2 /logg)(2m+l)(3m+l) 



-logg 



)■ 



we get 

V2nS q = e"6i^(g; q)ooV l _ <?• 
Hence for 0 < g < 1, the upper bound of the inequality of (11) will be 



7T 2 , Li 2 (l-q X ) 1 , / s 

e ei°s?(g; g)ooV 1 - g[x]*e 



(3 6 log g 

7^1 



= (g;g) 00 (l-g) 1 ^e-^^^ log(1 - 9)+Klos(1 -^ )+ ^ !i -^' W . 
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Let 

UMd) = - \ log(l - q)+X log(l - «•) + - ^ q (x), 

C/ 2 (x; g) = [^(x) + log(l - g)] 
logg 

and 

g) = U^x; q) - U 2 (x; q). 

Then 

d_ 
dx' 



-K(x; q) = ln(l - g*) - £ ^(mg) (l + ^) 

fc=i 5 ^ ^ 



and hence 

d 

-7^K(x: q) < 0 for 0 < q < e~ 2 . 
ox 

The function K(x; q) is monotonically decreasing function for 0 < q < e~ 2 and lim^^oo K(x; q) = 
0, so 

K(x; q) > 0 for 0 < q < e~ 2 . 

Hence 

U-i(x\q) > U 2 (x;q) for 0 < q < e~ 2 

and then our upper bound in the inequality (22) refined the upper bound of the inequality (11) 
in the domain 0 < q < e~ 2 . 
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SOME NEW HERMITE-HADAMARD'S TYPE FRACTIONAL 
INTEGRAL INEQUALITIES 

SEVER S. DRAGOMIR, MUHAMMAD IQBAL BHATTI, MUHAMMAD IQBAL, 
AND MUHAMMAD MUDDASSAR 

Abstract. In this paper, we study some new inequalities of Hcrmitc-Hadamard's 
type fractional integral inequalities for functions whose absolute values of sec- 
ond derivatives are convex and concave . The obtained results generalize the 
existing Hcrmitc-Hadamard type integral inequalities and their application in 
special means and numerical integration. 



1. Introduction and Definitions 

[5] Let / :/ cR^Rbea convex function denned on the interval / of real 
numbers and a,b £ I with a < b. Then 

Both inequalities hold in the reversed direction for / to be concave. It is well 
known that the Hermite— Hadamard inequality plays an important role in nonlin- 
ear analysis. In the recent years, this classical inequality has been improved and 
generalized in a number of ways and a large number of research papers have been 
written on this inequality, (see, [1] — [5] and [7] — [10]) and the references therein. 

In recent paper, [10] Sarikaya et. al. proved a variant of Hermite— Hadamard's 
inequalities in fractional integral forms as follows: 

Theorem 1. Let f : [a, b] — > M be a positive function with 0 < a < b and f G L[a, b] . 
Iff is convex function on [a, b], then the following inequalities for fractional integrals 
hold: 

Remark 1. For a = 1, inequality 2 reduces to inequality 1. 

In the following, we will give some necessary definitions and mathematical pre- 
liminaries of fractional calculus theory which are used further in this paper. 

Definition 1. Let f e L[a, b], the Reimann-Liouville integrals J" + and J£L of order 
a > 0 with a > 0 are defined by 

j: + = ^ f\x tr-\f(t)d tl x >a 



Date: February 27, 2014. 
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Key words and phrases. Hadamard's Inequality, Convex Functions, Power-mean Inequality, 
Ricmann-Liouville Fractional Integration. 
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and 

respectively. Here, T(a) = J 0 °° e~ t u a ~ 1 du is the Gamma function and J® + f(x) = 
J°_f(x) = f(x). ' 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Properties concerning this operator can be found in [6]. In this paper, we establish 
some new estimates of right Hermitc— Hadamard inequality in the form of fractional 
integrals for functions whose absolute values of second derivatives are convex and 
concave. 

2. Main Results 

In order to prove our main results, we modified [7, Lemma 2 ]: 

Lemma 1. Let / :/ CK->l be a twice differentiable function on 1° ,the interior 
of I. Assume that a, b e 1° with a < b and f" e L[a, b], then the following identity 
for fractional integral with a > 0 holds: 

f(a) + f(b) r(a + l) 



[J^f{b) + J^-f{a)\ 

t(l - t a ) [f"(ta + (1 - t)b) + /"((l - t)a + tb)] dt, 



2 2(b-a) a 

= (b-a? 
2(a + l) J Q 

where T(a) = J 0 °° e~ t u a ~ 1 du. 

Proof. Integrating by parts, we can state 

h = I (t - t a+l ) f" '(ta + (1 - t)b)dt 
Jo 

i r 1 

= — / [1- {a + l)t a ]f(ta+{l-t)b)dt 

now making substitution u — ta + (1 — t)b and using the reduction formula 
T(a + 1) = aT(a) (a > 0) for Euler gamma function, we have 

_ af(a) + /(b) (a + l)r(a+l) 

h (b Op ( & _ a) a+2 "WW- 

analogously: 

_ /(a) + q/(6) (a + l)T(a + l) 
72 " (6- a )2 (b-a)«+* J »- f[ah 

we obtain the desired result. □ 



656 



SEVER S. DRAGOMIR ET AL 655-661 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



HERMITE-HADAMARD'S TYPE FRACTIONAL INTEGRAL INEQUALITIES 



Using this lemma, we can obtain the following fractional integral inequalities. 

Theorem 2. Let / :/ Cl->l be a twice differentiable function on 1° such that 
\f"\ is a convex function on I. Suppose that a,b € 1° with a < b and f" G L[a,b], 
then the following inequality for fractional integrals with a > 0 holds: 



f(a) + f(b) T(a + 1) 



2(6 - a) 



(3) 



where [3 is Euler Beta function. 

Proof. From lemma 1, using the convexity of |/"| with properties of modulus, we 
have 

/(a) + f(b) I> + 1) 



< 



< 



2(6- a)' 
{b-af 



2(a + l 

a(b-a) 2 



[J: + f(b) + J?-f(a) 

\t(l - t a )\ (\f"(ta + (1 - t)b)\ + |/"((1 - t)a + tb)\) dt 
\f"(a)\ + \f"(b)\- 



+ 3)' 



2(a + l)(a + 2) 
where we have used the fact that 

[ t 2 (l-t a )dt=\ l — and [ t(l - t)(l - t a )dt = \ - J— 

Jo 3 a + 3 Jo v y 6 (a + 2)(a 

To prove the second inequality we used the fact that 

|ii a +i 2 "| < \ti+t 2 \ a , for ae[0,l] and V t u t 2 € [0, 1], 
and the Beta function, 

(3(p,q) = f t?- l (l-ty- l dt, p 7 q>0, 
Jo 

we obtaine 

f t 2 {l-t a )dt+ [ t(l - i)(l - t a )dt < [ t(l-t) a dt = P(2,a + l) 
Jo Jo Jo 

□ 

The corresponding versions for powers of the absolute value of the second deriv- 
ative is incorporated in the following theorems. 

Theorem 3. Let f : L C R — > R be twice differentiable function on 1° . Assume 
that p£R,p> 1 such that If"]^ 1 is convex function on I. Suppose that a, b G 1° 
with a < b and f" G L[a, 6], then the following inequality for fractional integrals 
holds: 



f(a) + f(b) T(a + 1) 



< 



2(6 -a) 
{b-af 



£[J£/(&) + J?-/(a)] 



b -^£-f}Vp(p + l,ap+l)( 



\f"(a)\" + \f"(b)\"\ 1/q 



(4) 



where [3 is Euler, s Beta function. 



657 



SEVER S. DRAGOMIR ET AL 655-661 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



S. S. DRAGOMIR, M. I. BHATTI, M. IQBAL, AND M. MUDDASSAR 



Proof. From lemma 1, using the convexity of \f"\ q and the Holder inequality with 
properties of modulus, we have 

f(a)+f(b) r(a + l) 



2 r 1 



< 



< 



2(b- a y 

(b-a) 
2(a + l) j, 

(b-a) 
2( 



[J: + f(b) + J^f(a)} 



" + 1) Wo 



\t(l - t a )\ (\f"(ta + (1 - t)b)\ + |/"((1 - t)a + tb)\) dt 
i/p 



t p {l - t a ) p dt 



\f"(ta+(l-t)b)\ q dt 



< 



(b- 



J \f"((l-t)a + tb)\"dt 

"(n\\1 4- I f"(h\\l\ 1/q 



1/9 



where p 1 + q 1 = 1. 



□ 



Theorem 4. Let / : I C M — >• R 6e a differentiable function on 1° . Assume that 
q > 1 smc/i £/iai is convex function on I. Suppose that a, b £ 1° with a < b and 

f" € £[a,6], i/ien the following inequality for fractional integrals holds: 



2(6 - a y 



< 



a(b — a) 



4(a + l)(a + 2) 



1/9 



+ 



2a + 4 
3a + 9 

1/9 



(5) 



Proof. Suppose that a, b e 7°. From lemma land using the well-known power 
mean integral inequality with convexity of I/"! 9 for q > 1 we have 

,(.) + /<») r<« + i| w/(t) + J „ /M 



< 



2(6 -a) 
(b-af ■ 
2( 



< 



' r^ry / l*(i - m (!/"(*« + + I/" ((i-t)a + t6)|) 

a + 1) Jo 

f t(l-n\f"(ta + {l-t)b)\ q 
Jo 



2(a + 1) Wo 



t(l - t a )di 



< 



a(6- fl ) 2 
4(a + l)(a + 2) 



1-1/9 



+ / i(l-* Q )|/"((l-t)a + t6)| 9 rfi 



1/9 



dt 
dt 

1/9 



1/9 



+ 



a + 5 
3a + 9 



ifwr+H^irmi') 



1/9 



which completes the proof. □ 
Other similar results for concave functions may be extended in the following 
theorems. 
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Theorem 5. Let / :/ CM->R be a twice differentiable function on 1° . Assume 
that peR,p>l with q — such that \f"\ q is concave function on I. Suppose 
that a, b e 1° with a < b and f" € L[a, b], then the following inequality for fractional 
integrals holds: 

f(a) + f(b) T(a + 1) 



2(b-a) a 



[J2 + f(b) + J?-f(a)] 



a + 1 



a + b 
2 



(6) 



where f3 is Euler,s Beta function. 

Proof. By assumption, lemma l,and the Holder inequality with properties of 
modulus, we have 

f(a)+f(b) r(a + l ) 
2 2(6 -a) 

(b-a) 

2( 

(b - a y 



< 



< 



^[JZ + f(b) + J?-f(a)} 

f - n\ (\f"(ta + (1 - t)b)\ + \f" ((1 - t)a + tb)\) dt 

OL + 1) Jo 

,1 N 1/p 

y t p {i~t a ydt 



2(a + l) 



1 x 1/9 

|/"(ta+(l-t)6)|«dt) + 



1 X 1/9 

-i)a + t&)|*di 



Since is concave on [a, 6]; we can use the integral Jensen's inequality to 

obtain 



Jo 



\f"(ta+ (l-t)b)\ q dt 



< 



t°dt 



t°\f" (ta + (1 - t)b)\ 9 dt 

V J?* 0 * / 



a + b 



Analogously: 



/' 

Jo 



\f"{{l-t)a + tb)\ q dt< 



f" 



a + b 
2 



□ 



which completes the proof. 

Theorem 6. Let f : I C R — >• R fee twice differentiable function on 1° . Assume 
that p > 1 wii/i q = -ry, swcft f/iai I/"! 9 * s concave function on L. Suppose that 
a,b € 7° wit/i a < b and f" G L[a, 6], i/ien ifte following inequality for fractional 
integrals holds: 

f(a) + m r(a + l) a(h- a )' 
"1 2(6 -a)« + < 4(a + 1)(a + 2) 

(2a + 4 a + 5 , "\ „„ / a + 5 . 2a + 4 



V3a + 9 a+ 3a + 9 



3a + 9 a+ 3a + 9 



(7) 



Proof. Using the concavity of \ f"\ q and the power- mean inequality, we obtain 
\f"(tx + (1 - t)y)\" > t\f"(x)\* + (1 - t)\f"{y)\" 
>(t\f"(x)\ + (l-t)\f"(y)\r. 
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Hence 





) 



9 



Analogously: 



f t(l-t a )f"{{l-t)a + tb)dt 



< 



2(a + 2) 



a 



f" ( 



(a + 5)a + 2 (a + 2)6 
3 (a + 3) 



) 



Jo 

which completes the proof. 



□ 



3. Applications 



For a = 1, Theorem 2 reduces to [9, Theorem 2] and Theorem 5 reduces to [7, 
Theorem 9]. 
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Abstract 

In this paper, by studying the famous theorem of Pang and Zalcman, we hnd a 
normal family and obtain a result, which is an improvement of Pang and Zalcman's 
theorem in some sense. Meanwhile, several examples are provided to show that our 
result's conditions are necessary. 

2010 MSC: Primary 30D45. Secondly 30D35. 

Keywords and phrases: normal family; share set; meromorphic function; 

1 Introduction 

Let I? be a domain in C, let / be a meromorphic function on D, and let S be a set with 
the finite elements. Set 

Ef(S) = r\{S}) n D = {z G D : f(z) G S}. 

In this paper, we assume that /, g are two meromorphic functions on D and Si, S2 are 
two sets. We denote E f (Si) C E g {S 2 ) by f(z) G Si => g(z) G S 2 . If E f (Si) = E g (S 2 ), we 
denote this condition by f(z) G Si g(z) G S 2 . If the set S has only one element, say a, 
we denote f(z)eS by f(z) = a (see [16]). 

Now, let J 7 be a family of meromorphic functions on a domain D. We say that F 
is normal in D if every sequence of functions {/ n } C J- contains either a subsequence 
which converges to a meromorphic function / uniformly on each compact subset of D or a 
subsequence which converges to 00 uniformly on each compact subset of D(see. [12]). 

According to Bloch's principle, a lot of normality criteria have been obtained by starting 
from Picard type theorems. On the other hand, by Nevanlinnas famous five point theorem 
and Montel's theorem, it is interesting to establish normality criteria by using conditions 
known from a uniqueness theorem. A first attempt to this was made by W. Schwick (see. 
[13]). 

* Corresponding author. 
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Up to now, many normality criteria have been obtained in this direction. (see. [1, 2, 3, 
4, 6, 7, 8, 9, 11, 14, 15]). In 2000, Pang and Zalcman [11] proved a famous theorem. 

Theorem A. Let J 7 be a family of functions meromorphic on a domain, all of whose zeros 
are of multiplicity (at least) k. If there exist b ^ 0 and h > 0 such that for every f G T , 
Ef(0) = E f(k)(b) and 0 < | (z)\ < h whenever z 6 Ef(0), then T is normal in D . 

It is natural to ask whether Theorem A still holds if the condition Ef(0) = Ej( k )(b) is 
replaced by Ef(0) C E^k){b). Unfortunately, we neither give a negative example nor prove 
it true. This problem is very difficult even for the family of holomorphic functions(see. 
[1, 2, 15]). In this note, we study the special case that k = 2 and obtain the following 
result. 

Theorem 1. Let T be a family of functions holomorphic on a domain D, all of whose zeros 
are of multiplicity (at least) 2. // there exist a non-zero constant b and a positive constant 
M such that for every f G T , 

(1) f(z) = 0 => f"(z) = b, 

(2) f"{z) = b^0< \ f"'(z)\ < M mid 

(3) f' 2 (z) = Bf{z) whenever z G E f „(b), 
where B is a non-constant, then T is normal in D. 

Remark 1. Here, if f omits a constant b, we can say that all the zeros of f — b are of 
multiplicity oo. 

Remark 2. For the special cases that T is holomorphic functions and k = 2 of Theorem 
A, from Ef(0) = Ef(b), it is easy to deduce T satisfies the condition (3) of Theorem 1. 
Thus, in some sense, our result is an improvement of Theorem A. Meanwhile, we know that 
the condition Ef{§) = Ej-(k)(b) is not necessary for holomorphic functions in Theorem A. 

Remark 3. We give an example to show that there exists a normal family T satisfying the 
conditions of Theorem 1. 

Consider the family T = {f n , n = 1, 2, . . .} on the unit disc, where 

f n (z) = en, 

so that 

f' (z) = - en and f"(z) = — e^ . 
n n z 

Let b be a non-zero constant and B = b. Then, it is easy to see the family T satisfies the 
conditions of Theorem 1 and F is normal on the unit disc. 

Remark 4. The assumption 0 < |/"(z)| < M cannot be replaced by \ f"(z)\ < M. We have 
a counter-example [11] to show it. 

Consider the family T = {f n , n = 1, 2, . . .} on the unit disc, where 
f n {z) = - 2 {e nz + e~ nz - 2) = - 2 e~ nz (e nz - l) 2 , 
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so that 

/(%) = n^ 2 \e nz + {-\ye~ n % j = 1, 2, . . . 
It is easy to see all the zeros of f n are of multiplicity 2 and 

f n (z) = 0& %{z) = 2=> f»{z) = 0. 

While the family T is not normal on the unit disc. 

2 Some Lemmas 

In order to prove our theorems, we need several lemmas. For the convenience of the reader, 
we recall these lemmas here. 

The following result is due to Pang and Zalcman, see [11]. 

Lemma 1. Let T be a family of functions holomorphic on the unit disc, all of whose zeros 
have multiplicity at least k, and suppose that there exists A > 1 such that \f^ k \z)\ < A 
whenever f(z) = 0, if T is not normal, then there exist, for each 0 < a < k, 

(a) a number 0 < r < 1; 

(b) points z n , z n < r; 

(c) functions f n £ F, and 

(d) positive number p n — > 0 such that p~ a f n (z n + p n £) = g n (0 — > g(0 locally uniformly, 
where g is a nonconstant holomorphic function on C, whose zeros have multiplicity at least 
k, such that gt(£) < g^(0) = A + 1 and p(g) < 1. 

Here, as usual, </"(£) = ^pj^jp is the spherical derivative and p(g) is the order of g. 

Next, we need to introduce a result, see [5, Theorem 4.1] or [10], which plays an impor- 
tant part in the proof of our Theorem. 

Lemma 2. Let f be an entire function of order at most 1 and k be a positive integer, then 

m(r, — — ) = o(log r), as r — > oo. 

Finally, we recall the theorem of Chang, Fang and Zalcman, see [3], which is crucial to 
the proof of our theorem. 

Lemma 3. Let g be a non-constant entire function with p{g) < 1, let k > 2 be an integer, 
and let a be a non-zero finite value. If g(z) = 0 g'{z) = a, and g'{z) = a g( k \z) = 0, 
then 

g(z) = a(z - z 0 ), 

where zq is a constant. 
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3 Proof of Theorem 1 

Now, we prove Theorem 1. For every / 6 J 7 , it follows from the assumption (1) that all the 
zeros of / have multiplicity 2. Noting that / is holomorphic in D, we can set 

f = h\ (3.1) 

where h is holomorphic in D. Differentiating (3.1) yields 

/' = 2hti, f" = 2(h' 2 + hh") and f" = 6h'h" + 2hti". (3.2) 

We know that if % = {h} is normal in D, then T is normal in D. Thus, we need only to 
prove that T~L is normal in D. Suppose, to the contrary, that M is not normal in D. 
It is clear from (3.1), the middle function of (3.2) and the condition (1) that 

h = 0 ti € {a, -a} (3.3) 

where 2a 2 = b. Combining the condition (2) and the last two functions of (3.2) yields 

2{h' 2 + hh") = b^0< \6h'h" + 2hh"'\ < M. 

By Lemma 1, we can find \z n \ < 1, p n — > 0 and h n 6 H such that 

9n(0 = Pn l K{Zn + PnO -> g(0 (3.4) 

locally uniformly on C, where g is a non-constant entire function such that < ^"(0) = 

Mi = \a\ + 1. In particular p{g) < 1. 
From (3.4), it is easy to obtain that 

and 

9n(0=PnK(z n + p n 0^9"(0 

locally uniformly on C. Let 

H n (0 = 2[(g' n (0) 2 + 9n(09'm- 
Then, a routine calculation leads to 

Set 

G = 2(g' 2 + gg"). (3.6) 

Thus, we can deduce that 

H n (0 = 2[(g' n (0) 2 + UnitWt)] = f>n + PnO -+ 2[g'\0 + g(09"(0] = G(0 (3-7) 

locally uniformly on C. 
We claim that 
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(I) g(0 = 0 =► </(£) G {a, -a}, 

(II) g(0 = 0 => G(0 = b and 

(III) G(0 = 6=>C(0 = 0. 
First we prove (I). 

Suppose that g(£o) = 0, then by Hurwitz's theorem and (3.4), there exist a sequence 
{£ n } such that £ n — >• £n and (for n sufficiently large) 

9n(Cn) = p~ X h n (z n + pnin) = 0. 

Thus h n (z n + PnS,n) = 0. It is clear from (3.3) that 

h' n (z n + pnin) G {a, - a}. 

By (3.5), we obtain 

S'(fo) = lim ^n(^n + PnCn) G {a, ~ a}, 
n— >oo 

which implies p(^) = 0 => gi'(^) G {a, — a}. It is (I). 
Similarly as above, we can get (II). 
We prove (III) as follows. 

We affirm that G ^ b. Otherwise, suppose that G = b. That is 

2(g' 2 + gg") = b. 

Integrating the above differential equation yields 2gg' = bz + c, where c is a constant. 

If g is a polynomial, then the equation 2gg' = bz + c implies that deg(g) = 1. From (I), 
we get g' = a or —a. Then 

\a\ + 1 = 5 tt (u) < | 5 '(0)| = |a| < \a\ + 1, 

a contradiction. 

If g is a transcendental entire function, then g' is also a transcendental entire function. 
By the lemma of logarithmic derivative, we have 

g /2 

2T(r, g) = T(r, g' 2 ) = m(r, g' 2 ) < m(r, — ) + m(r, gg) 
a' 

= m{r,^-) + m{r, {bz + c)/2) = S(r,g) = S(r,g'), 

which is a contradiction. Thus, we finish the proof of G ^ b. 
Now, we return to the proof of (III). 

Suppose that G(Co) = b. By Hurwitz's theorem and (3.7), there exist a sequence {Q n } 
such that ( n — > Co and (for n sufficiently large) 

H n {Cn) = f"{Zn + PnCn) = b. 

It follows from the assumption (2) that 

0< \fn(Zn + Pntin)\ < M. 
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With (3.7), we deduce 

locally uniformly on C. Thus, it is not difficult to deduce that 

G'(Co) = Km p n fn(z n + p n Cn) = 0, 
n— >oo 

which implies (III). 

Now, we continue to prove our theorem. 

Suppose that 770 is a zero of g. That is 5(770) = 0. By the claim (I) and (II), we get 
g' (770) = a or — a and G{t]q) = b. Differentiating (3.6) yields that 

G' = 6g'g" + 2gg"'. (3.8) 

It is clear from (III) and (3.8) that 

G'(vo) = Gg'ivoW'ivo) + 2g( m )g"'( m ) = 0. 
Then, we obtain <?"(?7o) = 0, which implies that 

g(0 = 0 =► g"(0 = 0. 

Suppose that g is a polynomial with deg g = n. Noting that (I), we know that g has only 
simple zeros. Thus, g has n distinct zeros z m (m = 1, 2, . . . , n). By (I), we get g'(z m ) = a 
or —a (m = 1, 2, . . . , n). Thus, either g' — a or g' + a has at least p distinct zeros, here 
p = I if n is an even number, p = if n is an odd number. Without loss of generality, we 
assume that g'(z m ) — a = 0 (m = 1, 2, . . . ,p). Obviously, g"(z m ) = 0 (m = 1, 2, . . . ,p). 
It implies that each z m (m = 1, 2, . . . ,p) is a multiple zero of (/ — a. Furthermore, it is 
easy to deduce that 

n — 1 = deg(g') = deg(g' — a) > 2p > n, 

a contradiction. 

All the foregoing discussion shows that g is a transcendental entire function. Set 

q" 

4>=^~. (3.9) 

We find that <p is an entire function and p(4>) < /?(g) < 1. Combining Lemma 2 and the 
lemma of logarithmic derivative yields 

g> 

T(r, 4>) = m(r, 4>) = m(r, —) = o(log r), 

which implies <\> is a non-zero constant. By solving the differential equation (3.9), we have 

g = Cl e A « + C2e - A «, (3.10) 
where ci, C2 are two constants and A 2 = 4>. 
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Next, we prove that neither c\ nor c 2 is zero. Otherwise, without loss of generality, 
suppose that c 2 = 0. Combining (3.6) and (3.10) yields 

G(0 = 4c 2 A 2 e 2A « 

and 

G'(0 = 8c 2 A 3 e 2A «. 

From (III) and the above two functions, it is easy to deduce a contradiction. Thus, we finish 
the proof of that c\, c 2 are two non-zero constants. 
Differentiating the function g yields 

5 '(0 = A[ Cl e A «-c 2e - A «] (3.11) 

and 

g"(i) = \ 2 [c 1 e^ + c 2 e-^}. (3.12) 

From (3.9), it is obvious that 

</(£) = 0W(O = 0. (3-13) 

By (3.10), we get 

g(0 = 0^e x ^{A, -A}, 



here A = From (I), we can see that 

e A « = A => g\0 G {a, -a}. 
Noting that the form of g', without loss of generality, we can assume that 

e^ = A^g'(0 = a. 

Thus, we have 

</(£) - a = e'^idXe 2 ^ - ae^ - c 2 A] = A x e^[e^ - A][e A « - A 2 ], (3.14) 
where A\ and A 2 are two non-zero constants. Observing that (3.13), we get 

which implies that all the zeros of e A ^ — A are multiple zeros of g' — a. Therefore, we deduce 
that A 2 = A. Rewriting (3.14) as 

g'(0-a = A ie -^[e^-A} 2 . 

It indicates that </(£) = a 44> e A ^ = A. Meanwhile, with the same argument, we can deduce 
that </(£) = — a <=)> e X£ - = —A. Combining the two cases yields that g'{£) G {a, — a} 44> 
e A ^ G {A, - A}. Thus, we have 

9(0 = 0 & g'(0 G {a, -a}. 
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Furthermore, we obtain 

g = 0^g'£{a, - a }& g" = 0^G = b. (3.15) 

Noting that (3.11), we know g' — a has multiple zeros. Differentiating (3.12) yields 

g '" = A 3 [ Cl e A «-c 2 e- A «]. 

From the above function, it is not difficult to deduce that g' — a has zeros with multiplicity 
2. 

Suppose g'(ao) = a. By (3.15) we get g(cxo) = 0 and G(ao) = b. From (III), we find 
that an is a multiple zero of G — b. Noting that G / b, then there exists 5 > 0 such that 

9(0 + 0, G(0 - MO, 

in D'(ao,8) = {£ : 0 < |£ — an| < 5}. By (3.7), there exists en > 0 such that, for each 
0 < 5' < 6 and sufficiently large n, 

\fn( z n + PnO ~ b ~ (G(0 - b)\ < E 0 < |G(0 - b\ 

on the circle C(ao, 5') = : |^ — ao\ = 5'}. By Rouche theorem, there exist {a n j} (j = 1, 2) 
tending to ao, such that, for each large n 

H n {a n ,j) = f"{z n + p n a n ,j) = b (j = 1, 2). (3.16) 

And the assumption (2) implies that a nj i / a n ,2- Then, for j = 1, 2, it follows from the 
assumption (3) that 

f' n (z n + p n a n ,j) 2 = Bf n (z n + p n a n ,j)- (3.17) 

We distinguish the following three cases. 

Case 1. For j = 1, 2, there exist infinitely many n\ satisfying 

fn t { z n t + Pn t a nt,j) = 0. 

Then we get h nt (z nt + p nt a n t ,j) = 0 (j = I, 2). It follows from (3.4) and Rouche theorem 
that ao is a zero of g with multiplicity at least 2. But g has only simple zeros, a contradiction. 
Case 2. For j = 1, 2, there exist infinitely many n\ satisfying 

fn t { z nt + Pnt a n t ,j) 7^ 0. 

We claim that there exists a subsequence of {n t } ( we still denote it by {n t }) which 
contains infinite elements satisfying 

h' nt ( Z nt + Pn t a nt ,j) = a ( j = 1, 2). (3.18) 

Without loss of generality, we need only to prove it holds for j = 1. By (3.1), the first item 
of (3.2) and (3.17), it is not difficult to deduce 

h 'n t ( Z nt + Pn t OL nu \) G K - d}, 
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where d = is a constant. It is clear from the assumption fn t { z n t + Pn t a n t ,j) / 0 that d 
is a non-zero constant. 

Then, there must exists a subsequence of {nt} ( we still denote it by {n t }) which contains 
infinite elements satisfying 

K t ( z nt + Pn t a nt ,i) = e, (3.19) 
here e G {d, — d} is a non-zero constant. Then 

g'(a 0 ) = lim ti (z nt + p nt a n t,i) = e. 

n— »oo 

Noting that <?'(ao) = a > we get e = a. With (3.19), we prove the claim. 

On the other hand, by the middle item of (3.2), (3.16), (3.18) and the assumption of 
Case 2, we can deduce h!' nt {z nt + Pn t a n t j) = 0 for j = 1, 2. 

Observing that h'^ t (z nt + p nt a n t ,j) = u for j = 1, 2, so each a nt j (j = 1, 2) is a multiple 
zero of h' nt {z nt + p nt €) — a. It follows from (3.5) and Rouche theorem that ao is a zero of 
g' — a with multiplicity at least 4, a contradiction. 

Case 3. There exist infinitely many n\ satisfying either 

fn t i z n t + Pn t O! nti l)=0, fn t (Zn t + Pn t a n t ,2 

or 

fn t { z nt + Pn t 

Without loss of generality, suppose that 

fn t (z nt + Pn t a nt ,i) = 0 and f nt (z nt + p nt a nu2 ) / 0. 

Similarly as Case 2, there exists a subsequence of {nt} ( we still denote it by {nt}) which 
contains infinite elements satisfying 

h 'n t ( Z nt + Pn t Oin t ,l) = a, 
h 'n t ( Z nt + Pnt a n t ,2) = « and h" t (z nt + Pnt^nt^) = 0. 

That means a n ^ is a multiple zero of h' nt (z nt + p nt 0 ~ a - Meanwhile, h' nt (z nt + p nt 0 — a 
has another zero a. n ^. Then, it follows from (3.6) and Rouche theorem that «o is a zero of 
g' — a with multiplicity at least 3, a contradiction. 
Thus, we get g'(ao) / a, which is a contradiction. 

All the above discussion yields H is normal in D, so J 7 is also normal in D. 
Hence, we complete the proof of Theorem 1. 
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Asymptotic representations in Stochastic Process Approximations 
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Abstract. Fourier cosine transforms are applied widely in applied mathematics, PDEs, and signal process- 
ing. In this paper we give some asymptotic representations in stochastic Fourier cosine analyses based on our 
decomposition. More importantly, we propose a stochastic Fourier cosine expansion with a polynomial term. In 
this expansion, Fourier cosine coefficients decay fast such that we can reconstruct stochastic processes by using 
the least coefficients. Although our research is in the setting of stochastic processes, our results are also new 
for deterministic functions. 

Key words: stochastic process, decomposition, Fourier cosine coefficient, asymptotic representation 

1. Introduction 

Fourier cosine transforms are applied widely in applied mathematics, PDEs, and signal processing. In this 
paper, we will deeply study stochastic Fourier cosine analyses. Although our research is in the setting of 
stochastic processes, our results are also new for deterministic functions. 

We will decompose a stochastic process on [0, 1] into two parts, the first part is a stochastic polynomial and 
the residual is such that its odd-order derivatives vanish at endpoints of [0, 1]. Based on this decomposition, 
for stochastic processes, we will give some asymptotic representations in Fourier cosine analyses which includes 
asymptotic representations of Fourier cosine coefficients; asymptotic representations of the expectations and 
variances of Fourier cosine coefficients; and asymptotic representations of the mean square error of partial sums 
of Fourier cosine series. 

More importantly, in order to reconstruct the stochastic process by using the least Fourier cosine coefficients, 
based on our decomposition, we propose a stochastic Fourier cosine expansion with a polynomial term, where 
the polynomial is determined by odd-order derivatives of the stochastic process at endpoints of [0,1]. Since 
Fourier cosine coefficients in this expansion decay fast, this expansion provides a good approximation tool which 
can attain the best approximation order. 

This paper is organized as follows. In Section 2 we recall calculus of stochastic processes. In Section 3 we 
give decompositions of stochastic processes. In Sections 4 we give the asymptotic representations of Fourier 
cosine coefficients for stochastic processes. In Section 5 we give the approximation of partial sums for stochastic 
processes. In Section 6 we propose stochastic Fourier cosine expansions with a polynomial term. In Section 7, 
we give the corresponding results for deterministic functions. 

We need some notations. The notation [A] is the integral part of a positive real number A. For sequences {a n } 
and {b n }, the notation a n — 0(b n ) means that \a n \ < K\b n \ for any n, where if is a constant; for a n — > 0 and 
b n — > 0, the notation a n = o(b n ) mean that f 2 - — > 0. The notation C s ([0, 1]) is the set of continuous stochastic 
processes on [0, 1], here the letter s implies that it is a family of stochastic processes. Denote the expectation, 
second-order moment, and variance of a stochastic process £ by E[£], E{t; 2 ] and Var(£), respectively. Denote 
the covariance of stochastic processes £ and r\ by Cov(£, 77). 



*This research is supported by National Key Science Program for global change No.2013CB956604; Beijing Higher Eduction 
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2. Calculus of stochastic processes 

We recall some concepts in calculus of stochastic processes [1,2]. 

Let {Cn}i° be a sequence of stochastic variables and £ be a stochastic variable. If lim E [|£„ — £| 2 ] = 0, we 

n^oo 

say {£„} converges to £ in the mean square sense. 

Stochastic processes are a generalization of deterministic functions. If for each fixed t £ [a,b], X(t) is a 
stochastic variable , then we say X(t) is a stochastic process on [a, b]. In this paper, we always assume that a 
stochastic process X(t) is real-valued and satisfies E[X 2 (t)\ < oo for each t. 

Let X = X{t) (t £ [a, b]) be a stochastic process. If 

lim E[(X(s) - Yf] = 0, 

we say the stochastic process X has the limit Y at to in the mean square sense, denoted by lim X(s) — Y (m.s.). 

If 

lim E[(X(s)- X (t 0 )) 2 } = 0, 

S— >to 

we say the process X is continuous at to £ K b] in the mean square sense. If 

,. X(s) - X(t 0 ) 

lim = Y (m.s.), 

s— >t 0 S — to 

we say the process X has derivative Y in the mean square sense and denoted by X'(to) = Y. 
Let X — X(t) (a < t < b) be a stochastic process, for given a partition of [a, b\: 

a = t 0 < t\ < ■ ■ ■ < t n = b. 

Denote 6 = max \tk — tk-i\- Arbitrarily take C,u £ [tfc, ife+i] (k — 1, n). If the following limit exists and 
fe 



lim V X(£ k )(tk - tk-i) = I (m.s.), 

d — *0 L — ' 



5 

fc=l 



then we say the integral J X(t) dt = I. 

a 

For convenience, through this paper, we often omit the notation m.s.. 
If a stochastic process X is differentiable, then 

E[X'(t)] = (E[X(t)])', 

i.e., the expectation of the derivative of a stochastic process is equal to the derivative of its expectation. 
If a stochastic process X(t) is intcgrable over [a, b], then 



E 



0 

J x{t) 



dt 



b 

E[X(t)]dt, 



i.e., the expectation of an integral of a stochastic process is equal to the integral of its expectation. 
If X is a differentiable stochastic process and / is a differentiable deterministic function, then 

(x/y = x'f + xf. 

If X is a continuously, differentiable stochastic process on [a, b], then 

b 



X(b)-X(a) = J X'(t)dt. 
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If X is a continuously diffcrentiablc stochastic process and / is a continuously, diffcrcntiablc deterministic 
function, then 

b b 



J X'fdt= Xf\ h a - j Xf 



At. 



i.e., the integration formula by parts holds. 



If a stochastic process on [0, 1] satisfies E ^ \ 2 dt 
Fourier cosine series 



< oo, then it can be expanded into the stochastic 
£(*) = X! c "(^) cos(Trni) 

n=0 

in the mean square sense, where 

l l 
c 0 = J £(t) dt, c„(0 = 2 J £(f) cos(Trnt) dt (n = 1, 2, ...) 
o o 

and the Parseval identity holds: 

1 oo 



where || £ \\l= J 0 £ 2 (t) dt. 

3. Decomposition of stichastic processes 

At first we give a sequence of fundamental polynomials. Based on these polynomials, we give decomposi- 
tions of stochastic processes to satisfy the need of studying stochastic Fourier cosine analyses. Although this 
decomposition is given in the setting of stochastic processes, it is also new for deterministic functions. 

Define fundamental polynomials as follows: 

2* 6' 

»•<*> = ( t2n+2 - 2^3) + 1>« 0 2fe+2 - ^ ) <»= ^ 



where the coefficients satisfy 



n-l 



\- (2fc + 2)! _ r _ ni 

2^ (2fc-2j + l)! Tfe '"~ (2n-2j + l)! tf-". 1 .-," 



Especially, when n = 1,2, the fundamental polynomials are 



1 .4 1 2 7 



Pi(i) = — r r h , 

m ; 24 12 360' 



«(') = 4( t6 - 5(4+7(2 -| 



We can directly check the following proposition. 



3 
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Proposition 3.1. For n,j = 0, 1, the fundamental polynomials p n (t) satisfy 
l 

J Pn (t)dt = o, ^ +1 >(o) = o, pI? +1 Hi) = {1 n n t j l 

o 

Let £ be a stochastic process on [0, 1] and £^ € C([0, 1]) (Z > 2). We construct a stochastic polynomial: 

g(t)= E (-Z (2k+1) (0)Pk(i-t) + ^ 2k+1 \i) Pk (t)), (3.1) 

fe=0 

where p k are fundamental polynomials stated as above. We call g a stochastic polynomial associated with the 
stochastic process £. From (3.1), we see that g is uniquely determined by odd-order derivatives of £ at endpoints 
of [0, 1] and its degree < Z. 

Proposition 3.2. Let £ be a stochastic process on [0, 1] and £^ € ^([0, 1]) (Z > 2) and g be stated in (3.1). 
Then the residual h — £ — g satisfies 

/i (l) eC([0,l]), h^ +1 \0) = h^ +1 \l) = 0 (i = 0, l,...,[Z/2] - 1). (3.2) 

Proof. From £W e C([0, 1]) and 5 is a stochastic polynomial, we know that — £^ — g^ is a continuous 
stochastic process on [0, 1]. Differentiating both sides of (3.1), we get 

fe=0 

Again, by Proposition 3.1, we deduce that 

g ( 2j+ i) (0) = e w+D (0)j «/ 2j+1) (i) = e (2j+1) (i) (i = 0, [z/2] - 1). 

From this and h = £ — g, we get Proposition 3.2. □ 

Let £ be a stochastic process and £^ € C([0,1]) (Z > 2). From Proposition 3.2, we get a decomposition 
formula: 

C = g + h (3.3) 

where g is a stochastic polynomial associated with £ stated in (3.1) and the residual h satisfies (3.2). 

For the residual h on [0, 1], we first do an even extension and then do a 2— periodic extension to the whole 
real axis. The obtained stochastic process is denoted by h, i.e., 

h(t) = h(t) (te[0,l]), h(-t) = h(t), h(t + 2) = h(t) (teR). 

Definition 3.3. For a stochastic process £ on [0, 1], if, there exists a constant K > 0 and 0 < a < 1 such 
that £ satisfies 

E[\Z(t)-Z(8)\]<K\t-8\ a , 

EMt)-t(s)\ 2 ]<K\t-s\ 2a (t,se[0,l]), (3.4) 

then we say £ e H*([0, 1]); if the Z-order derivative £W e # s a ([0,l]), then we say £ e VF Z # S Q ([0, 1]); if 
£ w e C s ([0, 1]), then we say £ e Wj. For convenience, we denote VF Z #°([0, 1]) = Wj([0, 1]). 

Similarly, we can define the stochastic processes family 14 7 ' where R is the whole real axis. 

Proposition 3.4. Let £ be a stochastic process and £ <E W l H"([0, 1]) (0 < a < 1 and Z is even numbers), 
and £ = g + h, where g is the stochastic polynomial associated with £ stated in (3.1), and let h be a 2— periodic 
even extension of the residual h to whole real axis R. Then h € TL"' H?(R). 
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Proof. In order to £ C(R), since h is the 2— periodic even extension of h and ftW £ C([0, 1]), we only 
need prove that exist at endpoints of [0, 1]. 

Let I be odd. By Proposition 3.2, we deduce that the right derivatives h^ l \0+) = h^(0+) — 0 and the left 
derivative hP"\l— ) = h^ l \l—) = 0. Since I is odd, we deduce that the left derivative h^ l \Q— ) = 0. Noticing 
that h is 2— periodic, we obtain the right derivative h^(l+) = h^(—l+) = 0. So the derivatives exist at 
endpoints of [0,1]. 

Let I be even. Then 

h^(0+) = h (i) (0-), hV\l-) = fcW(-l-) = h {l) (l+), 

i.e., the derivatives also exist at endpoints of [0, 1]. 

Now we prove from the assumption ftW g #?([0, 1]) (0 <a < 1) that £ H*(R). 

Let t £ (0,1) and s g (-1,0). If Z is even, then ftW( s ) = ft(0(_ s ) = h (l )(-s) and h«(i) = h^(t), and so 

E[ \h {l \t) - ] = E[ \h®(t) - /i (,) (0)| ] + E[ \h (i) (0) - /i (i) (-s)| ] < 2A-|t - s\ a , (3.5) 

£[ |ftW(t) - h m (s)\ 2 ] < 2E[ \h®(t) - h (i) (0)| 2 ] + 2E[ |/i (i) (0) - fr (,) (-*)| 2 ] < 4ff|t - s| 2tt . (3.6) 

If / is odd, then /i^(0) = 0 and h^ l \—s) = —h^(s), and so (3.5) and (3.6) also hold. For arbitrary two points 
t, s£l, it is easy to deduce that (3.5) and (3.6) hold. Therefore, by Definition 3.3, we have h £ W l Hf(R). 
Proposition 3.4 is proved. □ 

4. Asymptotic representations of Fourier cosine coefficients 

Let £ be a stochastic process on [0, 1] and £W g IL"' -ff"([0, 1]) (Z > 2, 0 < a < 1). We expand it into Fourier 
cosine series, 

oo 

£(f) = J^c„(£) cos(Trnt), 

n=0 

where 

l l 
c 0 (0 - y £(*) dt, c„(0 = 2 y £(t) cos(Trnt) dt (n = 1, 2, ...). 

0 0 

We give the asymptotic representations of its Fourier cosine coefficients. By using the decomposition formula 
(3.3) and the linear property of Fourier coefficients, we have 

c„(£) = Cn{g) + c n {h) (n>0). 

Again, by (3.1), we get 

C"(S)= E (-e (2l+1) (0) C „fe(l--))+e (2l+1) (l)c n (p 4 ))- 
i=0 

Noticing that Proposition 3.1 gives values of odd-order derivatives of fundamental polynomials Pi at endpoints 
of the interval [0,1], using integration by parts, we deduce that the Fourier cosine coefficients c n (pi) satisfy 

l l 

Pi (t) cos(7rnt)dt= J. +1 ^. +1 J pf +1 \t) sm(nnt)dt = J i+ ^ 2i+2 (n=l,2,...; i = 0,l,...). 

o o 

From this, we get 

c n (p i (l--)) = (-l) n c n (p i )= 21 " U 



7r 2i+2 n 2i+2 ' 
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l 

For n — 0, by / p,(t) dt = 0, we have Co(pi) = c 0 (pi(l — •)) = 0. Therefore, co(g) = 0 and for n ^ 0, 
o 



-l 



c n (9) = -j^ £ fe^ (^ (24+1) (0) - (-l)¥ 2i+1) (l)) , (4.1) 



=0 

and so 

' n -l 



( n7r ) 2 ~k ( n7r ) 



*(a-5S5i g gL(r"(»)-(-irr'(.)) +t .M. 

In the decomposition (3.3), g is a stochastic polynomial. Therefore, from £^ G C s ([0, 1]), we deduce that 
ftO G C s ([0, 1]). Since ft, is a Z— order differentiable stochastic process and cos(7mi) is a deterministic function, 
using the integration by parts I times, by Proposition 3.2, we deduce that if I is an even number, for n^0, 



l 



c n (h) =2 / h(t) cos(irnt)dt = % ^ / /i (() (i) cos(7rni)di, (4.2) 

(mr) ' 



0 0 

Since the expectation and the integral can be exchanged, we have 

E[c n (h)] = J E[h,W(t)]coa(imt)dt, (4.3) 

o 

where E[h^(t)] is a deterministic function. From h l G C s ([0, 1]), we deduce that E[hW] G C([0, 1]). By the 
Riemann-Lebesgue lemma [6], we have E[c n (h)] — o (-r). 

For a > 0, by the assumption h G W l H™([0, 1]), using Proposition 3.4, we have G Hf([0, 1]), and so 

|£[ fc (,) (t) ] - E[h {l \s)}\ = \E[h {l \t) - h {l \s)]\ < E[ \h {l \t) - h {l \s)\] < K\t - s\ a . 

This means that the deterministic function E[h^ ] G Lip a on [0, 1]. By a well-known result in Fourier analyses 
[6], we have 



2 J E[h^t)]coa(imt)dt = o(j^y 



From this and (4.3), we have E[c n (h) \ = O (^fW). 
By (4.2), we deduce that 



l l 



o 

It can be written a double integral: 



c l( h ) = T—^J I h^it) cos(nnt)dt [ h {l) (s) cos(nns)ds. 
{rvK) zl J J 



[0,1] = 

and so 



c l( h ) = T—^J I h {l) {t) h {l) {s) cos(irnt) cos(irns) dtds, 
(nn) M J 



cos(7rnt) cos(7rns) dt ds. 

[0,l] a 
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Let h be the 2— periodic even extension of h. Then 

2 



E[<(h)\ 



(nn) 2 



cos(nnt) cos(7rns) 



dtds, 



(4.4) 



[-l,l]x[0,l] 



where E[h^ (t)h (l \s)] is a bivariate deterministic function and E[h^ l \t)h^(s)] € C([0, l] 2 ). By the bivariate 
Riemann-Lebesgue lemma [4], we have E[c^(h)\ = o (^r). 
For a > 0, doing transform of variable in (4.4), we have 



E[c 2 n (h)) 



(nn) 



21 



E[h®(t+ -)h<- l \s)] cos(Trni) cos(7rns) dtds. 



-i-±,i-£]x[o,i] 



Since is 2-periodic, we have 

cos(nnt) cos(nns) dtds. 



-l,l]x[0,l] 



Adding this and (4.4), we get 
2 



2E[ci(h)[ 



(nn) 2 



E[hV>(t)h®(a)] -E[h®(t+ -)h^(s)] ) cos(nnt) cos(wns)dtds. 

n J 



-l,l]x[0,l] 



By the assumption £ e W l H™([0, 1]), using Proposition 3.4, we have h € W l Hf(M). Again, by the Schwarz's 
inequality in the probability theory and (3.4), we have 



E 



hW(t)h®(8) -E ft(')(i+I)/»(0( a ) 



E 

< (^E 

< K\ 



p)(t)-^)(*+i)) 2 ]) a (£;[(^)W) 2 ]) : 



where if is a constant. From this, we deduce that 
2 



E[4(h)]< 



(nn) 



21 



-l,l]x[0,l] 



E 



h {l) (t) h {l) (s) 



E 



dtds = O 



IV 



2i+a y • 



By using Var(c„(/i)) < E[c 2 n (h)}, we get Var(c„(/>)) = O (^). 
If Z is an odd number, using integration by parts, we have 



c n (h) 



2(-l)" 



(nn) 1 



h {l) (t) sm(nnt)dt. 



Similarly, we deduce that expectations, second-order moments, and variances of c n (h) have same estimates. So, 
for any n, we have 



E[c n (h)]=0 



1 



l+ct 



IV 



E[c 2 n (h))=0 



1 



-,21+a 



Var(c„(/i)) = O 



1 



-,21+a 



(4.5) 
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Therefore, we get the following theorem, in which the error term c n (h) is denoted by r n . 
Theorem 4.1. Let £ be a stochastic process on [0, 1] and £ e W l H?([0, 1]) (I > 2, 0 < a < 1). Then their 
Fourier cosine coefficients satisfy an asymptotic representation: 



c„(0 = 

where the error r n satisfies 

E[r n ] = 0 



E ML(^ +i) (o)-(-i)¥ 2<+i) (i)) 



\ 



(n7r) ; 



i=0 



(tot) 



/ 



,i+a 



£[^1 = 0 



2l+a 



71 



Var(r„) = O 



1 



From Theorem 4.1, the expectation of Fourier cosine coefficients of £ has the asymptotic representation: 



By c n (£) = c„(fif) + c„(/i), we get 



where r n (£) = 2c n {g)c n {h) + c 2 n (h), and so 



E[cl(0] = E[cl(g)]+E[r n (0) 



From (4.1), we get 



(mr) 4 ^ (nir) 
A direct computation shows that 

E[cl{g)\ 



E LlIZ) (^ (24+1) (o) - (-i) ri e (2i+1) (i)) (e (2j+1) (o) - (-ir^ +1) (i)) . 



(nir) 4 



E 



(-1) 



i+j 



0<i+j< 



2i+2j 



(M^-(-l)Xi) 



where 



^(21+1)^^(2^+1)^^ 
e (2 t+ l) (1 ^(2, + l) (0) 



M^-^[e (2l+1) (0)C (2j+1) (0)] +£ 

v iij = £;[^ 2i+1 )(o)e (2j ' +1) (i)]+^ 

By the Schwarz inequality in the probability theory, we have 

E[r n (Q]< 2E[\c n (g)c n (h)\] + ^[c 2 ^)] < 2(£;[4( 5 )] )i • (^[c 2 ^)] )i + ^[c^)] 
By (4.1) and (4.5), we get E[c 2 n {g)} = O (£) and £[(£(/!)] = O (^). So 

1 



S[r„(0] = O 



-,i+2+^ 



From this and (4.7), the second-order moment of Fourier cosine coefficients of £: 



1 " lUJ (r^) 4 ^ (n7r) 2i + 2 ^ 

v y 0<i+j<m v ; 



(4.6) 



(4.7) 



(^-(-TO+O^)- (4-8) 
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By (4.6), we deduce that 

(*M0D 2 = ^ E ^^(^-(-l)"^) + o(^), (4.9) 

v ' 0<i+j<m v ' v 7 

where 

= E[^ 2i+1 \o) ] £;[e (2j+1) (o) ] + E\^ 2l + X \\) ] S[C (2J+1) (1) ], 
A"j - £[ C (24+1) (0) ] £[ £ (2j+1) (1) ] + £[ e (2m) (1) ] E[ (0) ] . 

By a known formula, the covariance of stochastic variables 771 and i] 2 is equal to £[771772] — Sfril-Efe]- So we 
have 

- = Cov^+^O), ^ +1 >(0)) + Cov(^ +1 >(l), C (2J+1) (1)) =: 

and 

A^ - X'lj = Cov(£< 2i+1 >(0), C (2J+1) (1)) + Cov(^ +1 >(l), £ (2j+1) (0)) =: A,.,, 

Again, using a known formula: Var(c„(£)) = E[c 2 n {£)\ — {E[c n {£)} ) 2 , by (4.8) and (4.9), and (4.6), we have 

Theorem 4.2. Let £ be a stochastic process on [0, 1] and £ <= W'.fff ([0, 1]) (/ > 2, 0 < a < 1). Then its 
Fourier cosine coefficients satisfy 

E ^)\ = -^ E ^(^[^ +1) (o)]-(-ir^[^ +1) (i)]) + o(^ 



Var ( c «^)) = (^f £ (SfiSy ( ^ - ( - 1} " A - } + ° ( 

1 ; o< 4+ ,<[i]-i l ; V 



n i+2+f 



where 

WJ = Cov(^ +1 )(0), C (23+1) (0)) + Cov(e< 2l+1 )(l), e (2j+1) (l)), 

Xi j = Cov(e (2l+1) (0), e (2j+1) (l)) +Cov(e( 24+1 )(l), C (2J+1) (0)) 

and the covariance Cov(?7 1 ,?72) = £[771 772] — S^ijE 1 ^]- 
Especially, we have 



E[cum = j^E^'io) (-imi)) 2 ] +0 (\) . (4.10) 

(777T) 4 \ n J 



From this, we know that 



E[<;,(U}=0[^), E[cl(0]=o(^) (4.11) 



and they cannot be improved. 

5. Asymptotic representations of errors of partial sums 

Let £ be a stochastic process on [0, 1] and £ € M 7 ' .ff"([0, 1]) (Z > 2, 0 < a < 1). We first consider that the 
approximation order of partial sums Sn{£) of Fourier cosine series. By (4.11), using the Parseval identity, we 
obtain the approximation order of partial sums: 

1 

(1 00 \ 2 / 1 

2E^(on =0 U 
n=N ) ^ 
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We will see from Theorem 5.1 that the approximation order O ( N l /2 ) cannot be improved. 
By (4.10), we obtain that 

E[ciM) } + E[c 2 2n+1 (0 } = E[ |£'(0)| 2 + l£'(l)| 2 ] + o (1 

Using the Parseval identity, we deduce that 

2E[ || S 2JV -i(0 - £ |||] = f] (E[cUi) ] + E[c 2 2n+I m = E[ W(0)\ 2 + |e'(l)| 2 ] + o (±) . 

n=N ^ ' 

Again, by the equality E[ \\ S 2N (0 - £ |||] = E[ || 5 2jV -i(0 - £ 111 ] + O (^) , we get 

Theorem 5.1. Let £ be a stochastic process on [0, 1] and £ <E W l H?([0, 1]) (I > 2, 0 < a < 1). Then, for 
any N g Z+, the approximation error p of partial sums Sjv(£) of its Fourier cosine series satisfies 



P 2 = £ [ II S N (0 -tm= 1 J w - 3 E[ |£'(0)| 2 + |£'(D| 2 ] + o 



6. Fourier cosine expansions with a polynomial term 

Suppose that £ e VF ( i??([0, 1]) (Z > 2, 0 < a < 1). In the decomposition (3.3): £ = g + h, where g(t) is a 
stochastic polynomial of degree < I and is stated in (3.1), expanding h(t) into the Fourier cosine series, we get 

£W = E ( -C (2j+1) (0)ft(l - t) + £ (2i+1) (l)Pi(*) ) + E C «W cos(Trnt), (6.1) 

*=0 n=0 

where are fundamental polynomials (see Section 3). We call it a Fourier cosine expansion with a stochastic 
polynomial term. By (4.5), we know that coefficients c n (h) decay fast and 

E [^(h) 1 = O , £[c 2 (&) ] = O (^) , Var(c„(/,)) = O (-^ . (6.2) 

Therefore, we can reconstruct £ using less coefficients c n {h) and odd-order derivatives of £ at the endpoints of 
[0, 1]. Take partial sum of Fourier cosine expansion (6.1), 



N-l 



*) = E ( -? (2l+1) (0) K (l - t) + £( 2i+1 >(l)Mi) ) + E cos(Tmt). 

i=0 ra=0 

By the Parseval identity, we get 



E[\\U N (0-Z\\ 2 2 ]=E 



E c n(^) cos(irnt) 



n=N 



Theorem 6.1. Let £ be a stochastic process on [0, 1] and £ e # s "([0, 1]) (I > 2, 0 < a < 1), and let C/ w (£) 
be the partial sum of Fourier cosine expansion (6.1) with a stochastic polynomial term. Then approximation 
errors p satisfy 



The partial sum t//v(£; t) is a combination of a stochastic algebraic polynomial of degree < I and is a 
stochastic cosine polynomial of degree N, where I is the smoothness index of £ and N determines the error of 

10 
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approximation. Comparing Theorem 6.1 with Theorem 5.1, we see that E/jv(£i t) is a good approximation tool. 
By using it, we can obtain the best approximation order of £ £ W l H"([0, 1]). 
For £ € W l H"([0, 1]), comparing its Fourier cosine series 

oo 

£(*) = £c„(0 cos(Tmi) (6.3) 

71=0 

and its Fourier cosine expansion (6.1) with a stochastic polynomial term, we find that even if smoothness index 
I is very large, the decay speed of Fourier cosine coefficients c„(£) are only 

E[c n (Q] = o(Jp), Var(c n (0) - O (± 

and they cannot be improved (see Theorem 4.1). However, by (6.2), the Fourier cosine coefficients c n (h) decay 
fast as I is large. Therefore, we can reconstruct the stochastic process £ by the least Fourier cosine coefficients 
c n (h) and values of odd-order derivatives of £ at endpoints of [0, 1]. 

7. The case of deterministic functions 

When a stochastic process £ is a deterministic function, we denote it by /. The family W l i/"([0, 1]) is 
reduced to an ordinary family W l H a ([0, 1]), i.e., the family of / satisfying the condition G Lip a on [0, 1]. 
As a special case of stochastic processes, for deterministic functions, we get the following results. These results 
are also new. 

Let / be a function on [0, 1] and £ Lipa([0, 1]) (I > 2, 0 < a < 1). We give the decomposition formula 
/(t) = ffl(*)+7(*), where 



(*)= E (-/ (2<+1) (o)Pi(i-*) + / (2<+1) (i)Pi(*)) 



m 

is a polynomial of degree < I and the error j(t) satisfies 7^ 2l+1 )(0) = 7^ 2t+1 )(l) = 0 (i = 0, 1, [1/2] — 1) (by 
Proposition 3.2). Let 7 be the 2— periodic even extension of 7. Then 7^ e Lipa(M) (by Proposition 3.4). 
Based on this decomposition, we study the Fourier cosine series of / [3,5,6]: 

00 

/(i) = ^c„(/)cos(7rni), (7.1) 

n=0 

where Co(/) = f(t) dt and c„(/) = 2 f(t) cos(Trnt) dt (n = 1, 2, ...). We get the asymptotic representation 
of Fourier cosine coefficients of /: 

/m-i 



c n\J ) / 

(nn)' 



E 7^(/ (2l+1) (0)-(-D"/ (2i+1) (0)) (by Theorem 4.1) 



and the asymptotic representation of squares of partial sum errors of the Fourier cosine series: 
1 

II W)-/ |||= J \S N (f-,t)-f(t)fdt=^^(\f^0)f + \f(l)[ 2 ) + o^ (by Theorem 5.1). 
0 

In this decomposition: f(t) = qi(t) +7(t), expanding j(t) into the Fourier cosine series, we obtain a Fourier 
cosine expansion with a polynomial term: 

00 

f(t) = qi (t) + c„( 7 ) cos(Tmt), (7.2) 

11 
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N-l 

where c n {"f) — O (-i^r). Its partial sum Un(J; t) = qi{t) + c n(l) cos(nnt) satisfies 

n=0 



Comparing the series (7.1) with the series (7.2), we find that we can reconstruct / by the least Fourier cosine 
coefficients c n (-f) in the Fourier cosine expansion (7.2) with a polynomial term as the smoothness index I is 
large. 

For example, let / be a function on [0, 1] and ,f( 4 ' e Lip 1. We give a decomposition 

/(t) = g 4 (t)+7(*) (0<t<l), 

where 

q 4 (t) = -/'( 0 )(it 2 -f+i)+/'(l)(ii 2 -6) 

- no) + I* 2 + /"'(i) + jk) 

is a polynomial of degree 4 and the residual j(t) satisfies 7'(0) = 7'(1) = 7"'(0) = 7"'(1) = 0. The Fourier 
cosine expansion with a polynomial term is 

oo 

f(t) = q 4 (t) + c„(7) cos(Trnt) (0 < t < 1), (7.3) 

n=0 

where 



»(7) = 2 J lit) cos{nnt) dt = o(Jp 



We can reconstruct f by N Fourier cosine coefficients {c n {l)}n=o an d f° ur derivatives /'(0), /'(l), /'"(0), and 
f'"(l) with the help of the partial sum of the series (7.3): 



N-l 



Uw(f) = q 4 {t) + Y c n (-f) cos(irnt), 



n=0 

i.e., / w Un(/). The approximation error is 

P=\\ U N (f)-fh=0 



1 

jvi 
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Abstract 

(k) 

As generalizations of the poly-Cauchy numbers of the first kind c„ and of 
the second kind ch \ we introduce the concept about ^-analogues or extensions of 
the poly-Cauchy numbers of the first kind c£} q and of the second kind c^g, and 
investigate their properties. We also study g-analogues or extensions of the poly- 
Cauchy polynomials of the first kind ch\z) and of the second kind oh\z). 
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1 Introduction 

The second author introduced poly-Cauchy numbers (of the first kind) ([9]) by the 
integral of the falling factorial: 



"n ) = / ' " • / 0&i • • • x k ) n dxi ...dx k 
Jo Jo 



k 

Jo Jo C 1 n Xfc ) dXl " ' dXk ' 



= m 



where (x) n = x(x — 1) • • • (x — n + 1) (n > 1) with (x) 0 = 1. If k = 1, then ch^ = c n is 
the classical Cauchy number ([3, 15]). The number c n /n\ is sometimes referred to as the 
Bernoulli number of the second kind ([2, 6, 16]). The poly-Cauchy numbers of the first 
kind Cn^ can be expressed in terms of the Stirling numbers of the first kind. 

\ s(n,m) 



7 1 ± ,L (n > 0, k > 1 



m=0 

([9, Theorem 1]), where s(n,m) is the (signed) Stirling number of the first kind, deter- 
mined by the rising factorial: 

n 

x(x + l)---(x + n-l) = ^(-l) n ~ m s(n, m)x m . 

m=0 

The generating function of the poly-Cauchy numbers is given by 

Li£ fc (Mi + *)) = E4^ 

n=0 

([9, Theorem 2]), where Liffc(z) is called polylogarithm factorial function (or simply, poZ?/- 
factorial function) defined by 



Lif fc (z) = £ 



^ m\(m + l) k 

(k) 

By this definition, is not restricted to positive integers in c n . 

Similarly, define the poly-Cauchy numbers of the second kind cffl ([9]) by 

c4 fc) = / ••• / (-x 1 ---x k ) n dx 1 ...dx k 
Jo Jo 



k 



Jo Jo ( 



n 



dxi . . . dxk ■ 
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If k — 1, then ci^ = c n is the classical Cauchy number of the second kind ([3, 15]). The 
poly-Cauchy numbers of the second kind Cn can be expressed in terms of the Stirling 
numbers of the first kind. 



(»>o,*>u 



(m + l) k 

m=0 v ' 

([9, Theorem 4]). The generating function of the poly-Cauchy numbers of the second kind 

t n 



c n is given by 



n\ 



Ljf fc (-ln(l + 

n=0 

([9, Theorem 5]). 

The poly-Cauchy numbers have been considered as analogues of poly-Bernoulli num- 

(k) 

bers B n , generalizing the classical Bernoulli numbers B n , defined by the generating 
function 

t °° t n 

n=0 

The poly-Cauchy numbers (of the both kind) can be extended in various ways (e.g. [7, 
10]). A different direction of generalizations of Cauchy numbers is about Hypergeometric 
Cauchy numbers ([12]). Arithmetical and combinatorial properties including sums of 
products have been studied ([11, 13, 14]). 

In this paper, as essential generalizations of the poly-Cauchy numbers of the first 
kind c^ and of the second kind oh\ we introduce the concept about g-analogues or 
extensions of the poly-Cauchy numbers of the first kind c"n\ and of the second kind cl^q by 
using Jackson's g-integrals, and investigate their properties. We also study g-analogues 
or extensions of the poly-Cauchy polynomials of the first kind Cn\z) and of the second 
kind Cn k \z). Note that similar notations are used in [10, 12], but have completely different 
meanings. 

2 Jackson's (/-derivative and (/-integral 

Let q be a real number with 0 < q < 1. Jackson's g-derivative (see e.g. [1, (10.2.3)], [4], 
[5, (1.1)]) is defined by 

D f = — = ^ - ^ qX ^ 
d q x (1 — q)x 

and Jackson's g-integral ([1, (10.1.3)], [4], [5, (1.3)]) is defined by 



[ X f(t)d q t=(l-q)xf2f(q n x)q n . 

J 0 n=0 
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For example, when f(x) = x m for some nonnegative integer m, 



and 



where 



Dgf = ^ " ' 



(l-q)x 
[m} q x m - 1 



„ x oo 

/ t m d q t = (1 - q)x J2 q mn x m q n 

oo 

= {l-q)x m+1 Y,(l nim+1] 



n=0 



[m + l] q ' 
1 -<f 



l-q 

is the g-number with [0] q = 0. Note that limq^i^Jg = x. 



3 g-poly-Cauchy numbers of the first kind 

Let n and k be integers with n > 0. Define g-analogue of poly-Cauchy numbers of the 
first kind (or simply, q-poly-Cauchy numbers of the first kind) as 




The g-poly-Cauchy numbers of the first kind c n , q can be written in terms of the Stirling 
numbers of the first kind. 

Theorem 1 

where s(n, I) is the (signed) Stirling number of the first kind. 

Remark. If q — > 1, then by Cn} q — > cl? and [I + l] q — > I + 1, Theorem 1 is reduced to 
Theorem 1 in [9]. 

4 
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Proof. By 



we have 



( x )n = ^2s(n,l)x l , 



1=0 



n „i „i 

C nl = Yl S ( n ' l H "I X l " ' X k d Q X i ■ ■ ■ d 1 X k 
i-n JO Jo . 



1=0 s. 

s(n, /) 



Define (/-polyfactorial function Lif k,q(z) by 



oo r 



n=0 L J 



Note that by [n + l] g —> n + 1 as q — >■ 1, we get Lif fcj(? (,2) — > Lif fc (,2), which is the 
polyfactorial function. 

(k) 

Theorem 2 T/ie generating function of the q-poly-Cauchy numbers c n ; q is given by the 
following: 

£ c ^ = Lif ^ ln(1+t) )- 

n=0 

Remark. As q — > 1, then by — >■ cl^ and Lif fc(? (,2) — >■ Lif fc (^), Theorem 2 is reduced to 
Theorem 2 in [9]. 



Proof. By the definition 

n=0 ' ^ • /0 v n=0 



/ ••• / (1 + t)* 1 "^^! • • • d q X k 

Jo Jo 



>0 JO 

k 



> - ; — — / ••• / x i ■■■xld q x 1 ---d q x k 

„-n n! Jo Jo . 



n=0 

k 

i ?1 



^ (ln(l +*))' 
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Let S(n, m) be the Stirling number of the second kind, determined by 

■ j= 0 \ J / 

Corollary 1 For m > 0 we have 

n 

(k) _ 1 



l>(n,ro)c<g 



[n + 1] 

m=0 L J 



fc 



Remark. If g — )• 1, then by c^| ? — >■ c^' and [n + l] q — > n + 1, Corollary 1 is reduced to 
Theorem 3 in [9]. 



Proof. Replace t by e* — 1 in Theorem 2. Then we have 

r 

n![n + 1]* 



00 in 



(e* - l) m 



m! 

m=0 

oo oo n 

m=0 n=0 

oo n 

= EE*S(n,m)i,. 

n=0 m=0 

By comparing the coefficients of the both sides, we get the desired result. 
Denote ( q (s) be the g-zeta functions defined by 



OO 

T — 
i 

n=l L J( i 



Note that lim,^! C?( s ) — C( s )i which is the Riemann zeta function. 
Proposition 1 For k > 1 we have 



n=0 m=0 

oo n 

C(*) = EE5(n,m)cS). 
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Proof. By Corollary 1 

oo oo n 

n=0 L J 1 n=0 m=0 

which is the first identity. As q — > 1, we get the second identity. 
Example. If k — 2 in the second identity of Proposition 1, then 

o oo n 

r 
6 



Jr ^S(n, m )c%. 



n=0 m=0 



4 g-poly-Cauchy numbers of the second kind 

Let n and k be integers with n > 0. Define g-analogue of poly-Cauchy numbers of the 
second kind (or simply, q-poly-Cauchy numbers of the second kind) as 

ci g / ' ' ' I ( >El ' ' ' %k)ndqX\ • • • dqX^ 




-Xi ■■■X k 

n 



dqX\ ' ' ' dqXk ' 



The g-poly-Cauchy numbers of the second kind c£} q can be written in terms of the 
Stirling numbers of the first kind. 

Theorem 3 

Remark. If q — > 1, then by c£} q — > and [I + l] q — > I + 1, Theorem 3 is reduced to 
Theorem 4 in [9]. 



Proof. We have 



= E 



;-l)'a(n,0 
[I + 1]J 
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Similarly to Theorem 2, we have the following. 

Theorem 4 The generating function of the q-poly-Cauchy numbers of the second kind 
ch)j is given by the following: 

00 f n 

n=0 

Remark. As q — > 1, then by c~n\ — > Cn* and ~L\ik, q {z) — > Lif k(z), Theorem 4 is reduced to 
Theorem 5 in [9]. 

Replace t by e t — 1 in Theorem 4. Then we have the following. As q — > 1, Corollary 2 
is reduced to Theorem 6 in [9]. The proof is similar to that of Corollary 1 and is omitted. 

Corollary 2 For m > 0 we have 

(-l) n 



,m)c. 

m=0 



5 Some relations between two kinds of g-poly-Cauchy 
numbers 

There are some relations between g-poly-Cauchy numbers of the first kind and those of 
the second kind. 



Theorem 5 For n > 1 we have 



r ( fc ) " /„ _ 1 \ 
1 j n! ~^U-li m! ' 

m=l x ' 

f« JL /„ _ 1 \ r ( fe ) 
/ ' q — \^ ( ) ,q 

n\ ^ \m — lj m\ 

m=l x ' 

Remark. If q — > 1, then by ci fe g — > ci^ and ci fc q — > ci^, Theorem 5 is reduced to Theorem 
7 in [9]. 

Proof. We shall prove the first identity. The second one is proven similarly and omitted. 



By the definition of Cn) q 



X± • • • Xfc , 

ClqXi . . . ClqXfc 

n 




dqX\ . . . dqXfc . 



692 



Taekyun Kim et al 685-698 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



We use the fact 



x + y\ ( x \ ( V 



n 



n j \l j \n — I 



=o 

as x = —xi ■ ■ ■ Xk and y — n — 1. The identity (1) holds because 
f x + y\n = (! + t y+v = (i + t)x( X + t ^ 

n=0 V n / 



oo 



Then 




Note that ("j/) = 0. I 

6 g-poly-Cauchy polynomials of the first kind 

Let n and k be integers with n > 0. In [7, 10], we introduced poly-Cauchy polynomials of 
the first kind (z) by 




Note that z is replaced by —z in [7]. If z — 0, then c^(0) = c^" 1 is the poly-Cauchy 
number of the first kind. 

Now, we generalize this polynomial by using Jackson's g-integral. Define g-analogue 
of poly-Cauchy polynomials of the first kind (or simply, q-poly-Cauchy polynomials of the 



9 
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first kind) as 

C S W = / ' ' ' / (xi---x k - z) n d q x l ■ ■ ■ d q x k 
Jo Jo 



k 

= n\ I ■■■J (J 1 * k Z ) d q xi ■ ■ ■ d q x k . 
k 



The g-poly-Cauchy polynomials of the first kind Cn}q{z) can be written in terms of the 
Stirling numbers of the first kind. 

Theorem 6 



where s(n,m) is the (signed) Stirling number of the first kind. 

Remark. If q — > 1, then by c£} q (z) — > Cn\z) and [I — i + l\ q — > l + l, Theorem 6 is reduced 
to Theorem 2.1 in [7]. Note that z is replaced by —z. 

Proof. By 

n 

( x )n = ^2-s(n,l)x l , 

we have 



y^s(n,m) / •••/ (xi ■ ■ ■ x k - z) m d q xi ■ ■ ■ d q x k 

m=0 J° v J °, 

k 

Vs(n,m)V . )(-z) m - i / ••• / x\---x\d q x x ---d q x k 
m =o l= o V 1 J Jo 



m=0 



J[m-i + l][ 



Remember that ^-polyfactorial function Lii k>q (z) is defined by 

Lif M^) = E n![n + i]*- 

n=0 L J <? 



10 
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Theorem 7 The generating function of the q-poly-Cauchy numbers Cn} q (z) is given by the 
following: 

fy fc y,V"_ Li MMi + *)) 

n=0 v ' 

Remark. If q — > 1, then by c$ q — > and Lif fci9 (z) — > Lif k (z), Theorem 7 is reduced to 
Theorem 2.2 in [7]. Note that z is changed by —z. 

Corollary 3 For m > 0 we have 

m=0 1=0 v 7 L J( ? 



Remark. If g — >■ 1, then by Cm]q(z) — > Cm\z) and [n — I + l] q — > n — I + 1, Corollary 3 is 
reduced to Theorem 2.4 in [7]. Note that z is changed by —z. 

7 g-poly-Cauchy polynomials of the second kind 

Let n and k be integers with n > 0. Similarly to the g-poly-Cauchy polynomials of the 
first kind, define g-analogue of poly-Cauchy polynomials of the second kind (or simply 
q-poly-Cauchy polynomials of the second kind) as 

^n}qi Z ) = I ■ ■ (~ X 1 •••Xk + Z) n d q Xl ■ ■ ■ d q X k 

Jo Jo j 

k 

k 

The g-poly-Cauchy polynomials of the second kind ch} q can be written in terms of the 
Stirling numbers of the first kind. 



Theorem 8 



^ w = S( - ir ^ m ) S (7) i5 J^ lg („>„>. 



Remark. If q — > 1, then by c£} q (z) — > c£\z) and [m — i + l] q — > m — i + 1, Theorem 8 i 
reduced to Theorem 3.1 in [7]. Note that z is replaced by —z. 
Similarly to Theorem 7, we have the following. 

11 
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Theorem 9 The generating function of the q-poly-Cauchy polynomials of the second kind 
Cn}q{z) is given by the following: 



Remark. As q — > 1, then by ck, q (z) — > ch (z) and Liik, q (z) — > Liffc(z), Theorem 9 is 
reduced to Theorem 3.2 in [9]. Note that z is changed by —z. 

Replace t by e* — 1 in Theorem 9. Then we have the following. As q — > 1, Corollary 
4 is reduced to Theorem 3.4 in [7]. The proof is similar to that of Corollary 1 and is 
omitted. 

Corollary 4 For m > 0 we have 



8 Some relations between two kinds of g-poly-Cauchy 
polynomials 

There are some relations between g-poly-Cauchy numbers of the first kind and those of 
the second kind. 

Theorem 10 For n > 1 we have 



Remark. Since c n , q {z) — > c„ '(z) and Cn, q (z) — > c\ (z) as q — > 1, Theorem 10 is reduced to 
Theorem 4.2 in [7]. 

Proof. We shall prove the second identity. The first one is proven similarly and omitted. 



It' 
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By the definition of c$ q {z) 



Note that ) = 0 



k 

' ' i r i • • • i' i. — ii — i \ 

dqXi . . . dqXfc 



0 JO 

k 

1 ,1 I 



#i • • • a^fc — -2 + ft — 1 

71 



<m=0 

sG : i)/" '/!("' "™ ~ 2 ) dai1 " 



m=0 _ 

E/n - 1^ c^^z) 
. U-i, 



m=l 



ml 
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HIGHER-ORDER DAEHEE OF THE FIRST KIND AND 
POLY-CAUCHY OF THE FIRST KIND MIXED TYPE 
POLYNOMIALS 

DAE SAN KIM, TAEKYUN KIM, AND SANG-HUN LEE 



Abstract. In this paper, we investigate some new identities and properties 
of the higher-order Daehee of the first kind and poly-Cauchy of the first kind 
mixed type polynomials arising from umbral calculus. 



1. Introduction 

The Daehee polynomials of the first kind of order r(e N), D n r \x), are defined 
by the generating function to be 

(1 + tr = E^« ) (^> (*ee [8,13,22]). (1.1) 

71=0 

When x = 0, Dn^ = Dn\o) are called the Daehee numbers. The poly-Cauchy 
polynomials of the first kind (of index fceZ) are given by the generating function 
to be 



log(l + t) 
t 



00 j-n 

Lif k (log(l + t))(l + t)- x = Y,& n k \x)- (see [10,14]). (1.2) 



n=0 



where Lif k (t) = J2n=o n !(n+i)* ■ 

When x = 0, Cn^ = C'n\o) are called the poly-Cauchy numbers. The higher- 
order Cauchy of the first kind and the poly-Cauchy of the first kind mixed type 
polynomials are also defined by the generating function to be 



t 



log(l + 1) 



)'«*^-f;^(.)S.(-.» m 



n=0 



When x = 0, A„ ' = An ' (0) are called higher-order Cauchy of the first kind 
and poly-Cauchy of the first kind mixed type numbers. 

For A ^ 1 e C, and s G Z >0 , the Frobenius-Euler polynomials defined by the 
generating function to be 



- A 



e xt = J2H n s) (x\\)-, (sec [1-22]). (1.4) 



n 

n=0 



As is well known, the higher order Bernoulli polynomials are also given by the 
generating function to be 

l 
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J. \ s oo n 

— J e xt = Y,B { :\x)-, (see [1-22]). (1.5) 



n=0 

Whenx^O, B [ n s) = B { n s] '(0) are called the Bernoulli numbers of order s. 
As is well known, the Stirling number of the first kind is given by 

n 

l)---(x-n+l) = J2S 1 (n,l)x l 1 (see [9,10,12]), (1.6) 
1=0 

and 

oo i 

(i og (i + t)T = J2 jrr^ s ^ 1 + n > n V l+n > ( L? ) 

i=o ( l + n >- 

where n > 0. 

In this paper, we consider the higher-order Daehee of the first kind and the poly- 
Cauchy of the first kind mixed-type polynomials which are given by the generating 
function to be 

mi±i) y Lifk{log{1 + + tr = g D$r.k) {x) r (L8) 

' n=0 

where k, r G Z> 0 . 

When x = 0, £>i r,fc) = £>i r ' fe) (0) are called the higher-order Daehee of the first kind 
and the poly-Cauchy of the first kind mixed-type numbers. 

Let C be the complex number field and let F be the set of all formal power series 
in the variable t: 

{°° f k ) 
f{t) = ^a k - \a k €C\. (1.9) 
k=o ' J 

Let P be the space of polynomials over C in variable x and let P* be the vector 
space of all linear functionals on P. The action of the linear functional L on the 
polynomial p(x) is denoted by (L \ p(x)), and the addition and the scalar multi- 
plication on P* are respectively given by (L + M \ p{x)) = (L \ p{x)) + (M \ p(x)), 
and (cL \ p(x)) — c(L \ p(x)), where c is a complex constant in C. Let f(t) E T. 
Then we define the linear functional on P by setting 

(f(t)\x n ) - a n , (n > 0), (see [20]). (1.10) 
From (1.9) and (1.10), we can derive the following equation: 

(t k \x n )=n\8 nM , (1.11) 
where 8 n .k is the Kronecker's symbol and n,k e Z> 0 . 

For f L (t) = Er=o ( ^jfl tk > we have (h(t)\x n ) = (L\ x n ). So, the map L ^ f L (t) 
is a vector space isomorphism from P* onto T . Henceforth, T denotes both the 
algebra of formal power series in t and the vector space of all linear functionals on 
P, and so an element f(t) of T will be throughout of as both a formal power series 
and a linear functional. We call T the umbral algebra and the umbral calculus is 
the study of umbral algebra. 
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The order o(f(t)) of a power series f(i)(^= 0) is the smallest integer k for which 
the coefficient of t k does not vanish. If o(f(t)) = 1, then f(t) is called a delta series; 
if o(f(t)) = 0, then g(t) is called an invertible series. For o(f(t)) = 1, o(g(t)) = 0, 
there exists a unique sequence S n (x) (degS n (x) = n) such that 
(g(t)f(t) k \ S n (x)) = n\8 nt k for n, k > 0. The sequence S n (x) is called the Sheffcr 
sequence for (g(t), f(t)) which is denoted by S n (x) ~ (g(t),f(t)). For f(t),g(t) G T 
and p{x) e P, we have 

(f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\f(t)p(x)), (1.12) 

and 

00 00 fe 

/(*) = £</(*)!**) M' p{x) = E^bw) |i > ( see t 2 °])- ( L13 ) 

fc=0 ' fc=0 

From (1.13), we easily get 

t k p(x) = p^Xx) = C?fc ^, and e yt p(x) = p(x + y), (sec [20]). (1.14) 
Let S n (x) ~ (g(t),f(t)). Then we have the following equations (see [10,20]): 

—j—e*™ = V 5„(x)-, /or a/; xeC, (1.15) 
<?(/(*)) ™ ! 

where /(t) is the compositional inverse of /(i) with f(f(t)) = 1. 



" 1 

/(t)S n (a;) - nS n _i(a:), (n > 0), S„(z) = E ($(/(*))"7(*) J '| *")^ (1-16) 
5„(x + y) = E (?)'S'/( a; )- p r l -i(y), where p n (x) = g(t)S n (x), (1.17) 



=o 



^(.<-) = (s-tSt)^^*), (LIS) 



ff(t) 



and 



(/(t)|xp(x)) = (W)!^)), ^^ = E (?) </Wk"" z )^W- (i-is) 

i=o ^ ' 

For 5„(x) - (ff(t), /(*)), r n (a;) - (h(t),l(t)), we have 

n 

S n (x ) = E Cr,,mrm(a:), (n > 0), (1.20) 

where 



a:"), (see [10,20]). 



C 1 / Hm Kf(t)Y 

In this paper, we investigate some properties of the higher-order Daehee of the 
first kind and poly-Cauchy of the first kind mixed type polynomials and we give 
some identities of those polynomials which are derived from umbral calculus. 
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2. Higher-order Daehee of the first kind and poly-Cauchy of the 
first kind mixed type polynomials 

From (1.8) and (1.15), we note that 

e<-l\ r 1 



Thus, by (2.1), we get 

V-lY I 



t ) Lif k (t) 



- e* - 1 

' J Lif k (ty J- 



(2.1) 



(2.2) 



and 



(x) n = x(x - 1) • • • (x - n + 1) ~ (1, e* - 1). 
By (2.2), we see that 

D ( ;< k) (x) = Lif k (t)(x) n = J2 Si(n,m) (^7) Lif k (t)o 

m=0 1=0 y ' V 7 

n m / m \ 

= EE^>™)«H^-< ( * ) - 

m=0 1=0 V ' 

Threrfore, by (2.3), we obtain the following theorem. 
Theorem 2.1. For n > 0, we have 



(2.3) 



n m 



Now, we observe that 
log(l + t)V 



m=0 1=0 



uf k {\og{i + t)){\og{i + t)y 

Iog(l + t)V 



(=0 



n-j .. n-l-j 
J 



m=0 
n—l—j 



Lz/ fe (log(l + i))x"-'^ 
log(l + i) 



n-l-j-m 



=o 

n-j 



m=0 



eeK")(™) Si< "- u)CS) ^ 

J=0 m=0 \ / V / 



(r) 

m "i— m" 



(2.4) 



Therefore, by (1.16), (2.1), and (2.4), we obtain the following theorem. 
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Theorem 2.2. For n > 0, we have 

= E IE t (D 0 S ^ - l >fi<% )D P>n) ^ 
j=0 { 1=0 m=0 V / V / J 



By (1.11), (1.14), (1.15), and (2.1), we get 



^%HEA (r ' fe) o4 



i=0 



/log(l + t)V 



/log(l + i) 



V 1 ) 
Lif k (io g (i + t))(i + t)y x n 



Lif k (io g (i + t))(i + t)y 



V t 

= E^(-,)^((«^ 
= E(?) c M*>(-»). 



t 



Therefore, by (2.5), we obtain the following theorem. 
Theorem 2.3. For n > 0, we have 



1=0 



From D ( n' k \x) ~ (f^)*" Li^t)' e ' _ X )' we note that 



t J Lif k (t) 



By (1.17) and (2.6), we get 



It is not difficult to show that 



D^(x + 1) - D™(x) = (e 4 - l)D^ k \x) = nD™{x) 
From (1.18) and (2.1), we have 

D™(x) = xD™{x 1) - e-*^D™{x), 



where g(t) — y^-j— 
Here, we observe that 

g'(t) 



Lifk(t)- 



9(t) 



(Iog(ff(t)))' = (rlog(e t - 1) - r log t - \og(Lif k (t)))' 

te* - e* + 1 _ Lz^ft) 
r t(e*-l) Li/ fc (t)' 



(2.5) 



(2.6) 

(2.7) 

(2.8) 
(2.9) 



(2.10) 
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It is easy to show that 



n=0 (2-11) 

= B 1 (l)t+^B 2 (l)t 2 + ---= 1 -t + --- . 



From (2.11), we note that 



te*-e* + l /<\(x)^ 



,„_„,_„ (m-i + 1)* e*-l V ' ' 1 ; 

m=0 ;=o v ; v 7 



E E *<«■ ") ( , +1) (i'l, + 1) > E(-'V ; >*£>.-,<*> 

m=0 til ; j=0 

m=0 Z=0 



(2.12) 



By Theorem 2, we get 



te* - e* + 1 



t(e* - 1) 
ie* - e c + 1 



t j, , i n ( n ~i 1 



t(e*-l) ^- , 

n -. n—j I 



(2-13) 

Now, wc observe that 
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"• f «' ) (i^w I '-'' >w ) =i * <t) (^i) rw " 

Y J S 1 {n,m)Lif k {t)[ — \ x m 



m=0 
n 

^Si{n,m)IAf k {t)B£>{x) 

m=0 



B ( 1 

= V Si(n,m) (Lifc fc _i(t) - Li/ fc (t)) m+ , ll f j 
t^o 171+1 

n a i \ /m+1 i m+1 / \ 

- V ^ l(n ' m) f V B {r) fx) - V i? (r) fx) I 

n 0 / \ /m+1 /m+l\ m+1 /m+l\ N 

- V ^ l(n ' w) I V ' 1 ' B {r) (x) - V ' 1 ' B ir) (x) 



(2.14) 



, /=0 v ' 1=0 

m+1 



\ - 5i(n,m) /m + l\ j (r) 

2^ m + i 2^ i J(/ + i)^™+i-' w - 



m=0 i=l 

Therefore, by (2.9), (2.10), (2.12), (2.13), and (2.14), we obtain the following 
theorem. 

Theorem 2.4. For n > 0, we have 

n m /m\ 

(*) = xD ™ (.-lj-rS&iM) + + 



n m+1 / m \ 
m=0 ;=i ^ + ^ 

j=0 ■' 1=0 m=0 V / V / 



l — m 



n m+1 / m \ 

+ EE7r^^ (n ' m) ^- i( ^ 1) - 

m=0 J=l ^ + ^ 



Now, we note that 
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(]og(l + t)\x n - l ) = { £ 



(-l) m -H r - 



\ m—l 

\n-l-li 



1~l 



(-ir-y-i)^ 



t m— 1 



m! 



= {-l) n - l -\n-l- 1)!. 
From (1.19), (2.1), and (2.15), wc have 



(2.15) 



d_ 

dx 



n-l , s. 

Di r ' k \x) = g Q (-l)""'" 1 ^ - I l)\D\ r ' k \x) 

(_l)n-i-l 



=0 

n-l 

! £ 

Z=0 



H(n-i) 



-D, (r ' fc) (x). 



Therefore, by (2.16), we obtain the following theorem. 
Theorem 2.5. For n > 1, we have 



d 

dx 



n-l-l 



Wc note that 



(2.16) 



/ 



9* 



log( ^ ) ) r w fe (iog(i + t) ) (i + tr 



flog(l + i) , , .,.„..„.,, , M1 ,., , 



+ 



V * 

^ log(l + t) 
Iog(l+t)V 



Lt/ fc (Iog(l + t))(l + t) 
Li/ fc (log(l+t))(l + t)» 



(9 e Li/ fc (log(l + t)))(l + t)» 



f{ 1 log ( 1 + t ^ Li/ fc (log(l + *))($(! + *)») 



„n-l 



log(l + i) 



Li/ fe (log(l + *))(! + if 



„n-l 



; ( ( q ° g(1+t) ) (ftLiA(l0g(l+t)))(l + t)» 



(2.17) 



Now, wc observe that 
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log(l + t) 
t 

log(l + t) 

t 



Li/ fc (log(l + t))(l+t)» 



r-l 



Li/ fc (Iog(l + t))(l + t)» 



_J log(l+t) 

1+t 



r / /log(l + t) 



Li/ fc (Iog(l + t))(l + t) 8 



1 + t 



r I /log(l +t) 



Li/ fc (log(l + t))(l + t)» 



--D^ k \y) + -Dir 1 - k) (y-l), 



and 



(2.18) 



lo 



i ^ ± ^) r (^Li/ fc (io g (i + 1))) (i + ty 

log(l + i) \ r Lif^logil + t)) - L»/ fc (log(l + i)) 



(l + t)log(l + t) 



(!+*)" 



„n-l 



log(l + i) 



1 / /log(l + i) 



Lt/fc-iQog(l + f)) - Li/ fc (log(l + t)) jn _ 1 



r-l 



Li/ fc _i(log(l+t))(l + t) 



1 / /Iog(l + t) 



r-l 



L»/ fc (log(l + t))(l + t) 



= I^-^)( y -l)_ 1^-^(2/ -1). 
Thus, by (2.17), (2.18) and (2.19), we get 



(2.19) 



D^ k \y) = V d£% - 1) - -D^(y) + -D^- k \y 1) 

(2 20) 

+ I D ( r -i.*-i) (tf _l)_I I j( r -i,*) (! ,_l ) . 

Therefore, by (2.20), we obtain the following theorem. 
Theorem 2.6. For n > 0, we have 



n + r 



n + r 



Now, we compute ( ( '° s( t 1+t) ) r Lt/ fc (log(l + t))(log(l + t)) r 
ent ways. 

On the one hand, 



x n ) in two diffcr- 
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^ log(l+t) 
log(l + t) 



Lz/ fc (log(l + i))(log(l + i)) J 



t 



Lt/ fc (Iog(l + t)) 



E 

1=0 

n—m 

E 

1=0 

n—m 



(/ + to)! 

to! 
(I + to)! 



Si(l + m,m)(n)i +ri 



Si(l + to, m){n)i +m D n ^ l 



(\og(l+t)) m x r 



log(l + t) 



(r,fe) 



Li/ fc (log(l+t)) 



5i(n-Z,m)Dj 



(r,fe) 



(2.21) 



On the other hand, 

'l og(l + t) 
t 



= d t 



Li/ fc (Iog(l + t))(log(l+t)) 

Li/ fc (log(l+t))(log(l + t)) m 
Li/ fc (Iog(l + t))(Iog(l + t)) 



log(l + *)^ 

log(l + t )V 
t 



+ 



+ 



log(l + 1) 



log(l + *) 



(d t Lz/ fc (log(l+i)))(log(l + t)) r 



Li/ fc (log(l + i))(5 t (log(l + t)) m ) 



„n-l 



„n-l 



(2.22) 



Here, we observe that 



n, ( loga + t) N ) \uf k {\og{i + t)){\o g {i + t)y 



„n-l 



1 / -i I i \ \ r-1 1 log(l+t) 

log(l + i)\ Y+i 1 — 



^( 1 ° g( ^ ) ) r "^(log(l + t))(l 0g (l 



Li/ fc (Iog(l + t))(Iog(l + t)) 

1 log(l + t) 



„n-l 



■*)) 



/log(l+t)V 



Lif k {\o g {i + t)){i + ty l 



l + t t 



n\\ t J 

(Iog(l + t)) m x n 

ri — rn / \ n — m / \ 

= I E m!^JS 1 (n-Z >m )Z?|- 1 - fc >(-l)- £ £ ml (JJ *(» - i, 



r n (( 10g ^YLif k (log(l + t)) 



(r.k) 



(2.23) 



708 



DAE SAN KIM ET AL 699-714 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



HIGHER-ORDER DAEHEE OF THE FIRST KIND 



11 



log(l + f) 

t 



(d t Lif k (log(l + t)))(log(l+t)Y 



log(l +t)V L»/ fc _i(Iog(l + t)) - L»/ fc (log(l + t)) 



1 / /log(l + i) 



r-1 



1 / /log(l+i) 



n 



(l + t)log(l + t) 
^/ fe _ 1 (log(l + t))(l + t)- 1 



^/ fe (log(l + t))(l + t)- 1 



(log(l + t)) r 



„"-l 



(io g (i+i)rx™ 

(log(l + t)) m x" 



1 n—m / \ _. n—m / \ 



and 



(2.24) 



'° K(J Li/,(iog(i+i))(5t(io g (i+i)r) 



= m< I l0g(1+t) N l Lz/ fc (log(l + <))(l + t)- 1 



m— 1 ™n— 1 



(logCi + t))" 1 -^ 



™- m ( m _i)| 

= m TT, TYi^C + to - l,m - - l);+ m _i 

^ (Z + m- 1)! 

( 1 ° g( ^) r W fc (log(l + t))(l + t)- 



n—m y 1 

m^(m-l)!f" S 1 (n-l-l,tn-l)J){ r '' ) 



(-!)■ 



Thus by (2.21), (2.22), (2.23), (2.24), and (2.25), we get 

n—m / \ 

m\( n )S 1 {n-l,m)D\ r > k) 

n—m y n. n—m , 

Z=0 v 7 z=o v 7 

1 n—m / \ 

xS 1 (n-l,m)Dj r ' k) + m!("j5i(n-Z,m)£> I (, - 1,fc - 1) (-l) 
n z=o ^ ' 

-±E m, (?W n -i> ro )A (r_1, Vi) 

n—7n / _. 

+ m J] (m - 1)! ( " 7 ) S a (n - / - 1, m - l)£ ; (r ' fe) (-1). 
Therefore, by (2.26), we obtain the following theorem. 



(2.25) 



(2.26) 



709 



DAE SAN KIM ET AL 699-714 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



12 DAE SAN KIM, TAEKYUN KIM, AND SANG-HUN LEE 

Theorem 2.7. For n > m > 1, we have 

n—m / \ 

£ (J)s,( n -!,m)l>r> 

=^ff (:)*(-«.m) D r-' ( -i) 

+ ^E(^ 1 (-^)^- 1 ' fe - 1) (-i) 

n—m / i \ 

+ ("y^ac-i-i-m-i^'f-D. 



Let us consider the following two Sheffer sequences: 

v-i\ r i 



t j Lif k (ty 

Then, from (1.20), we have 



e'-l , (^-(M'-l). 



(2.27) 



m=0 



where 



1 //log(l + i) 



m! \ V i 
/M / / log(l + i) 



■m 



n \ {r .k) 

m n - m ' 



t 



Li/ fc (Iog(l + t)) i m :r/ 
Li/ fc (log(l + t)) 



Therefore, by (2.28) and (2.29), we obtain the following theorem. 
Theorem 2.8. For n>0, we have 



m=0 v 7 m=0 \ / \ / 



(r,fe) 
n—m' 



For D^z) ~ ((^)" ^,e< - l),Hk'\x\X) ~ ((£*)',*), 
let us assume that 



(2.28) 



(2.29) 



D£*\x)='£C n , m HV>{x\\). 



m=0 



Then, from (1.20), we note that 



(2.30) 
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log(l + 1) 



m!(l - A) s 



L»/ fc (log(l+t))(Iog(l + t)) T 



(l- x + tyx 1 



3=0 

Iog(l + t)V T . 



t 



Lif k (\og(l + t))(log(l+t)Y 



r n—J 



n—m n—m—j 



j=0 1=0 

n—m n—m—j 

= E E 

]=0 1=0 



E E (;) u-A)-'(»o 



n - j 



S 1 (/ + m,m)D^ I _, 

\i -r /it./ J 



Therefore, by (2.30) and (2.31), we obtain the following theorem. 
Theorem 2.9. For AeC wrai/i A ^ 1, n > 0, we /iawe 



n I n~m n—m—j 

Let us consider the following Sheffcr sequences: 



(2.31) 



n [ n—m n —m— j / \ / _ j\ | 

= EjE E Q)( ^ )(»)j(l-A)->Si( n -j-^^^ 



e*-lY 1 



t / £*/*(*) 



1 , B<£\x) 



Then, from (1.20), we have 



D^ k \x)=Y,C n ,mB^\x), 



m=0 



where 



e*-l 



t) . (2.32) 



(2.33) 



(log(l+t)) 
(log(l+t)) 



Li/ fc (log(l+t)) 



(io g (i + ;))"V' 



(2.34) 
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Casel. For s > r, we have 



n—m 

= — T 



m\ ^—^ (Z + m)\ 



S\(l + m, m)(n) 



l+m 



• < l >log(rT7y ] Lif k{ lo g {l + t)) 



„n—i — m 



1=0 



(s— r,fc) 



(s— r,fe) 



E I w><")< 



Case2. For s = r, we have 



(2.35) 



C n , m = —. (Lif k (log(l + t))\ (log(l + Z)) m x™} 



n—m | 

= "I E 77^ ( ^ia + ™,m)(n) ;+m <i i / fe (log(l+t))| a ;"-'- m ) , 
mi (/ + my. 

n— m / \ n—m , 



36) 



z=o 



Case3. For s < r, we note that 



it — in i 

1 v-^ m! ^ /> X/ X 

m! ^— ' (Z + ml! 

z=o v ; 

x((!^)"^(lo g (l + ( )) 



(log(l + t))™^ 



J=0 



E (z + m) 5l(Z + m ' m) ^-™ = E (?)5i(n-I,»»)i?, (r - fc) . 



z=o 



(2.37) 



Therefore, by (2.33), (2.34), (2.35), (2.36), and (2.37), we obtain the following 
theorem. 



712 



DAE SAN KIM ET AL 699-714 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



HIGHER-ORDER DAEHEE OF THE FIRST KIND 



15 



Theorem 2.10. Let n > 0. Then we have 




(*) = E E rAsAn-Um^SB^ix), if s = r 



m=0 L 1=0 
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ON A NEW OPERATOR FROM HARDY SPACE TO n-TH 
WEIGHTED-TYPE SPACE ON THE UPPER HALF-PLANE 

ZHI-JIE JIANG, YONG YANG, AND JIAN-MIN YUE 



Abstract. Motivated by some recent results of operators on analytic function 
spaces, the boundedness of operator denned by H^™' / = u ■ /( m ) o ip from the 
Hardy space to the n-th weighted-type space on the upper half-plane 11+ = 
{z 6 C : Imz > 0} is characterized. 



1. Introduction 

Let n + = {z G C : Imz > 0} be the upper half-plane in the complex plane C 
and H(H + ) the space of all analytic functions in II + . For p > 0, the Hardy space 
iP>(II + ) consists of all / G H(IL + ) such that 

/+oo 
\f(x + iy)\ p dx < oo. 
-oo 

When p > 1, the Hardy space with the norm || • ||_HP(n + ) becomes a Banach space 
(a Hilbert space when p — 2) , and when 0 < p < 1 , 

d(f,g) ■= \\f-g\\ p H p{u + ) 

defines a Frechet space distance on H P (H + ). For some details of Hardy space and 
some operators on it see, e.g. [2], [3], [9] and [11]. 

Let fi(z) be a positive continuous function on a domain X C C and H{X) the 
space of all analytic functions in X . For fixed n G No, the n-th weighted- type space 
on X denoted by W^' \X) consists of all / G H(X) such that 

b w (n Hx) (f) ■= sup/i(*)l/ (n) (*)l<°°- 

When n = 0, n = 1 and n = 2, the space is called the weighted-type space, the 
Bloch-type space and the Zygmund-type space, respectively. Some information of 
these spaces on the unit disc B={zgC:|z|<1} and some operators can be 
found, e.g., in [4], [7], [8], [10], [13] and [15]. This considerable interest in Zygmund- 
type spaces, as well as a necessity for unification of weighted- type, Bloch-type and 
Zygmund-type spaces, motivated people to define the n-th weighted-type space. 
The quantity b w ( n) ^ (/) is a semi- norm on the n-th weighted-type space V\?j?^ (X) . 

A natural norm on the n-th weighted-type space W^\x) is defined by 

n-l 

H/llwW W = El/ (j) ( a )l + & wW(x)(/)' 

1=0 



2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37. 
Key words and phrases. Hardy space, upper half-plane, n-th weighted-type space, a new 
operator. 
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where a is an element in X. Under this norm, wjT\X) becomes a Banach space. 
For X = n + , we obtain the n-th weighted-type space W^ l \li + ), and on this space 
the norm is 

ll/llw«(n + ) = El/°' ) «l+ sup /x(*)l/ (n) (*)l- 

Let cp be an analytic self-mapping of X and u the analytic function on X. For 
m G No, we define the operator on H(X) by 

^™ ) /W = ^)-/ (ro) (^)), zex. 

It is easy to see that if m = 0, then wi™^ := W UiV is the weighted composition 
operator. When m — 0 and tt(z) = 1 for all z £ X, the operator wi"^ := C v is the 
composition operator. So, the operator can be regarded as a generalization 

of the weighted composition and composition operators. 

For the operator Wu"$ , a natural problem is how to characterize the bounded- 
ness or compactness in terms of function theoretic properties of u and ip. During 
the past few decades, composition operators have been studied extensively on ana- 
lytic function spaces on the unit disc or the unit ball. One can consult [1] and [12] 
for the general theory of this operator. As a consequence of the Littlewood's subor- 
dination theorem, it is well-known that every composition operator is bounded on 
Hardy spaces. However, when people consider the Hardy space on the upper half- 
plane, they find that the situation is entirely different. There do exist unbounded 
composition operators on this space. Matache [9] proved that there didn't exist 
compact composition operators on Hardy space of the upper half-plane. Because 
of these facts of composition operators, many authors recently have begun to study 
them on analytic functions spaces of the upper half-plane. The present author 
in [4] characterized the boundedness of composition operators from the weighted 
Bergman spaces to the weighted-type, Bloch-type and Zymund-type spaces with 
the weight u(z) — Imz on the upper half-plane. In [15], Stevic generalized the 
result of [13]. In [5], the present author characterized the boundedness of composi- 
tion operator from the weighted Bergman space to n-th weighted-type space with 
fi(z) = Imz and n = 4. 

Motivated by [4], [5], [13] and [15], in this paper we characterize the bounded 
operator from the Hardy space to the n-th weighted-type space on the upper 

half-plane. This paper can be regarded as a generalization of results in [13] and 
[15]. 

By the definition of the norm of linear operator, we have 

W^\\ HP(n+) ^ {n+) = bup ||^)/|| w <„ )(n+) . 

ll/llffP(n + )<l 

Obviously, this quantity is finite if and only if the operator W^p : H P (U + ) — > 
W^(n + ) is bounded. In this paper, we shall give an asymptotically expression to 
the norm of this operator. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation oxd means that there is a 
positive constant C such that a/C < b < Ca. 
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2. Main results 
First, the following lemma was proved in [15]. 
Lemma 2.1. Suppose that p>l, n G N and w G n + , then the function 

(z — w) n 

belongs to H p (Tl + ) and sup tuen+ \\.f w , n \\Hp(u + ) < ^ ■ 

Lemma 2.2. Suppose that p > 1 and n G N 0 , then there exists a constant C > 0 
independent of f such that for all z G II + it follows that 

i/(")(z)i<c ll/l|g ; (n t ) 

(Imz)" + p . 

Proof. For each / G H P (H + ), it follows from Cauchy's integral formula that 



Differentiating in (1) under the integral sign n times , we have 
Then 

By the change t — x = sy, we have 

f -+°° iT , _ f + °° ds 

oo [(^F + W^ 1 ^ loo (l + a 2)(n+l)/2 -^n<0O. 

From (3) and applying Jensen's inequality in (2), we get 



\&\z)\ P <d n j 
i n j_ 



qq [(i-a^ + J/ 2 ]^ 1 )/ 2 ^ 

+ CO 



oo 7^ 



_ , ll/llffp(n + ) 

where <i„ = (c„n!/27r) p . The desired result is obtained. 

The following lemma was obtained in [14]. 
Lemma 2.3. Suppose that a > 0 and 

1 1 • • • 1 

a a+l ••• a + n— 1 



A, (a) = 



n;=o(a+j) n;=o(«+.? + i) ••• n£o 2 («+j+»-i) 



i/ien L> n (a) = n?=i i ! - 
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Before formulating and proving the main result of this paper, we need introduce 
the following classical Faadi Bruno's formula 

where k — k\ + fc 2 + • • • + k n , and the sum is over all non-negative integers k\, 
fc 2 , k n satisfying k\ + 2k2 + • • • + nk n = n. For the information related to this 
formula see [6] . 

Theorem 2.4. Suppose that p > 1, ip is an analytic self-mapping of H + and 
u € H(U + ), then the operator wi"$ : H P (H + ) — > wj?\ll+) is bounded if and only 
if for each fixed k e {0, 1, n} it follows that 

(4) 

where I = j\ + j 2 H Vjk, an d the sum is over all non-negative integers j\, ji,..., 

j k satisfying ji + 2j 2 + ■ ■ ■ + kj k = k. 

Moreover, if the operator : H P (T1 + ) — > W^(II + )/P n _i is bounded, then 

n 

ll 1 ^M,v''llffp(n + )^wi" ) (n + )/p„_i x X/^ fc ' 

fe=i 

where P n _i is £/ie se£ o/ aZZ polynomials whose degrees are less than or equal to 
n-1. 

Proof. First assume that the operator W$ ■ H p {Ii+) -» w£ n) (II + ) is bounded. 
For any fixed w e n + and constants Ci, c 2 , c m+ „, set the function 

~ h m + n ~ 2 +- 7 + § (* - ™r + " _2+J ' + * ' 

Then Lemma 2.1 shows that /„, G and sup toen+ ||/u,||ijp(n + ) < C- 

Now we prove the following claim. 
Claim: For each fixed k 6 {1, ...,n}, there are constants Ci, C2, c„ such that 

fi k+m) H = - \ k — r, /£ ) W=0, ie{l,...,n}\{fc}. (6) 

(2ilmu;) fe+m+ ? 

Proof of the claim. By differentiating function and letting z = w, we have 

ci + c 2 + • • • + c m+n = 0 
2\ / 2\ /, . 2^ 



(m + n+ - j Cl + [m + n+ 1 + ^)c 2 + • • • + (2(m + n) - 1 + - j 

fc-2 fc-2 

[^(ro + n + j + -)ci+ ]J ( m + n + -? + 1 + ") c 2 + 

j=0 P j=0 P 

fc-2 

JJ (2(m + n)-l+-)c rn+n = l 



Cm-\-n 0 



j=0 
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m+n— 2 



COMPOSITION OPERATORS 
m+n— 2 



3=0 



II (m + n + j+±)c 1+ [] (m + n + j + l+-) 

m-\-n— 2 ^ 

+ ]J (2(m + n)-l+-)c m+n = 0. 



c 2 + 



(7) 



Applying Lemma 2.3 with a = m + n + 2/p > 0, we see that the determinant of 
system (7) is different from zero, from which the claim holds. 

For each fixed k € {1, n}, we choose the corresponding function which satisfies 
(6), and write it by f Wi k, and for k = 0, we write /„, by f w .o- Then by the 
boundedness of the operator W$ ■ HP(U+) -> w£ n) (n + ), we have 

\W$U {w) , k W\ < Il^ ) / V (»),fc|| w (») ( n + )- ( 8 ) 
Faadi Bruno's formula and an easy calculation make the inequality (8) become 



1 -i-r /ip w (w)\Ji 

— ; r IT ■ < °°, (9 



JV- ■■■3k'- {\my{w)y ,_, 

where ji + .? 2 + • • ■ + .7fe = ^ an( l the sum is over all non-negative integers j\, ,]2,---, 
jk satisfying ji + 2j 2 + • • • + kjk = k. This shows that the condition in (4) holds. 

Conversely, assume that the condition in (4) holds. By Faadi Bruno's formula 
and Lemma 2.2, we have 



\\W<$f\\, 



w<">(n + ) 



n-l 



+ sup (u-/ (m) o^)(")(z) 
zen + 



= E|E^/«'(,(.»)ri(^)' 

j— 0 ' J s— 1 



zen+ 

71-1 j 

<EEi/ (,) w*))i E 

j=0 Z=0 



+ sup M-)|E^ ( "- fe H-)E7T^/ (m+ ^^))n(^) 

3 



1=1 



n(^) 



+ c sup ^)yby n - fc) ( Z )y^ — , 1 — 



fe=0 



< 



•en + 
n-l j 

££i/<»mo)i £ 



n(^) 



3=0 1=0 
n 



fc! 



ii ! ' ' ' jfc! (Im<^(z)) 



!/l 



if (n+y 



From this and by the condition in (4) , we prove that W$ : HP(U + ) - W^ n) (n + ) 
is bounded. 
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If we consider the bounded operator : H p (Il + ) — ► W^(II + )/P n _i, then 

from the above we have proved that 

n 

W W u,J\\ Hp(n+)^wi"' (n+)/p„_i x $Z /fc ' 

fc=0 

This is the asymptotically expression in (5), and the proof is end. 
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SOLUTIONS OF THE PELL EQUATION x 2 (a 2 + 2a) y 2 = N VIA 
GENERALIZED FIBONACCI AND LUCAS NUMBERS 



BILGE PEKER AND HASAN SENAY 



Abstract. In this study, we find continued fraction expansion of \fd when 
d = a 2 + 2a where a is positive integer. We consider the integer solutions of 
the Pell equation x 2 - (a 2 + 2a) y 2 = N when N e {±1, ±4}. We formulate 
the ra-th solution (xn,Hn) by using the continued fraction expansion. We also 
formulate the n-th solution (x„,y n ) via the generalized Fibonacci and Lucas 
sequences. 



1. Introduction and Preliminaries 

The equation x 2 — dy 2 = N, with given integers d and N, unknowns x and y, is 
called as Pell equation. In the literature, there are several methods for finding the 
integer solutions of Pell equation such as the Lagrange-Matthews-Mollin algorithm, 
the cyclic method, Lagrange's system of reductions, use of binary quadratic forms, 
etc. 

If d is negative, the equation can have only a finite number of solutions. If d is a 
perfect square, i.e. d — a 2 , the equation reduces to (x — ay) (x + ay) — N and there 
is only a finite number of solutions. If d is a positive integer but not a perfect square, 
then simple continued fractions are very useful. The simple continued fraction 
expansion of \fd has the form \fd = [ao, a\, a<i, as, a m -i> 2aol with ao = V~d . 
If the fundamental solution of x 2 — dy 2 = 1 is x = X\ and y = yi, then all nontrivial 
solutions are given by and y = y n , where x n + y n Vd = (xi + yiVdj ■ 

If a single solution (x,y) = (g,h) of the equation x 2 — dy 2 — N is known, other 
solutions can be found. Let (r, s) be a solution of the unit form x 2 — dy 2 = 1. Then 
(x, y) = (gr ± dhs, gs ± hr) are solutions of the equation x 2 — dy 2 = N. 

Given a continued fraction expansion of y/d, where all the a,'s are real and all 
except possibly ao are positive, define sequences {p n } and {q n } by p-2 — 0, p_i = 1, 
Pk = akPk-i +Pk-2 and q_ 2 = 1, 9-1 = 0, q k — a fe q fe _i + q fe _ 2 for k > 0. Let m 
be the length of the period of continued fraction. Then the fundamental solution 
of x 2 — dy 2 — 1 is 

( (p m -i,Qm-i) if m is even 

\ (P2m-l,02m-l) if Til is odd. 



Date: March 6, 2013. 

2000 Mathematics Subject Classification. 11D09, 11D79, 11D45, 11A55, 11B39, 11B50, 11B99 

Key words and phrases. Diophantinc equations. Pell equations, continued fraction, integer 
solutions, generalized Fibonacci and Lucas sequences . 
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If the length of the period of continued fraction is even, then the equation 
x 2 — dy 2 — — 1 has no integer solutions. If m is odd, the fundamental solution of 
x 2 - dy 2 = -1 is given by (a;i,j/i) = (p m -i, QW-i) [4]. 

Now let us give the following known theorems [5] that will be needed for the 
next section. 

Theorem 1. Let d = 2 (mod 4) or d = 3 (mod 4) . Then the equation x 2 — dy 2 = —4 
has positive integer solutions if and only if the equation x 2 — dy 2 = — 1 has positive 
integer solutions. 

Theorem 2. Let d = 0(mod4). If fundamental solution of the equation x 2 — 
(d/4)y 2 = 1 is xi+yi \Jd/A, then fundamental solution of the equation x 2 — dy 2 = 4 
is (2x 1 ,y 1 ). 

Theorem 3. Let d = 1 (mod 4) or d = 2 (mod 4) or d = 3 (mod 4). If fundamental 
solution of the equation x 2 — dy 2 = 1 is x\ + yiVd, then fundamental solution of 
the equation x 2 — dy 2 = 4 is (2xi, 2yi). 

The next two theorems can be found in [2] and [5] . 

Theorem 4. Let xi+yiVd be the fundamental solution of the equation x 2 —dy 2 = 4. 
Then all positive integer solutions of the equation x 2 — dy 2 — 4 are given by 

x n + y n Vd=(x 1 + yi Vd) " /2™- 1 

with n > 1. 

Theorem 5. Let x\ + yiVd be the fundamental solution of the equation x 2 — dy 2 = 
—4. Then all positive integer solutions of the equation x 2 — dy 2 = —4 are given by 

/ i-\ 2n ~ 1 

Xn + VnVd = \ X! + yiVdj jl 2 ^ 2 

with n > 1. 

In this study [3], since generalized Fibonacci and Lucas sequences related solu- 
tions of the forthcoming Pell equation are going to be taken into consideration, let 
us briefly recall the generalized Fibonacci sequences {U n (k, s)} and Lucas sequences 
{V n (k,s)}. Let k and s be two non-zero integers with k 2 + 4s > 0. Generalized 
Fibonacci sequence is defined by 

U 0 (k, s) = 0, Ur (k, s) = 1 

and 

U n+1 (k, s) = kU n (k, s) + sU n -i (k, s) 
for n > 1. Generalized Lucas sequence is defined by 

V 0 (k, s) - 2, V 1 (k, s) = k 

and 

V n+1 (k, s) = kV n (k, s) + sV n -i (k, s) 
for n > 1. It is also well-known from the literature that generalized Fibonacci and 
Lucas numbers have many interesting and significant properties. Binet's formulas 
are probably the most important one among them. For generalized Fibonacci and 
Lucas sequences, Binet's formulas are given by U n (k, s) = a a Zp and V n (k, s) — 
a n + (3 n where a = (k + Vk 2 + 4s) /2 and f3 = (k - Vk 2 + 4s) /2 [7]. 
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There are a large number of studies concerning Pell equation in the literature. 
Guney [1] solved the Pell equations x 2 - (a 2 b 2 + 2b) y 2 = N when N e {±1,±4}. 
In this study, we consider the integer solutions of the Pell equation 

x 2 - (a 2 + 2a) y 2 = N 

in terms of the generalized Fibonacci and Lucas numbers. 

2. Main Results 

We consider the integer solutions of the Pell equation 
(1) E : x 2 - (a 2 + 2a) y 2 = 1. 

Theorem 6. Let E be the Pell equation in (1). Then the fallowings hold: 

(i) The continued fraction expansion of Va 2 + 2a is 

\/a 2 + 2a = [a; 1,2a] . 

(ii) The fundamental solution is 

(xi,yi) = (a + 1,1) 

(iii) The n-th solution (x n ,y n ) can be find by 

^ = [a;(l,2a) n _ 1 ,l] 

where (1, 2a) n _ 1 means that there are n—1 successive terms (1, 2a). 
Proof, (i) 

Va 2 + 2a = a + (v 'a 2 + 2a - a) = a + . . 1 

1 1 2a 

= a H — = a + \ 

= Q+ iq 'i ■ 

Therefore \J a 2 + 2a — [a; 1, 2a] . This completes the proof. 

(ii) The period length of the continued fraction expansion of Va 2 + 2a is 2. 
Therefore, the fundamental solution of the equation x 2 — (a 2 + 2a) y 2 — 1 is pi + 
qiVa 2 + 2a. It is easily seen that p\ = aip 0 +p~i = a + 1 and qi = a\q 0 + q_i = 1. 
That is, the fundamental solution of x 2 — (a 2 + 2a) y 2 — 1 is (x\, y\) = {a+1, 1). 

(iii) For n = 1, we get ^- = [a; 1] = a + \ — s ^-. Hence it is true for n = 1. 
We assume that (x n ,y n ) is a solution of x 2 — [a 2 + 2a) y 2 = 1. That is, |^ = 

[a; (l,2a)„_i, 1]. 

Now we must show that it holds for (x n+ \, y n +i)- 



+ 1 1+7 



= a + 



^ ...2a + l 
1 



1+ a + a+- 



_ (a+l)x n + (a 2 +2a)y„ 
x n + (a+l)y n 
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(x n+ i, y n +i) is a solution of x 2 — (a 2 + 2a) y 2 = 1 since x n+l — (a 2 + 2a) y 2 +1 = 
((a + 1) x n + (a 2 + 2a) y n ) 2 - (a 2 + 2a) (x n + (a + 1) y n f = x 2 n - (a 2 + 2a) y 2 n = 
1. □ 

Theorem 7. positive integer solutions of the equation x 2 — (a 2 + 2a) y 2 = 1 

are given by 

(x n ,y n ) = ((y„(2a + 2,-l))/2,Z7 n (2a + 2,-l)) 

w«£/i n > 1. 

Proof. By Theorem 6-ii, all positive integer solutions of the equation x 2 — (a 2 + 2a) y 2 = 
1 are given by 

Xn "T ^/n V« 2 + 2a = (a + 1 + y/ a 2 + 2a 

with n > 1. Assume that a = a + 1 + V» 2 + 2a and /3 = a + 1 — Va 2 + 2a. Then 
a - /3 = 2Va 2 + 2a. 

x„ + j/„ V a 2 + 2a = a n 

and 

- j/„ V a 2 + 2a = 0". 

Therefore x„ = = YM^ll and y „ = _^_£^ = 9L^|!1 = ^ ( 2a + 2, -1) . 

That is, (x n ,y n ) = (^f^, U n (2a + 2, -1)) . □ 

Theorem 8. T/ie Pell equation x 2 — (a 2 + 2a) y 2 = —1 has no positive integer 
solutions. 

Proof. The length of the period of continued fraction \J a? + 2a is 2, that is even, 
then the equation x 2 — (a 2 + 2a) y 2 — — 1 has no positive integer solutions. □ 

Theorem 9. The fundamental solution of the Pell equation x 2 — (a 2 + 2a) y 2 = 4 

is 

(si.yi) = (2a + 2, 2). 

Proof. If a is odd, then a 2 + 2a = 3 (mod 4). It is obvious from Theorem 3 and 
Theorem 6-ii. 

If a is even, then a 2 + 2a = 0 (mod 4). Let a = 2t. Then the equation becomes 
x 2 — (4£ 2 + 4i) y 2 = 4. Therefore we consider the Theorem 2. That is, we must 
check the equation x 2 — [t 2 + t) y 2 = 1. 

The continued fraction expansion of Vt 2 + £ is 



[1;2 ] if £ = 1 

[6; 2, 26] ' if £ > 1. 

Then the fundamental solution of the equation x 2 — (t 2 + t) y 2 = 1 is (2£ + 1, 2). 
Therefore, from the Theorem 2, the fundamental solution of the equation x 2 — 
(At 2 + 4£) y 2 = 4 is (4£ + 2, 2) i.e. (x, y) = (2a + 2, 2). This completes the proof. 

□ 

Theorem 10. All positive integer solutions of the equation x 2 — (a 2 + 2a) y 2 = 4 

are given by 

(x n , y n ) = (V n (2a + 2, -1) , 2U n (2a + 2, -1)) 

with n > 1. 
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Proof. Using Theorem 4 and Theorem 9, all positive integer solutions of the equa- 
tion x 2 — (a? + 2a) y 2 = 4 are given by 

Xn+VnVa 2 + 2a = (2a + 2 + 2\fo? + 2a)" /2™" 1 = 2 ((2a + 2 + 2\/ a 2 + 2a) /2 

with n > 1. Assume that a = (2a + 2 + 2\/a 2 + 2a) /2 and /3 = (2a + 2 - 2\/a 2 + 2a) /2. 
Then a - /? = 2V 'a 2 + 2a. 

ir„ + y„Va 2 +2a = 2a" 

and 

x„-y„Va 2 + 2a = 2/T. 
Therefore x„ = a" + /3" = V„ (2a + 2,-1) and y n = = 2^|^ = 

2U n (2a + 2, -1) . That is, {x n ,y n ) = (V n (2a + 2, -1) , 2U n (2a + 2, -1)) . □ 

Theorem 11. Let a > 2. The Pell equation x 2 — (a 2 + 2a) y 2 — —4 has no positive 
integer solutions. 

Proof. If a is odd, then a 2 + 2a = 3 (mod 4). From Theorem 1, we know that the 
equation x 2 — (a 2 + 2a) y 2 = —4 has positive integer solutions if and only if the 
equation x 2 — (a 2 + 2a) y 2 — — 1 has positive integer solutions. But, from Theorem 
8, the equation x 2 — (a 2 + 2a) y 2 = —1 has no positive integer solutions. Therefore, 
x 2 — (a 2 + 2a) y 2 = —4 has no positive integer solutions. 

If a is even, then a 2 + 2a is even. Assume by way of contradiction that there are 
positive integers m and n such that m 2 — (a 2 + 2a) n 2 = —4. a and a 2 + 2a are 
even. Therefore, m is even. Let a — 2k. Then m 2 — (4fc 2 + 4fc) n 2 = —4 and we 
get (to/2) 2 - (k 2 + k)n 2 = -1. 

The continued fraction expansion of \Jk 2 + k is 



if k = 1 
' if k > 1. 

We know that a > 2. Therefore, fc > 1. Thus, the length of the period of contin- 
ued fraction y/k 2 + k is 2, that is even, then the equation (to/2) 2 — (k 2 + k) n 2 = —1 
has no positive integer solutions. So this is a contradiction. Then the equation 
x 2 — (a 2 + 2a) y 2 = —4 has no positive integer solutions. □ 
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Abstract 

We propose a new regime switching autoregressive model for financial time series that improves 
ARMA-GARCH (the hybrid model of autoregressive moving average and generalized autoregressive con- 
ditional heteroskedasticity) performance for high frequency data. Although ARMA - GARCH model 
has been widely used to characterize and model observed financial time series in stock markets at daily 
and lower frequencies (e.g., weekly, monthly), few studies occur on models which can characterize stock 
prices at very high sampling frequencies. We aim to improve ARMA-GARCH performance for high fre- 
quency data. Here, we attempt to incorporate autoregressive hidden Markov model (HMM) into GARCH 
style models to generate better backtesting results than existing models. We estimate and test ARMA- 
GARCH, ARIMA-IGARCH (autoregressive integrated moving average and integrated GARCH model), 
and FARIMA-FIGARCH (autoregressive fractionally integrated moving average and fractionally inte- 
grated GARCH) first and find that the white noise series is not i.i.d. Gaussian. Thus we apply the autore- 
gressive HMM driven model to the white noise series and test it's forecasting effect. The results indicate 
that the standard ARMA-GARCH and our autoregressive-HMM-noises model can both performs good in 
daily S&P 500 log returns, while the autoregressive-HMM-noise model can do better in high frequency 
data. 

Key words: regime-switching autoregressive model, hidden Markov, high frequency financial data, ARMA- 
GARCH model, FARIMA-FIGARCH model 



1 Introduction 

There are two essential aspects of financial returns for many financial decisions: observed process and 
volatility process. Knowing the dynamics of asset returns plays an important role in decision making. 
Volatility is essential in option trading. For example, volatility of exchange rates is an important element for 
pricing current options. 

It is a widely observed phenomenon that volatility is time-dependent in financial data and that volatility 
has the tendency to cluster. The ARCH model and its generalized autoregressive conditional heteroskedas- 
ticity (GARCH) model describe the underlying time-varying volatility behavior so that they allow for both 
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volatility clustering and unconditional heavy tails. Consider an GARCH(p,q) model for observations r t , 

r, =£, 

e, = a t u t , u, ~ N(0, 1) 

p 9 
of = £ a, of_ [ + £ ^e 2 _ , + 7, 
1=1 ;=i 

where ai is the variance of e, conditional on the information available at time t . a t is called the conditional 
variance of £,. ARCH model was introduced by Engle [1982] to model inflation rates, and extended to 
GARCH model by Bollerslev [1987]. Since then, a large number of variants of the initial ARCH and 
GARCH models have been developed. See Bollerslev [2001] for an overview of the GARCH literature. 
While the purpose of ARCH/GARCH models is to model volatilities in financial data, the modeling of the 
conditional mean is still a major concern. Without an adequately specified conditional mean model, the 
statistical inference and empirical analysis might be wrong. A joint estimation of the conditional-mean and 
conditional-variance model is established. The joint ARMA-GARCH model is defined by writing 

p 1 
r t = Yj fl i' r '-i + H b i £ t-i + £ t 

i=l 7=1 

e f = o t u t , u, ~ N(0, 1) 
p <7 

of = £ a,cr 2 _ , + £ pje?_ , + 7, 

The stationary issue of ARMA-GARCH model is studied in Ling and McAleer [2003b]. They also provide 
adaptive estimation in nonstationary ARMA models with GARCH errors in Ling and McAleer [2003a]. 

It is well observed that the GARCH forecasts are too high during volatile periods. This phenomenon 
may be due to a high persistence of individual shocks in those forecasts. Lamoureux and Lastrapes [1990] 
demonstrates that this persistence may arise from the variance process varying between different models. 
For instance, the volatility persists in the high position for some time, and persists in the low position for 
some time. A GARCH model, which cannot capture this constancy of volatility, explains this volatility 
persistence as persistence of individual shocks. This example is illustrated in Timmermann [2000]. A 
parallel explanation for the persistence is Perron [1989] and Perron [1990]'s work that shows the structural 
change in the mean renders it more difficult to reject null hypothesis of unit root, which means permanent 
persistence of shocks occurs in the mean. 

To solve the issue of excessive GARCH forecasts in the volatile period, we extend the GARCH model 
by introducing regimes of different volatility levels. A well known econometric regime-switching model 
is presented in Hamilton [1989]. The model is a nonlinear generalization of an unobserved components 
trend and cycle model, and parameter estimation can be calculated as a by-product of an iterative algorithm 
similar in spirit to the Kalman filter. It is observed that the usual numerical maximum of the likelihood 
functions is subject to computational difficulties associated with the often ill-behaved likelihood surface 
(multiple local maxima, essential singularities, and local increases as boundary conditions are approached). 
Expectation-Maximization (EM) algorithm(Karlis and Xekalaki [2003], McLachlan and Peel [2000]) is used 
to overcome the numerical difficulties. Neftci [1984] suggests a model with transition probabilities that are 
duration dependent. It is clear that understanding duration dependence in business cycle is important to 
understand and forecast business cycle and their economic nature. 

A regime switching model with no autoregressive elements has been first investigated by Lindgren [1978] 
who proves a consistency property of maximum-likelihood estimators obtained for the model which assumes 
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an independent sequence of hidden states from a finite mixture distribution. Lindgren's result states that, 
in case y t actually follows a hidden Markov model, the maximum-likelihood estimators obtained under 
the independence model are consistent for the stationary distribution of y t . Regime-switching models that 
incorporate autoregressive elements can be located in the speech recognition literature Rabiner [1990] and 
Juang and Rabiner [1985]. 

Most models assume a stationary Markov transition process, and also assume only two or three regimes. 
Calvet and Fisher [2004] suggests a model with a much larger number of regimes. These multifractal models 
afford another approach for incorporating long-memory into volatility forecasting. Sims and Zha [2006] also 
advocates a model with a much larger number of regimes. This model's parameters are estimated with prior 
Bayesian information. 

Formal tests of the null hypothesis of no Markov switching have been proposed by Garcia [1998], Hansen 
[2006], Hamilton and Perez-Quiros [1996] and Carrasco et al. [2004]. The problem is to test the null hy- 
pothesis that there are K regimes against the alternative of K+ 1. When K = 1, the null hypothesis is to test 
whether there are any shifts in regimes at all. The parameters driving the dynamic of the underlying Markov 
chain are not identified under the null hypothesis. As a result, the testing problem is non-standard and the 
likelihood ratio test does not converge to a chi-square distribution. Garcia [1998], studies the asymptotic 
distribution of a sup-type Likelihood ratio test. Hansen [2006] treats the likelihood as a empirical process 
indexed by all the parameters (those identified and those unidentified under the null). His test relies on 
taking the supremum of the likelihood ratio over the nuisance parameters. Both papers require estimating 
the model under the alternatives, which may be cumbersome. Carrasco et al. [2004] derives a class of infor- 
mation matrix-type tests and show that they are equivalent to the likelihood ratio test. Hence, our tests are 
asymptotically optimal. Moreover these tests are easy to implement as they do not require the estimation of 
the model under the alternative. 

We propose a new regime switching autoregressive model for financial time series that improves ARMA- 
GARCH performance for high frequency data. Although the hybrid model of autoregressive moving average 
and generalized autoregressive conditional heteroskedasticity (ARMA-GARCH model) has been widely 
used to characterize and model observed financial time series in stock markets at daily and lower frequencies 
(e.g., weekly, monthly), few studies demonstrate models that can characterize stock prices at very high 
sampling frequencies. Here, we aim to improve ARMA-GARCH performance for high frequency data by 
attempting to incorporate autoregressive HMM driven models into GARCH style models to generate better 
backtesting results than existing models. 

The remainder of this paper is organized as follows. Section 2 starts with presenting our autoregressive 
hidden Markov model (HMM). Next, we discusses the limitation of the existing p.d.f. function for the 
autoregressive HMM, and put forth improved density functions under different assumptions. Then, we apply 
the EM-algorithm to estimate the transition matrix of the autoregressive HMM and explore the performance 
of this estimation method in different settings. Finally, we provide an enhanced estimation method for 
autoregressive coefficients. Section 3 focuses on empirical studies. We estimate and test ARMA-GARCH, 
ARIMA-IGARCH, and FARIMA-FIGARCH by using S&P 500 index data. Based on the statistics results 
that the white noise series is not i.i.d. Gaussian, we incorporate autoregressive HMM driven model into 
ARMA-GARCH style models by adding the autoregressive HMM driven element to the white noise series 
and test it's forecasting effect. The encouraging statistic results are shown. Section 4 concludes. 
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2 The model 

2.1 Regime-switching autoregressive models with Gaussian innovations 

In this article, we propose a model for modeling univariate time series. This model is employed for short- 
term prediction of asset prices or returns. This model is based on regime-switching and autoregressive 
models. Consider an observation window of length K moving along the time series data with overlapping 
length M. For example, for time series {s t }, the observation window at time n is vector s n with components 
{s„,s n+ i, . . . ,s„ + k}, and the next window is {s„+m ,Xh+m+i, ■ ■ ■ ,Xh+m+k}- First and second windows share 
M components. Components within each window have autoregressive structure, furthermore, the coefficients 
and volatilities of the autoregressive process follow a two state hidden Markov process (HMP). We present 
the model by writing 

p 

s„=x n a{co„) co n e {l,...,N}, 

where x n is normalized s n , (£)„ denotes a random state, N is the number of states, are Gaussian i.i.d. 
random variables with mean 0 and variance 1, and p is the order of autoregression (Nelson et al. [2001], 
Meyers [2010] and Lai and Xing [2008]). Autoregressive coefficients ct\ and variance a follows discrete 
Markov process. In other words, the state of the Markov chain co n affects the values of the autoregression 
coefficient a, and the scaling parameter a,-. For example, if this is a two state Markov process and the order 
of autoregression p = 2, then a\ G {a\ (l),«i (2)}, «2 G {02(1), #2(2)}, O € {<r(l), <r(2)}. This process is 
driven by transition matrix , p \ ~ Pl . 

J l-p 2 P2 

Rabiner [1990] introduces the density function of the Gaussian autoregressive source in his section on 
autoregressive HMMs. The density function for s is 

/(?) = (27TC7 2 )-fexp -JLsfta) , (2.2) 

where 



p 



8(s,a) 


= r„(0)r(0)+2 


a' 


= [\,a\,...,a p ] 




P-i 


rail) 






n=0 




AT-i-1 


r(i) 


— XnXn+i- 




n=0 



Nevertheless, this probability density function has an significant approximation that are mentioned in the 
literature. We discover the assumption for this approximation, which doesn't hold with respect to short 
sequence of financial or economic data. Moreover, we introduce two accurate density functions those are 
more applicable for financial time series. 

The first improved density function imposes no structure on first p sample data. Given the first p samples 
{x{ . . .x p }, we may rewrite (2.1) as 

Hx = e, 
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where x = {x\ 



,x K }, e = {fii, ••• , e p ,ei, ■■■ , e K - P }, £ ~ N(0, 1) and 

0 0 \ 



H 



f h n 


0 


■ 0 




h 2 i 


• 0 


h p i 


h P 2 ■ 


• h pp 


a p 


a p-i ■ 


a\ 


\ o 


a P 


a 2 



0 0 





0 




#22 



(2.3) 



1 0 
a\ 1 / 



We propose a method to calculate the accurate form of density function for ?as follow: 

1. Compute £j = E(SS* r ) with s = {s\,... ,sk} 

2. Use Eigenvalue Decomposition to get 

/A) ■- o \ 

B T IZ 7 B = j8 = 



V o 



Pk-i J 



where B is an upper triangular matrix, the diagonal elements of which are all unity. 
3. Get the probability density 



/(x|E ? ) = (2^)^/ 2 (ct 2 )-^)/ 2 ffli 



exp{-///'//i/(2(J 2 )}. 



(2.4) 



i=0 



The second improved density function imposes linear autoregressive structure on first p sample data. Aim to 
address the problem of (2. 1) being undefined for the first p samples, we may introduce some ghost variables 
and rewrite (2.1) as 

X\ +01^0+^2^-1 = e l 
X2 +aix\ +CI2XQ = £2 
X3 +aiX2 +a2Xi = £3 



x K + a \x K - 1 + CI2XK-2 = £k 

where are i.i.d. N(0, 1). The parameters are {a\ ,112, . . . ,a p ,xo,x-\ , . . . ,x- p , a}. Variables xo andx_i are 
ghost variables, which can be treated as scalars. Then, the following steps for calculation of the density 
function is similar to the first density function. See details in the references. Comparison of the degrees 
of freedom between (2.3) and (2.5) shows the degree of freedom for the method with linear structure in- 
creases much slower than the one without linear structure as autoregressive order p increases. We prefer a 
parsimonious model with small number of degree of freedom, which is the case here. 
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2.2 Estimation of transition matrix 

The Baum Welch algorithm is a particular case of a generalized expectation-maximization (GEM) algorithm. 
It can compute maximum likelihood estimates and posterior mode estimates for the parameters (transition 
and emission probabilities) of an HMM, when given only emissions as training data. This algorithm has been 
applied to estimate parameters of hidden Markov models with discrete and Gaussian observations (Baum 
et al. [1970], Welch [2003], Baggenstoss [2001], Jelinek [1998] and Bilmes et al. [1998]). Our enhanced 
Baum-Welch algorithm for the autoregressive hidden Markov model that was introduced in last section is 
discussed in this section. We start by introducing notations, then introduce the algorithm, finally, we give a 
brief description of the performance. 

Notation The Markov system can be described at any time by two variables: observation o, and state S t - 
Variable o, is observable and S t is latent. The parameters for the HMM are {A,B,k}, where A = {a,;} is 
the transition matrix, B = {bi(x t )} is emission probability and %i is the initial distribution. Two intermediate 
variables need to be defined first: 



Pt{j) =p (°t+i =Xt+i,...,o T =XT | S, =i). 

Variable OL,(i) can be calculated with the forward method (Rabiner [1990], Frey [2010]) with two steps: 
initialization step 



a,(i) =P(oi =x\, 



,°t — x t i St — i) 



and 



ai(0 = n(i)bi(xi) 



and induction step 



N 



(Xr+l{j) = iY, a t( i ) a >j) b j( x t+l) for t = l,...,T-l. 



(2.5) 



Variable j5t(j) can be calculated with backward method also with two steps: initialization step 



MO = i 



and induction step 



N 



PtU) = (LPt+i®aij)l>M+i) for t = T-l,...,0. 



(2.6) 



i=i 



E-step and M-step Then with the E-step, we can get 



%t(hj) = p {% =i,%+i =j \ x ,9) 
= P{q t = i,q t +i =j,x | g) 
P(X I 0) 
Ot(i)Pt + i(j)aijbj(x t+ i) 



(2.7) 



l£iEy=i*(0ft+i(0flyM*+i) 
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and 



Yt(i)=P(q, = i\X,9) 

N 

= E&(u) 

;=1 



The second equation holds because 



i^ooaot 



N 

AO) = (LA+l(0«<;>iOr+l)- 



After computing those intermediate variables, we estimate mean vector /I, and covariance matrix E, from 
sample data as 

If=l7r(0 
and 

tt=\{xt -iii){xt- iii)'Yt{i 
then use algorithm (4) to estimate H, from E,-. So the emission probability for observation x is 



Mi' — ^7- 



E, = ^'= u ' S T > ( 2 -9) 



= (27r)-^ 2 |E,r 1 / 2 exp{-ix'Er 1 x}, 

where 

E^ 1 =/////, and |E ; | = |i/,r 2 . 
A reasonable re-estimate formula for transition matrix is 

expected number of transitions from state 5, to state S; 

a a = 

expected number of transitions from state 5, 



The pseudocode below presents the algorithms of applying Balm Welch to autoregressive HMM. 

Algorithm 1 HMM Forward. 

1: Initialize: t <— 0, a^, bj, visible sequence o, Gl ; (0) 
2: repeat 

3: f<-f + l 

4: «;(/) <r- bj{o t )Yf = i Oi(t - l)a U 

5: until t = T 

6: return ocj(T) for the final state 



(2.10) 
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Algorithm 2 HMM Backward. 

1: Initialize: t 4—T, au, bj, visible sequence o, fij(T) 
2-. repeat 

3: t<-t— 1 

4: A(0^E"ifr(* + i)a//V»+i 

5: until t = 1 

6: return /3,-(0) for the known initial state. 



Algorithm 3 HMM EM algorithm. 

1: Initialize: fly, bj, training sequence x, convergence criterion 9, z <— 0 

2: repeat 

3: 

4: Compute (Xiif) by forward algorithm (1). 
5: Compute Pi(t) by backward algorithm (1). 

6: Compute sufficient statistics £j//(f) from a,(f), j3/(f) and fr(z — 1) by Eq. (2.7) 
7: Compute sufficient statistics ji(t) from a,-(f), j3/(r) and b(z — 1) by Eq. (2.8) 
8: Update transition matrix a(z) from a(z — 1), 4'j(0 an d 7i(0 by Eq. (2.10) 
9: Estimate covariance matrix E, for each state z by Eq. (2.9) 

10: Compute Hj for each state ; by Algorithm (4) 

11: Compute emission probabilities b(z) by Eq (2.2) 

12: untilz = r 

13: return 



Performance We illustrate the performance of Baum-Welch estimator by showing a numerical exam- 
ple. Given a transition matrix , ^ x ^ ^' . The parameters for our testing cases are: p\ = 

1 — P2 P2 

(0.95,0.8,0.5), p 2 = (0.8,0.5,0.3), fi = (0.5,-0.3), a = (0.5,0.8) and sample size T = 10000. 

Figure (1) shows a boxplot of Balm-Welch estimates for the hidden Markov driven Gaussian mixture 
model from replications 100 with sample size T = 10000 with parameters <7i = 0.5, O2 = 0.8, fl\ = 0.5, 
jj.2 = —0.3, {pi,P2} €E P- P is a set of combinations of {p\ ,p2}- Let 

P:={0.95, 0.8}, {0.95, 0.5}, {0.95, 0.3}, {0.8, 0.8}, {0.8, 0.5}, 
{0.8,0.3}, {0.5,0.8}, {0.5,0.5}, {0.5,0.3}. 

The results demonstrates that estimator performs well for pi, p2, <7i and 02, but tends to have some bias 
for \i\ and ji2- Although this bias exists, it still delivers reasonable estimates for a number of observation 
as small as 100. We can also see cases with symmetric parameters, for example, p\ = 0.5, P2 — 0.5, have 
superior estimations. We also draw boxplots of cases with number of observations = (25,50,200,3000) for 
each combination. The results also demonstrates that models with symmetric parameters converge better 
under our algorithm. 

2.3 Estimation of autoregressive coefficients 

In our study, three estimation methods are derived for autoregressive coefficients. First method is an MLE 
method that needs approximation of the p.d.f. to some extent. Thus we employ the MLE method for 
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Figure 1: Boxplots of estimated pi, p 2 , Oj, G 2 , jUj, pL 2 for number of observations = 100 with parameters 
<Ti = 0.5, a 2 = 0.8, ah = 0.5, fi 2 = -0.3, {pi,p 2 } € P. 
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problems with large sample size T. The second method is an ordinary least square (OLS) method. Since it 
does not give information about the distribution of data, we only use it to generate an initial guess. The third 
method is the Frobenius norm minimization method that is parsimonious, stable, and shows high resolution 
precision according to our tests. We choose Frobenius norm minimization method as the major estimation 
method for our model. In addition to detailing this method, we present two examples to demonstrate the 
accuracy and stability of this method. 

Estimation Method The assumption for this method is that x are correlated multivariate normal variables 
and e are i.i.d. N(0, 1) random variables. We have 



with 





Hx -- 


= e 






( h n 


0 




0 




h 2 \ 


hn 






H = 








0 




0 


a-2 


Cl\ 


1 




V o 


0 


C12 


a\ 1 



First, we estimate covariance matrix E x from sample data x. 
Then, based on equation(2.2), we know 

JL- l =H'H, 

so we use Cholesky decomposition to get E_ v 

U'U = Chol(E^) 
H~ l =U r . 

Last, we minimize the Frobenius norm of H — H 

a* = min(Y\ . . ^e, 2 ,) 



Algorithm 4 Estimation of autocorrelation coefficients. 

1: Given x = xf* ,, x^) . 

2: Estimate covariance matrix E x from x. 

3: [/^Chol(E v ) 

4: h=(u- 1 )< 

5: ejj = Hjj-Hij 

6: a* ^mm a ^ ai {1 1<i j<K efj) 
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Accuracy We begin with 





( h n 


0 

hn 




0 


\ 


H = 










0 




0 




a\ 


1 








0 


a 2 




1 / 



After taking 

E A = //'//', 

we generate scenarios x with covariance E v and expectation E(jc) = 0. Having x, we use our method Algo- 
rithm (4) to find H, then make a comparison of Frobenius norms between and Hjj to see if 

\\B-H\\ 2 F ~0, 

where 

h F :=\\H-Ht F =Y,{H u -H u f. 

hj 

Table (1) shows estimation errors measured by Af with respect to 6 sets of parameters. We can see when 
a = {ao, 01,02} with ao = 1, \a\ \ < 1 and |«2| < 1, errors Ap is less than 0.02. When ao = 1, \ai\ > 1 and 
I <32 1 > 1, errors Ap is larger than 0.03. From the model definition, we know ao — 1, \a\ \ < 1 and |fl2| < 1 is 
a reasonable assumption, which means yesterday's price has less impact than today's price, the day before 
yesterday's price has less impact than both yesterday's and today's price. Table (2) shows when \a\ \ < 1 and 
|fl2| < 1, this method can get errors less than 0.02 with simulation number 5000. 

Table 1: Errors Af with respect to different parameters, with 10000 simulations. 







a 


{0.02,0.01,0.05} {0.2,0.1,0.5} 


{1,5,3} 


0.0548 0.0345 


{1,0.5,0.3} 


0.0015 0.0046 


{1,0.5,-0.3} 


0.0030 0.0065 



Table 2: Errors Af with respect to different simulation numbers. 



number of simulations 


{^11,^21,^22} 


= {0.2,0.1,0.5} 


5={1,5,3} 


a = {1,0.5,0.3} 


100 


0.4146 


0.0871 


1000 


0.1050 


0.0381 


5000 


0.0845 


0.0197 


10000 


0.0319 


0.0056 
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Stability We add a small value 1 to zero entries in H with |i, | < -jM\ to make it more realistic 



H 



( h n 
h 2 \ 



t 



C12 

I 



a\ 1 
A2 a\ 1 / 



With new H, we apply the same algorithm as in Section (2.3). Compared with Table (2), results in Table (3) 
show that with perturbation, this method can also get errors less than 0.02 with simulation number 5000 
when \a\\ < 1 and | «2 1 < 1 - To summarize, this is a stable method. 



Table 3: Errors with respect to different simulation numbers with perturbations. 



numer of simuation 


{hu,h 2 i,h 2 2} 


= {0.2,0.1,0.5} 


3=0,5,3} 


a = {\, 0.5,0.3} 


100 


0.7477 


0.1595 


1000 


0.1657 


0.0334 


5000 


0.0759 


0.0178 


10000 


0.0278 


0.0083 



3 Empirial analysis 

We aim to improve the ARMA-GARCH performance for high frequency data by incorporating autoregres- 
sive HMM driven model that was presented in previous section into GARCH style models to generate better 
backtesting results than existing models. Our empirical study is divided into two parts. First, we estimate 
and test ARMA-GARCH, ARIMA-IGARCH, and FARIMA-FIGARCH by using S&P 500 index data. The 
statistics result shows the white noise series is not i.i.d. Gaussian. Second, we apply the autoregressive 
HMM driven model to the white noise series and test it's forecasting performance. The results indicate that 
standard ARMA-GARCH and our autoregressive-HMM-noises model both perform well in daily S&P 500 
log returns, while the autoregressive-HMM-noise model does better in high frequency data. 



3.1 Market estimation 



The time series data consists of historical closing index values of the S&P 500 index until October 24, 
2012, obtained from Bloomberg L.P The daily, 1 hour, 30 minute, 5 minute, and 1 minute log-returns are 
calculated. The size of this data set, 3600 observations, is large enough for ARMA-GARCH model fitting. 
Smaller sizes of 1200 and 2400 observations are also tested. 
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3.1.1 Global MLE and quasi MLE estimation 



The ARMA(p,q)-GARCH(m,n) model (Bollerslev [1986], Brockwell [2005]) for{jt f } is given by 



x t = c +E 



e, = o t u t ,u t 



N(0,1) 



(3.1) 



III 



m 



We estimate parameters using the classical maximum likelihood estimation (MLE) procedure. The log- 
likelihood of an ARM A-G ARCH model in the form of (3.1) is given by 



where 9 — (c,ai,...,a p ,bi,...,b q ,Y,ai,...,(X m ,Pi,...,P n ) is the vector of parameters to be estimated and 
f{x) is the probability density function of the distribution assumed for u t with t = 1, . . . ,T, There are two 
types of MLE we use 

• Quasi-MLE: Given an observed univariate time series, estimate the parameters of a conditional mean 
specification of ARMA form first. The estimation process also infers the residuals e, from the input 
series, then fits the conditional variance specification of GARCH via maximum likelihood to residuals 
£ r (Tse and Tsui [2002], Chan et al. [2005]). Thus Quasi-MLE requires two maximizations of two 
different likelihood functions: one for the mean process fit and another for the conditional variance 
process. 

• Global-MLE: only one maximization of the global likelihood function is performed. 

• The Matlab garchfit function does global-MLE estimation, our programs armaxfilter.m and tarch.m 
do quasi-MLE estimation. 

Table (4) shows estimation results of the ARMA(1,1)-GARCH(1,1) for S&P 500 data with sample size 
1200. Based on our study, global-MLE has better performance for large sample sizes, while quasi-MLE 
estimates are more reliable for small data sizes. We use quasi-MLE for our later studies. 

3.1.2 GARCH models 

The parameter estimates of ARMA(1,1)-GARCH(1,1) models for S&P 500 data are reported in Table (5). 
Standard deviations are given in parentheses. This table shows different patterns between daily and hourly 
returns and high frequency returns. We can see daily returns, hourly returns, and 30 minutes returns have 
a unit root phenomena with almost a = 1, which means this time series is not stationary. (A time series 
xi,X2,JC3, . . . is said to be covariance stationary if E(x t ) and Co\(x,,x t+ i c ) do not depend on ?.) The unit 
root phenomenon is especially obvious for 30 minute returns, where a = I. We do not observe a unit root 
phenomenon in the 5 minute and 1 minute return series for the ARMA(1,1)-GARCH(1,1) model. 

We choose three time series with 1200, 2400 and 3600 historical data points before October 24, 2012. 
Table (5) also shows that parameter estimates give similar results for different sample sizes, which means 
the last 1200 data points of this time series are essential to determine model parameters. 



L(9 | mi, ... , uj) =£, r =1 log 



u, | 9 
a, 
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Table 4: Parameter estimates of ARMA(1,1)-GARCH(1,1) for S&P 500 data with sample size 1200. 





c 


a(AR) 


b(MA) y 


a 


P 








global MLE 






daily return 


0.02 


1.00 


-0.09 0.00 


0.87 


0.12 


5mins return 


0.18 


0.99 


0.01 0.00 


0.00 


1.00 


lmin return 


1.86 


0.87 


0.57 0.00 


0.40 


0.57 








quasi MLE 






daily return 


0.05 


1.00 


-0.14 0.00 


0.89 


0.10 


5mins return 


0.11 


0.99 


0.03 0.00 


0.75 


0.25 


lmin return 


0.03 


1.00 


0.10 0.00 


0.91 


0.09 



The estimated parameters a and /3 observed in Table (4) and Table (5) sum up to values close to 1. 
Based on this observation, we apply the integrated GARCH(1,1), which is named IGARCH(1,1) (Mikosch 
and Starica [2004], Morana [2002]). IGARCH is a process for which 

y>0 

and 

m n 

J> + £ft = l. 

Table (6) shows that the IGARCH(1,1) model captures the integrated feature. 

Since the clear distinction between GARCH and IGARCH models has been criticized, we consider the 
generalized fractional integrated GARCH(FIGARCH) model (Beine et al. [2002], Baillie et al. [1996a]) and 
the corresponding mean process FARIMA (Ling and Li [1997], Baillie et al. [1996b]) to capture fractional 
features of a time-series of index returns. FARIMA processes are more specifically ARIMA(p, d, q) process 
with 0 < \d\ < 0.5, that satisfy difference equations of the form 

{l-L) d a{L)x t =b{L)s t 

where a(L) and b(L) are polynomials of degree p and q, respectively, satisfying, a(z) ^ 0, b(z) ^ 0, for all z 
such that \z\ < 1. L is the lag operator, and e, is a white noise sequence with mean 0 and finite variance a 2 . 
The conditional variance, h t , of a FIGARCH(p, d, q) process is modeled as follows: 

a} = co + [1 - j8 (L) - 0 (L)(l - L) d ]ef + j8 (L)a t . 

The parameter estimates of FARIMA(1,1)-FIGARCH(1,1) for S&P 500 data are reported in Table (7). 
Standard deviations are given in parentheses. This table shows that for a FARIMA(1,1) mean process, every 
time series has fractional d. For a FIGARCH(1,1) variance process, daily, hourly, 30 minute, and 1 minute 
returns have fractional d, and only 5 minute returns have d = 1 . 

We also observe negative d in FARIMA, which can be explained by short memory. The long memory 
can be empirically observed, e.g. by a slowly decaying auto-covariance function (ACF) (Beran [1994]). The 
classic example of a long-range dependent process is the fractional autoregressive integrated moving average 
(FARIMA) model with a power-law ACF. It appears that the values of FARIMA with Gaussian noise, for the 
memory parameter d greater than 0, have such a slowly decaying ACF that it is not absolutely summable. 
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Table 5: Parameter estimates of ARMA(1,1)-GARCH(1,1) for S&P 500 data. 





c 


a(AR) 


b(MA) 


r 


j8 


a 








Sample size = 1200 






daily return 


-0.0001 
(0.0000) 


0.7818 
(0.0160) 


-0.8186 
(0.0127) 


0.0000 
(0.0000) 


0.0963 
(0.0008) 


0.8363 
(0.0026) 


1 hour return 


0.0001 
(0.0000) 


0.1868 
(0.0683) 


-0.2959 
(0.0577) 


0.0000 
(0.0000) 


0.0380 
(1.5269e-04) 


0.9507 
(1.4315e-04) 


30 min return 


-0.0001 
(0.0000) 


-0.2496 
(0.7116) 


0.2494 
(0.6898) 


0.0000 
(0.0000) 


0.0000 
(0.0000) 


0.9998 
(1.9878e-06) 


5 mins return 


-0.0001 
(0.0000) 


-0.4004 
(0.5252) 


0.4345 
(0.5335) 


0.0000 
(0.0000) 


0.3357 
(0.0109) 


0.6641 
(0.0042) 


1 min return 


0.0000 
(0.0000) 


0.2312 
(0.0426) 


-0.1691 
(0.0445) 


0.0000 
(0.0000) 


0.5261 
(0.1102) 


0.0581 
(0.6504) 








Sample size = 2400 






daily return 


-0.0001 
(0.0000) 


0.7103 
(0.0222) 


-0.7518 
(0.0209) 


0.0000 
(0.0000) 


0.0762 
(1.7174e-04) 


0.9181 
(1.9106e-04) 


1 hour return 


-0.0000 
(0.000) 


-0.10 
(6.755e-04) 


-0.1013 
(5.510e-04) 


0.0000 
(0.0000) 


0.0225 
(2.6664e-05) 


0.9746 
(2.8123e-05) 


30 min return 


-0.0000 
(0.0000) 


0.3225 
(0.0186) 


-0.3017 
(0.0185) 


0.0000 
(0.0000) 


0.0079 
(4.4229e-06) 


0.9915 
(3.1188e-06) 


5 mins return 


-0.0000 
(0.0000) 


-0.8436 
(0.0924) 


0.8556 
(0.0802) 


0.0000 
(0.0000) 


0.3482 
(0.0093) 


0.6516 
(0.0029) 


1 min return 


-0.0000 
(0.0000) 


0.2008 
(0.3282) 


-0.1249 
(0.3420) 


0.0000 
(0.0000) 


0.4982 
(0.0491) 


0.1858 
(0.1046) 








Sample 


size = 3600 






daily return 


-0.0001 
(0.0000) 


0.5223 
(0.0506) 


-0.6015 
(0.0446) 


0.0000 
(0.0000) 


0.0872 
(9.3159e-05) 


0.9056 
(1.0331e-04) 


1 hour return 


-0.0001 
(0.0000) 


-0.9433 
(0.0019) 


0.9256 
(0.0027) 


0.0000 
(0.0000) 


0.0186 
(1.517e-05) 


0.9772 
(2.011e-05) 


30 min return 


-0.0000 
(0.0000) 


0.3124 
(0.1177) 


-0.2842 
(0.1195) 


0.0000 
(0.0000) 


0.0070 
(2.6991e-06) 


0.9922 
(2.8575e-06) 


5 mins return 


-0.0000 
(0.0000) 


-0.7744 
(0.0339) 


0.7938 
(0.0298) 


0.0000 
(0.0000) 


0.3054 
(0.0105) 


0.6287 
(0.0091) 


1 min return 


0.0000 
(0.0000) 


0.3954 
(0.0166) 


-0.3163 
(0.0134) 


0.0000 
(0.0000) 


0.5387 
(0.0322) 


0.1716 
(0.0440) 
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Table 6: Parameter estimates of ARMA(1,1)-IGARCH(1,1) for S&P 500 data 





c 


a(AR) 


b(MA) 


7 


p 


a 






Sample size 


= 1200 






daily return 


0.01 


1.00 


-0.01 


0.00 


0.12 


0.89 


1 hour return 


0.07 


0.99 


-0.11 


0.00 


0.05 


0.95 


30 min return 


0.06 


1.00 


0.01 


0.00 


0.00 


1.00 


5 mins return 


-0.02 


1.00 


0.03 


0.00 


0.33 


0.67 


1 min return 


0.06 


1.00 


0.06 


0.00 


0.66 


0.34 






Sample size 


= 2400 






daily return 


0.02 


1.00 


-0.03 


0.00 


0.08 


0.92 


1 hour return 


0.06 


1.00 


-0.04 


0.00 


0.03 


0.97 


30 min return 


0.01 


1.00 


0.02 


0.00 


0.01 


0.99 


5 mins return 


-0.00 


1.00 


0.01 


0.00 


0.35 


0.65 


1 min return 


0.01 


1.00 


0.07 


0.00 


0.57 


0.43 






Sample size 


= 3600 






daily return 


0.03 


1.00 


-0.08 


0.00 


0.09 


0.91 


1 hour return 


0.04 


1.00 


-0.02 


0.00 


0.02 


0.98 


30 min return 


0.01 


1.00 


0.03 


0.00 


0.01 


0.99 


5 mins return 


0.03 


1.00 


0.02 


0.00 


0.36 


0.64 


1 min return 


0.02 


1.00 


0.08 


0.00 


0.60 


0.40 



This behavior serves as a classical definition of the long-range dependence (Beran [1994]). When d < 0, the 
ACF still follows a power law, hence exhibiting more significant dependence than any other process with 
exponentially decaying ACF, such as, e.g. an autoregressive moving average (ARMA) time series, but the 
rate of decay is slower than for the li-positive case making the ACF absolutely summable. This negative 
memory phenomenon can be described as follows: increases in the values of the time series are likely to 
be followed by decreases and, conversely, decreases are more likely to be followed by increases (negative 
correlation). Such a time series is said to have short memory. 

After fitting GARCH style models to time series, we examine the innovations. We fit classic tempered 
stable (CTS) distributions (Rachev et al. [201 1], Rachev and Mittnik [2000]) to the innovations inferred from 
ARMA(1,1)-GARCH(1,1). 

Let a E (0, 1)U(1,2), C, A+, A_ > 0, and m e R. X is said to have the classic tempered stable (CTS) 
distribution if the characteristic function of X is given by 

<j) x (u) = <j>cTs(u; a,C , A + , A_ ,m) 

= exp(/ M m - iuCT{\ - a) (A™ - A" -1 ) 

+ Cr(-a)((A+ - iu) a - Af + (A_ + iu) a — A")), 

and we denote X ~ CTS(a,C,k+,A.-,m). Table (8) presents parameter estimates. 
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Table 7: Parameter estimates of FARIMA(l,d,l)-FIGARCH(l,d,l) for S&P 500 data 





d 


a(AR) 


b(MA) 


ft) 


4> 


d 


P 








Sample size = 1200 








daily return 


-0.6611 

(0.0289) 


0.9629 
(0.0289) 


-0.3293 
(0.0289) 


0.0000 
(0.0000) 


0.0486 
(0.1258) 


0.3465 
(0.0258) 


0.3075 
(0.2019) 


1 hour return 


-0.5174 
(0.0283) 


0.9299 
(0.0283) 


-0.5010 
(0.0283) 


0.0000 
(0.0000) 


0.0965 
(0.0020) 


0.8070 
(0.0038) 


0.9035 
(0.0006) 


30 min return 


-0.6483 
(0.0289) 


0.9101 
(0.0289) 


-0.2695 
(0.0289) 


0.0000 
(0.0000) 


0.4327 
(0.0194) 


0.1346 
(0.0009) 


0.5673 
(0.0250) 


5 mins return 


-0.5945 
(0.0289) 


0.9661 
(0.0289) 


-0.3741 
(0.0289) 


0.0000 
(0.0000) 


0.0000 
(0.0000) 


1.0000 
(0.0125) 


0.5939 
(0.0036) 


1 min return 


-0.6784 
(0.0289) 


0.9304 
(0.0289) 


-0.1943 
(0.0289) 


0.0000 
(0.0000) 


0.4605 
(0.0183) 


0.0791 
(0.0436) 


0.0000 
(0.0000) 








Sample size = 2400 








daily return 


-0.4549 
(0.0204) 


0.9049 
(0.0204) 


-0.5049 
(0.0204) 


0.0000 
(0.0000) 


0.1424 
(0.0040) 


0.4175 
(0.0048) 


0.5218 
(0.0075) 


1 hour return 


-0.3679 
(0.0204) 


0.8837 
(0.0204) 


-0.5807 
(0.0204) 


0.0000 
(0.0000) 


0.0429 
(0.0010) 


0.9141 
(0.0015) 


0.9571 
(0.0002) 


30 min return 


-0.4329 
(0.0204) 


0.8715 
(0.0204) 


-0.4305 
(0.0204) 


0.0000 
(0.0000) 


0.4163 
(0.0025) 


0.1674 
(0.0055) 


0.5837 
(0.0153) 


5 mins return 


-0.3534 
(0.0218) 


0.9063 
(0.0218) 


-0.5919 
(0.0218) 


0.0000 
(0.0000) 


0.0000 
(0.0000) 


1.0000 
(0.0208) 


0.6787 
(0.0023) 


1 min return 


-0.4061 
(0.0204) 


0.8387 
(0.0204) 


-0.3554 
(0.0204) 


0.0000 
(0.0000) 


0.1933 
(0.0135) 


0.2852 
(0.0107) 


0.0000 
(0.0000) 








Sample size = 3600 








daily return 


-0.3313 
(0.0167) 


0.9104 
(0.0167) 


-0.7107 
(0.0167) 


0.0000 
(0.0000) 


0.0430 
(0.0006) 


0.7667 
(0.0030) 


0.7805 
(0.0014) 


1 hour return 


-0.3260 
(0.0182) 


0.8655 
(0.0182) 


-0.5962 
(0.0182) 


0.0000 
(0.0000) 


0.0454 
(0.0007) 


0.9091 
(0.0018) 


0.9546 
(0.0003) 


30 min return 


-0.3085 
(0.0167) 


0.7959 
(0.0167) 


-0.4744 
(0.0167) 


0.0000 
(0.0000) 


0.4174 
(0.0046) 


0.1653 
(0.0044) 


0.5826 
(0.0195) 


5 mins return 


-0.3227 
(0.0188) 


0.8689 
(0.0188) 


-0.5581 
(0.0188) 


0.0000 
(0.0000) 


0.0000 
(0.0000) 


1.0000 
(0.0293) 


0.6517 
(0.0126) 


1 min return 


-0.3186 
(0.0167) 


0.8058 
(0.0167) 


-0.4072 
(0.0167) 


0.0000 
(0.0000) 


0.1584 
(0.0104) 


0.2438 
(0.0050) 


0.0000 
(0.0000) 
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Table 8: Fit standard CTS to innovations of ARMA-GARCH with sample size 3600 





a 


K 




daily return 


0.0001 


2.3900 


2.1617 


1 hour return 


1.1908 


0.2620 


0.2640 


30 min return 


1.1057 


0.2642 


0.2750 


5 mins return 


1.3754 


0.2851 


0.2123 


1 min return 


0.7627 


0.7431 


0.6944 



3.2 Out-of-Sample performance 

One of the essential objectives of financial modeling is forecasting. The ARMA-GARCH style models stud- 
ied in Chapter (3.1) are some of the most popular for univariate forecasting. Based on our observations 
in Chapter (3.1), the white noise series u t are not i.i.d. N(0, 1) in high frequency data. Correlations occur 
within the white noise series, thus we improve ARMA-GARCH models by introducing our new autoregres- 
sive regime-switching model into white noise series, which is named ARMA-GARCH with autoregressive 
regime-switching noise model. We forecast VaR models with both original ARMA-GARCH and our new 
ARMA-GARCH model with autoregressive regime-switching noises, and then compare performance with 
Bernoulli and Berkowitz tests. 

3.2.1 Forecasting 

The steps for forecasting via ARMA-GARCH models of the form: 

p q 
x t = c + £ a ( x f _,- + £ /?,■£,_,■ + e, 

( i 

£ T = o t u t ,u t ~N(0, 1) 

m m 
i i 

are as follows: 

1 . Estimate parameters and corresponding e t , a t and u t , where t = l,...,h. 

2. Get al +l = t+&a% + pel 

3. Generate 100 random variable u^+i ~ N(0, 1). 

4. Get Eh+i = 0/,+iH/H-i. 

5. Get Xh+\ — c + axh + be/, + Eh+i- 

6. Move estimation window one step forward, estimate parameters and corresponding e r , a t and u t , 
where t = 2, . . . ,h+ 1. 

7. Loop is closed. 
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'=1 ^ . , t = T 
| Entire data sample | 

t - 1 „, f = W E 

I First estimation window | VaR(W / + 1) 

' - 2 „ . J f = W E + 1 

i Second estimation window i vr-n/ns , ^ 

| — 1 VaR( W £ + 2) 

| Third estimation window | VaR(H / ' +3) 



t=T-W E . J t = T - 1 

, Last estimation window , it n /m\ 

| — 1 VaR(r) 



Figure 2: Compute VaR. 



The steps for forecasting via ARMA-GARCH models with autoregressive regime-switching noises model 

are: 

1 . Estimate parameters and corresponding e ( , a t and u t , where t — l,...,h. 

2. Fit autoregressive regime-switching model to noise series u t , get autoregressive coefficients matrix 
{H 1,(12} and state transition matrix A. 

3. Simulate noise process u t with estimated autoregressive coefficients matrix {i/i , i/2 } and state transi- 
tion matrix A. 

4. Getcj2 +1 =?+&o* + $el 

5. Get Sh+i = Oh+\Uh+\- 

6. Get Xh+ 1 = c + ax/, + be/, + £/ !+ 1 . 

7. Move estimation window one step forward, estimate parameters and corresponding e r , a t and u t , 
where t = 2,...,h+l, 

8. Loop is closed. 



3.2.2 Backtesting 

Backtesting aims to take ex ante value-at-risk (VaR) (Tsay [2005]) forecasts from a particular model and 
compare them with ex post realized returns (i.e., historical observations). Whenever losses exceed VaR, 
a VaR violation is said to have occurred. There are several methods to backtest models. We discuss the 
Bernoulli and Berkowitz tests (Christoffersen [1998], Berkowitz [2001], Engle and Manganelli [2004], 
Berkowitz et al. [201 1]) here. 
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To conduct Bernoulli test, we introduce specific notations: We is estimation window size; T denotes 
number of observations in a sample; rj, indicates whether a VaR violation occurs (i.e. rj = 1); V,-, i = 0, 1 is 
number of violations (z = 1 ) and number of no violation (i = 0) observed. 

We estimate parameters of the model from first estimation window We, then forecast VaR for day E + 1, 
The estimation window is then moved forward by one step to get the risk forecast for day E + 2. The 
estimation window is moved forward by one day until T — 1 (Figure 2), then we have T — E VaR forecasts. 
As the data from day E + 1 to day T are already known, VaR forecasts can be compared with the actual 
outcome. If the actual return on a particular day exceeds the VaR forecast percentile limit, then the VaR 
limit is said to have been violated. We denote the violations as r) t , which has the value 1 when a violation 
occurs and 0 when a violation doesn't occur. The number of violations are stored in the variable Vi and Vo, 
where Vi is the number of days with violations and Vo is the number of days without violations(Danielsson 
[2011]). 

We then use the Bernoulli coverage test to find out the proportion of violations. The null hypothesis for 
VaR violations is: 

HO : tj ~ B(p) 

where B stands for the Bernoulli distribution. 

Table 9: Comparison of ARMA-GARCH(model 1) and HMM-autoregressive noise model(model 2) via 
Bernoulli test. 



Bernoulli test 
Test statistics p-value 



daily return 



Model 


1 


7.3524 0.0715 


Model 


2 


5.2749 0.2527 






1 hour return 


Model 


1 


2.7773 0.5273 


Model 


2 


6.5951 0.0960 






5 minute return 


Model 


1 


4.3962 0.3217 


Model 


2 


3.8844 0.3742 






1 minute return 


Model 


1 


10.2653 0.0264 


Model 


2 


0.7875 0.7525 



The Bernoulli tests for standard ARMA(1,1)-GARCH(1,1) and ARMA(1,1)-GARCH(1,1) with regime- 
switching noise forecasting VaR for S&P 500 data are reported in Table (9). The length of estimation window 
is 1000, the forecasting horizon is 1000 steps, and number of paths is 200. We can see for daily, hourly, and 
5 minute returns, both models have p— values larger than 5 percent. For 1 minute returns, the p— value for 
the standard ARMA(1,1)-GARCH(1,1) model is 0.0264, which means that the null hypothesis is rejected, 
while the p— value of our HMM-autoregressive noise model is 0.7525 and thus not rejected. 

Besides the Bernoulli test, the Berkowitz test is also conducted. A test would be needed to verify the i— th 
observed return r,- follows the predicted distribution Pj from the model. The problem is we have only one ob- 
served return, r,, for each sliding-window. We carry out a probability integral transform PIT transformation 
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and map each r, to its percentile point on its forecasted density function. For example, if an observed return 
is equal to the 30f/i percentile on the forecasted density, then its value maps to 0.3. Under the null hypothesis 
that the model is adequate and the mapped value r, = P7 (r, ) follows a uniform distribution f/ (0, 1 ) . So we 
can evaluate the model by using Kolmogorov's test to test if f; is uniformally distributed. However, we use 
the Berkowitz test to perform the transformation r,-0 (r,-) ~ N(0, 1). Subsequently we can use any test for 
normality over r,- to evaluate our model(Lobato et al. [2007] Christodoulakis et al. [2007]). 

In practice, daily forecasts can be obtained with the following procedure: First, estimate parameters 
of the model from first estimation window We, then forecast return for day E + 1. Second, carry out a 
PIT (probability integral transform ) transformation of the forecasted return for day E + 1. Third, map the 
observed return r£+i for day E + 1 to its percentile point on its forecasted density function Pe+i- Fourth, 
the estimation window is then moved up by one day to obtain the forecasted density function Pe+i- Next, 
the estimation window is moved forward by a step of one day until T — 1 Figure (2), resulting in T — E 
forecasted density function. Finally, carry out the Berkowitz test for paired observed returns r, and P, with 
i = {E + 1 , . . . , T} to see if r,- follows P,. 



Table 10: Comparison of ARMA-GARCH(model 1) and HMM-autoregressive noise model(model 2) via 
Berkowitz test. 



Berkowitz test 
Test statistics p-value 



daily return 



Model 


1 


7.3524 0.0615 


Model 


2 


5.2749 0.1527 






1 hour return 


Model 


1 


2.7773 0.4273 


Model 


2 


6.5951 0.0860 






5 minute return 


Model 


1 


4.3962 0.2217 


Model 


2 


3.8844 0.2742 






1 minute return 


Model 


1 


10.2653 0.0164 


Model 


2 


0.7875 0.8525 



The Berkowitz test for standard ARMA(1,1)-GARCH(1,1) and ARMA(1,1)-GARCH(1,1) with regime- 
switching noise forecasting VaR for S&P 500 data are reported in Table (10). The length of the estimation 
window is 1000, the forecasting horizon is 100 steps, and the number of paths is 200. We can see for the daily 
return, hourly return and 5 minutes return that both models have p— values larger than 5 percent. For the high 
frequency data, 1 minute return, the p— value of standard ARMA(1,1)-GARCH(1,1) is 0.0164, which means 
the null hypothesis is rejected. The p— value of our HMM-autoregressive noise model is 0.8525, which is 
not rejected by the null hypothesis. 
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4 Conclusion 

Studies show that the GARCH forecasts are too high in volatile periods. The reason for this error is that a 
GARCH model, which cannot capture the persistence of volatility at different positions, e.g. low position or 
high position, explains this volatility persistence as persistence of individual shocks. A parallel explanation 
for the persistence is that the structural change in the mean makes it more difficult to reject null hypothesis 
of the unit root, which means that permanent persistence of shocks occurs in the mean. A solution for this 
issue is to introduce a regime-switching element into the model. 

We estimated and studied standard ARMA-GARCH, ARIMA-IGARCH and FARIMA-FIGARCH mod- 
els by using the historical closing index values of the S&P 500 index until October 24, 2012, obtained from 
Bloomberg L.R The daily, 1 hour, 30 minute, 5 minute, and 1 minute log-returns are calculated. Based on 
our study, global-MLE has better performance for large sample sizes, while quasi-MLE estimates are more 
reliable for small data sizes. We choose quasi-MLE for our empirical studies. 

Parameters estimated for ARMA(1,1)-GARCH(1,1) model shows different patterns between daily and 
hourly returns and high frequency returns. We can see daily returns, hourly returns, and 30 minutes returns 
have a unit root phenomenon with almost a = 1, which means this time series is not stationary. The unit 
root phenomena is especially obvious for 30 minute returns, where a — I. We do not observe unit root 
phenomena in 5 minute and 1 minute return series for the ARMA(1,1)-GARCH(1,1) model. Parameter 
estimates of ARMA(1,1)-IGARCH(1,1) for S&P 500 data demonstrate the IGARCH(1,1) model can capture 
the integrated feature. The parameter estimates of FARIMA(1,1)-FIGARCH(1,1) for S&P 500 data show 
that for a FARIMA(1,1) mean process, every time series has fractional d. For a FIGARCH(1,1) variance 
process, daily, hourly, 30 minute, and 1 minute returns have fractional d, and only 5 minute returns have 
d = 1 . We also observe negative d in FARIMA, which can be explained by short memory. 

Based on our examinations of the innovation process for ARMA-GARCH model, the white noise series 
u t are not i.i.d. N(0, 1) in high frequency data. Correlations occur within the white noise series, thus we 
improved the ARMA-GARCH models by introducing our new autoregressive regime-switching model into 
white noise series, which is named ARMA-GARCH with autoregressive regime-switching noise model. We 
forecast VaR models with both both original ARMA-GARCH and our new ARMA-GARCH with autore- 
gressive regime-switching noises, then compared performance with Bernoulli and Berkowitz tests. 

From the Berkowitz tests results, we can see for the daily, hourly and 5 minutes returns, both models 
have p-values larger than 5 percent. For high frequency data 1 minute returns, the /rvalue of standard 
ARMA(1,1)-GARCH(1,1) is 0.0164, which means the null hypothesis is rejected, while the /rvalue of our 
HMM-autoregressive noise model is 0.8525 and thus is not rejected. The Bernoulli test generates similar 
results. The results indicate that standard the ARMA-GARCH and our autoregressive-HMM-noises model 
can both perform well in daily S&P 500 log returns, while the autoregressive-HMM-noise model does better 
in high frequency data. 



Acknowledgements 

First and foremost the authors greatly acknowledge Dr. Svetlozar Rachev for his support, encouragement 
and on-going discussion with us. The author would like to thank Dr. Jimmie Goode and Dr. Juliet Kinney 
for spending their valuable time for reading the manuscripts and providing valuable suggestions. 



748 



Xiaochu Zhang et al 727-751 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



A new estimation method for ... 



References 

Paul M Baggenstoss. A modified baum-welch algorithm for hidden markov models with multiple observa- 
tion spaces. Speech and Audio Processing, IEEE Transactions on, 9(4):41 1^4-16, 2001. 

Richard T Baillie, Tim Bollerslev, and Hans Ole Mikkelsen. Fractionally integrated generalized autoregres- 
sive conditional heteroskedasticity. Journal of econometrics, 74(l):3-30, 1996a. 

Richard T Baillie, Ching-Fan Chung, and Margie A Tieslau. Analysing inflation by the fractionally inte- 
grated arfima-garch model. Journal of applied econometrics, ll(l):23^4-0, 1996b. 

Leonard E Baum, Ted Petrie, George Soules, and Norman Weiss. A maximization technique occurring in 
the statistical analysis of probabilistic functions of markov chains. The annals of mathematical statistics, 
41(1):164-171, 1970. 

Michel Beine, Agnes Benassy-Quere, and Christelle Lecourt. Central bank intervention and foreign ex- 
change rates: new evidence from figarch estimations. Journal of International Money and Finance, 21 
(1): 115-144, 2002. 

J. Beran. Statistics for long-memory processes, volume 61. Chapman & Hall/CRC, 1994. 

Jeremy Berkowitz. Testing density forecasts, with applications to risk management. Journal of Business & 
Economic Statistics, 19(4):465-474, 2001. 

Jeremy Berkowitz, Peter Christoffersen, and Denis Pelletier. Evaluating value-at-risk models with desk-level 
data. Management Science, 57(12):2213-2227, 2011. 

Jeff A Bilmes et al. A gentle tutorial of the em algorithm and its application to parameter estimation for 
gaussian mixture and hidden markov models. International Computer Science Institute, 4(5 10): 126, 1998. 

Tim Bollerslev. Generalized autoregressive conditional heteroskedasticity. Journal of econometrics, 31(3): 
307-327, 1986. 

Tim Bollerslev. A conditionally heteroskedastic time series model for speculative prices and rates of return. 
The review of economics and statistics, pages 542-547, 1987. 

Tim Bollerslev. Financial econometrics: Past developments and future challenges. Journal of econometrics, 
100(1):41-51,2001. 

PJ Brockwell. Time series analysis. Encyclopedia of Statistics in Quality and Reliability, 2005. 

L.E. Calvet and A.J. Fisher. How to forecast long-run volatility: regime switching and the estimation of 
multifractal processes. Journal of Financial Econometrics, 2(l):49-83, 2004. 

M. Carrasco, L. Hu, and W. Ploberger. Optimal test for markov switching. 2004. 

Felix Chan, Christine Lim, and Michael McAleer. Modelling multivariate international tourism demand and 
volatility. Tourism Management, 26(3):459-471, 2005. 

G. Christodoulakis, GA. Christodoulakis, and S. Satchell. The analytics of risk model validation. Academic 
Press, 2007. 

Peter F Christoffersen. Evaluating interval forecasts. International economic review, pages 841-862, 1998. 



749 



Xiaochu Zhang et al 727-751 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



Zhang, Frey 



J. Danielsson. Financial risk forecasting, 201 1. 

Robert F Engle. Autoregressive conditional heteroscedasticity with estimates of the variance of united 
kingdom inflation. Econometric a: Journal of the Econometric Society, pages 987-1007, 1982. 

Robert F Engle and Simone Manganelli. Caviar: Conditional autoregressive value at risk by regression 
quantiles. Journal of Business & Economic Statistics, 22(4):367-381, 2004. 

R.J. Frey. Hidden Markov Models with Univariate Gaussian Outcomes, 2010. 

R. Garcia. Asymptotic null distribution of the likelihood ratio test in markov switching models. International 
Economic Review, pages 763-788, 1998. 

J.D. Hamilton. A new approach to the economic analysis of nonstationary time series and the business cycle. 
Econometrica: Journal of the Econometric Society, pages 357-384, 1989. 

J.D. Hamilton and G. Perez-Quiros. What do the leading indicators lead? Journal of Business, pages 27-49, 
1996. 

B.E. Hansen. The likelihood ratio test under nonstandard conditions: testing the markov switching model of 
gnp. Journal of applied Econometrics, 7(S1):S61-S82, 2006. 

Frederick Jelinek. Statistical methods for speech recognition. MIT press, 1998. 

B.H. Juang and L. Rabiner. Mixture autoregressive hidden markov models for speech signals. Acoustics, 
Speech and Signal Processing, IEEE Transactions on, 33(6): 1404-1413, 1985. 

D. Karlis and E. Xekalaki. Choosing initial values for the em algorithm for finite mixtures. Computational 
Statistics & Data Analysis, 41(3):577-590, 2003. 

Tze Leung Lai and Haipeng Xing. Statistical models and methods for financial markets. Springer, 2008. 

Christopher G Lamoureux and William D Lastrapes. Persistence in variance, structural change, and the 
garch model. Journal of Business & Economic Statistics, 8(2):225-234, 1990. 

G. Lindgren. Markov regime models for mixed distributions and switching regressions. Scandinavian 
Journal of Statistics, pages 81-91, 1978. 

Shiqing Ling and WK Li. On fractionally integrated autoregressive moving-average time series models 
with conditional heteroscedasticity. Journal of the American Statistical Association, 92(439): 1 184-1 194, 
1997. 

Shiqing Ling and Michael McAleer. On adaptive estimation in nonstationary arma models with garch errors. 
The Annals of Statistics, 3 1(2): 642-674, 2003a. 

Shiqing Ling and Michael McAleer. Asymptotic theory for a vector arma-garch model. Econometric Theory, 
19(2):280-3 10, 2003b. 

J.M.H. Lobato, D.H. Lobato, and A. Suarez. Time series models for measuring market risk technical report. 
2007. 

G.J. McLachlan and D. Peel. Finite mixture models, volume 299. Wiley-Interscience, 2000. 



750 



Xiaochu Zhang et al 727-751 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.4, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC 



A new estimation method for ... 



Robert A Meyers. Complex systems in finance and econometrics. Springer, 2010. 

Thomas Mikosch and Catalin Starica. Nonstationarities in financial time series, the long-range dependence, 
and the igarch effects. Review of Economics and Statistics, 86(l):378-390, 2004. 

Claudio Morana. Igarch effects: an interpretation. Applied Economics Letters, 9(1 1):745-748, 2002. 

S.N. Neftci. Are economic time series asymmetric over the business cycle? The Journal of Political 
Economy, pages 307-328, 1984. 

Charles R Nelson, Jeremy Piger, and Eric Zivot. Markov regime switching and unit-root tests. Journal of 
Business & Economic Statistics, pages 404-415, 2001. 

Pierre Perron. The great crash, the oil price shock, and the unit root hypothesis. Econometrica: Journal of 
the Econometric Society, pages 1361-1401, 1989. 

Pierre Perron. Testing for a unit root in a time series with a changing mean. Journal of Business & Economic 
Statistics, 8(2): 153-162, 1990. 

L.R. Rabiner. A tutorial on hidden Markov models and selected applications in speech recognition. Readings 
in speech recognition, 53(3):267-296, 1990. 

S. Rachev and S. Mittnik. Stable paretian models in finance. 2000. 

S.T Rachev, Y.S. Kim, M.L. Bianchi, F.J. Fabozzi, et al. Financial models with Levy processes and volatility 
clustering, volume 187. Wiley, 2011. 

C. A. Sims and T. Zha. Were there regime switches in us monetary policy? The American Economic Review, 
96(1):54-81, 2006. 

Allan Timmermann. Moments of markov switching models. Journal of Econometrics, 96(1):75-1 11, 2000. 
R.S. Tsay. Analysis of financial time series, volume 543. Wiley-Interscience, 2005. 

Yiu K Tse and Albert K C Tsui. A multivariate generalized autoregressive conditional heteroscedasticity 
model with time-varying correlations. Journal of Business & Economic Statistics, 20(3):35 1-362, 2002. 

Lloyd R Welch. Hidden markov models and the baum-welch algorithm. IEEE Information Theory Society 
Newsletter, 53(4): 1-14, 2003. 



751 



Xiaochu Zhang et al 727-751 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 18, NO. 4, 2015 



Average Value Problems for Nonlinear Second-Order Impulsive q-Difference Equations, 
Phollakrit Thiramanus, Jessada Tariboon, and Sotiris K. Ntouyas, 590 

Essential Norms of Integral-Type Operators from Weighted Bergman Spaces into Zygmund- 
Type Spaces, Cui Wang, and Yong-Xin Gao, 612 

Five-Dimensional Discrete Green's Function and Its Estimates, Jinghong Liu, Yinsuo Jia,...620 

On the Geometric Convergence of the Arrow-Hurwicz Algorithm for Steady Incompressible 
Navier-Stokes Equations, Puyin Chen, and Jianguo Huang, 628 

a — ip —Contractive Mappings on b-Metric Space, Aiman A. Mukheimer, 636 

Refinement of Some Inequalities of q-Gamma Function, M. Mansour, 645 

Some New Hermite-Hadamard's Type Fractional Integral Inequalities, Sever S. Dragomir, 
Muhammad Iqbal Bhatti, Muhammad Iqbal, and Muhammad Muddassar, 655 

A Note on a Famous Theorem of Pang and Zalcman, Feng Lii, Junfeng Xu, and Hongxun Yi,662 

Asymptotic Representations in Stochastic Process Approximations, Zhihua Zhang, 672 

q-Poly-Cauchy Numbers Associated with Jackson Integral, Taekyun Kim, Takao Komatsu, 
Sang-Hun Lee, and Jong- Jin Seo, 685 

Higher-Order Daehee of the First Kind and Poly-Cauchy of the First Kind Mixed Type 
Polynomials, Dae San Kim, Taekyun Kim, and Sang-Hun Lee, 699 

On a New Operator From Hardy Space to n-th Weighted-Type Space on the Upper Half-Plane, 
Zhi-Jie Jiang, Yong Yang, and Jian-Min Yue, 715 

Solutions of the Pell Equation x 2 — (a 2 + 2a)y 2 = N via Generalized Fibonacci and Lucas 
Numbers, Bilge Peker, and Hasan Senay, 721 

Improving ARMA-GARCH Forecasts for High Frequency Data with Regime- Switching ARMA- 
GARCH, Xiaochu Zhang, and Robert Frey, 727 



